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A statistical-mechanical theory of transport processes in fluids of g components is presented on the 
assumption that the macroscopic state of the system can be described by one velocity, one temperature, 
and g mass-density fields. The formulation is based on the explicit recognition of the fact that there are two 
relaxation processes in fluids: one is the macroscopic process of attaining spatial uniformity and is repre- 
sented by the hydrodynamical equations, whereas the other is the microscopic process of attaining internal 
thermal equilibrium in small mass elements of macroscopic size and determines the transport coefficients. 
For instance, in dilute gases the microscopic process is the relaxation process in momentum space. The 
coupling of the two processes is investigated to obtain the dissipative terms in the transport equations with 
the aid of the correlation function method outlined in a previous paper. The hydrodynamical equations, the 
equation of entropy balance, and the linear relations between the thermodynamic fluxes and affinities are 


thus derived with explicit expressions for the coefficients of viscosity, thermal conductivity, 
which are valid for liquids as well as for gases. The classical limits of these expressions, ft 


and diffusion, 
» 0, are somewhat 


different from those obtained by Green for classical mechanical systems. 


1. INTRODUCTION 


TATISTICAL-MECHANICAL theories of trans- 

port processes in liquids have been investigated in 
a number of papers,'~® with the purposes of deriving 
the hydrodynamical equations from molecular dynamics 
and of obtaining the transport coefficients in terms of 
molecular quantities. There seem to be two funda- 
mental approaches to these problems; one, the dis- 
tribution function method, is concerned with the 
explicit determination of nonequilibrium phase-space 
distribution functions used in the formulation of 
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averages of dynamical quantities which correspond to 
macroscopic properties such as the pressure tensor and 
the heat flow. The other approach, the correlation 
function method, is concerned with the direct deter- 
mination of the change in time of the state variables 
and the transport coefficients are expressed in terms of 
the correlation functions of equilibrium fluctuations of 
the appropriate dynamical quantities. The explicit 
introduction of nonequilibrium distribution functions 
is not necessary. The above investigations, except that 
of Green, belong to the first approach. The possibility 
of the second approach can be seen in Onsager’s work 
on the reciprocity theorem’ and a further development 
of it.* 

In the present paper we discuss a. statistical- 
mechanical description of transport processes in the 
framework of the correlation function method outlined 
in a previous paper,’ and we derive the hydrodynamical 
equations with explicit expressions for the coefficients 
of viscosity, thermal conductivity, and diffusion in 


7L. Onsager, Phys. Rev. 37, 405 (1931); 38, 2265 (1931). 
( ® Kubo, Yokota, and Nakajima, J. Phys. Soc. Japan 12, 1205 
1957). 
*H. Mori, J. Phys. Soc. Japan 11, 1029 (1956). This will be 
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fluids of g components without chemical reactions. 
Furthermore we attempt to provide a statistical- 
mechanical foundation of the thermodynamics of 
irreversible processes in continuous systems. The 
derivations are developed with the aid of quantum 
statistics, but the classical formulation can be deduced 
easily. We consider fluids whose macroscopic state can 
be described by one local velocity, one local tempera- 
ture, and g local mass densities, and confine ourselves 
mainly to linear dissipative processes. 

In Sec. 2, we describe the basis of the present theory, 
and emphasize that there are two kinds of relaxation 
processes in fluids; one is the hydrodynamical process 
of attaining uniformity in coordinate space, whereas 
the other is the microscopic process of attaining internal 
thermal equilibrium in small mass elements of macro- 
scopic size. With the aid of the fact that the relaxation 
times for the two relaxation processes are, in order of 
magnitude, quite different from each other, we derive 
a macroscopic equation for the change in time of the 
local state variables such as the densities of molecules, 
momentum, and energy. In Sec. 3, we investigate the 
coupling of the two relaxation processes and find it to 
be expressed by the sum of the products of two kinds 
of quantities. One of these are the affinities,’ namely 
the driving forces of the hydrodynamical process. The 
other kind are dynamical fluxes whose averages in a 
certain manner become the thermodynamic fluxes 
conjugate to the affinities, and the autocorrelation 
functions of equilibrium fluctuations in time of these 
dynamical fluxes are related to the transport coeffi- 
cients. The time dependence of the autocorrelation 
functions represents the elementary processes which 
determine the attainment of internal thermal equi- 
librium in small mass elements. 

Section 4 is concerned with a statistical-mechanical 
derivation of the irreversible production of entropy and 
of the linear relations between the thermodynamic 
fluxes and affinities, and with a general consideration 
of the asymptotic behavior of the time correlation of 
fluxes. In Sec. 5, the hydrodynamical equations and the 
equation of entropy balance are derived, and the 
physical pictures of the thermodynamic fluxes and the 
entropy flow are discussed. 

In Sec. 6, the conservation laws for the local density 
operators of number of molecules, momentum, and 
energy are derived from the Heisenberg equation of 
motion, and the explicit expressions for the dynamical 
fluxes and the transport coefficients are obtained. The 
last section is devoted to a brief summary, in which 
the physical framework of the present theory is dis- 
cussed, and to a brief comparison with the work of 
Green.* The application of the present theory to the 
problem of thermoelectricity yields the same expression 
for the static electrical conductivity as Kubo’s theory" 

#S. R. De Groot, Thermodynamics of Irreversible Processes 


(North-Holland Publishing mag i Amsterdam, 1952). 
 R. Kubo, J. Phys. Soc. Japan 12, 570 (1957). 


HAZIME MORI 


based on the linear response of thermodynamic systems 
to mechanical disturbances. 


2. GENERAL CONSIDERATION 


We consider a liquid in a nonequilibrium state and in 
contact with heat and mass reservoirs. The equilibrium 
state which the liquid approaches can be described by 
the grand canonical ensemble” 


po= Zo" exp(—BH,), (2.1) 


¢g 
A,=H- > po NF, 


k=1 


(2.2) 


where H is the Hamiltonian of the liquid, NV* the 
number operator of molecules of component &, and 1/8 
and yo* are, respectively, the equilibrium values of the 
temperature multiplied by the Boltzmann constant and 
the chemical potential of component &. Equation (2.2) 
satisfies the relation 

(H,,H)=0, (2.3) 


where the symbol { , } denotes the Poisson bracket 
in the classical case, and the commutator divided by 
(ih) in the quantum-mechanical case." 

The nonequilibrium state changes in time toward the 
equilibrium state (2.1) via, approximately, the local 
equilibrium states specified by the local temperatures 
B(x) and the local chemical pétentials u*(x), 


p= 2-4 exp| — f 8(x)Le()- Es wi(e)n"ay eel, (24 


where E(x) is the internal energy density operator and 
n*(x) the number density operator of molecules of 
component k. The subscript ¢ expresses the time de- 
pendence of the macroscopic state parameters (x), 
u*(x), and the local velocity.“ Integration extends over 
the entire coordinate space of the liquid unless otherwise 
indicated. The integrand is the grand canonical en- 
semble applied to uniform small portions of macro- 
scopic size, the order of magnitude of whose linear 
extent / is very large compared to a microscopic 
distance Jo, for example, the mean free path of molecules 
in the case of dilute gases, and is small compared to the 
linear extent of the liquid L; 


lbKI<L. (2.5) 


The physical basis for the validity of (2.4) is the fact 
that each small mass element attains, approximately, 
internal thermal equilibrium very quickly, say in a 
short time interval 79, before equilibrium between mass 
elements is reached. Here the following situation is 


2D. ter Haar, Elements of Statistical Mechanics (Rinehart and 
Company, Inc., New York, 1954), Chap. VII. 

LL. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1955), Sec. 23. 

4 The internal energy density E(x) contains the macroscopic 
local velocity as a parameter. See Eq. (3.8). 
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important": the relaxation time, r,, for the macroscopic 
state to attain complete equilibrium becomes longer as 
the size of the system becomes larger, whereas 7o is a 
constant; hence we have 


TOK Tr, (2.6) 


since the linear extent of the liquid L is supposed to be 
very large. The time ro can be defined, exactly, as the 
average relaxation time for the spatially uniform small 
mass elements of macroscopic size to attain complete 
equilibrium when the interaction with the neighboring 
mass elements has been cut off. In the actual fluids this 
microscopic relaxation, however, is disturbed by the 
influence of the neighboring mass elements, namely by 
the coupling with the hydrodynamical process of 
attaining equilibrium between mass elements, and forms 
a quasisteady state. Therefore, the complete termi- 
nation of this relaxation takes place only when complete 
thermal equilibrium has been reached. In the case of 
dilute gases, the microscopic relaxation becomes the 
relaxation process in momentum space so that the 
time ro is of the order of magnitude of the mean free 
time of molecules,!* and the following approximate 
relation can be obtained’: 


tr/ty~(1/Lo)?. (2.7) 
The relation (2.7) leads to the fact that, when the 
system is close to complete equilibrium so that the 
measure of spatial uniformity / is of the order of the 
linear extent of the system L, r, tends to infinity in 
proportion to 1? as L — . The local thermodynamical 
quantities 8(x) and u*(x) can thus be defined so that 
the macroscopic description of nonequilibrium states 
becomes possible. In order to be able to define one 
temperature for each mass element of the fluid we 
neglected relaxation effects such as the energy transfers 
between the translational and internal degrees of 
freedom of polyatomic molecules, and between the ion 
and electron systems in the gas discharge plasma. 

The average value of a dynamical quantity F is 
given by 


(F)(t)=Tr Fp(d), (2.8) 


where p(¢) is the density matrix of the liquid at time ¢. 
The local equilibrium distribution is determined from 
the precise distribution p(¢) by the fact that, in parallel 
to the kinetic theory of dilute gases,'” the state parame- 
ters involved in the local equilibrium distribution (2.4), 
the local temperature, the local chemical potentials, and 
the local velocity,“ are to be considered to be deter- 


16 L, Landau and E. Lifshitz, Statistical Physics (State Technical 
Press, Moscow, 1951), — a 

16H. Mori, Phys. Rev. 111, 694 (1958). This will be referred to 
hereafter as (II). 

17$. Chapman and T. G. Cowling, The Mathematical Theory of 
me Gases (Cambridge University Press, Cambridge, 
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mined by the requirements 
(E(x)):=(E(x))(), 
(n*(x)).=(n*(x))(), 
G(x))= G(x), 


where the left-hand side of each equation denotes the 
average with the local equilibrium distribution 


(2.9) 


(F),=Tr Foy. (2.10) 


The quantity j(x) is the momentum density operator 
with which the local velocity is defined as in (3.7). The 
precise distribution p(¢) deviates but slightly from the 
local equilibrium distribution, 


p(t)=prt+p'(t), (2.11) 


and it can be seen from (2.9) that the deviation must 
satisfy the relation 


Tr Op’ (t)=0, (2.12) 


where (Q is a linear function of E(x), n*(x), and j(x). 

To determine the change in time of the average 
value, we need the equation of motion for p(#) [or 
F(t) ]. Since the liquid is supposed to be very large, the 
quantities of interest are the local densities, such as the 
densities of molecules, momentum, and energy, at 
points very remote from the boundary of the liquid. 
Therefore, we can neglect the interaction with the 
reservoirs in the evaluation of the time dependence of 
these local quantities in such short time intervals + 
that 

T<Kry. (2.13) 

Thus we obtain® 


p(t+s)=U(s)p(t)Ut(s), O<s<r, 
U(s)=exp(—isH/h)=Ut(—s), 


where H is the Hamiltonian operator of the liquid used 
in (2.2) and does not include the interaction with the 
reservoirs. Use of (2.8) and (2.14) leads to 


(F)(t+s)=Tr F(s)p(2), 


(2.14) 
(2.15) 


O<s<r, (2.16) 


where 
F(s)=Ut(s)FU(s) (2.17) 


is the Heisenberg representation of F following the 
equation of motion 


dF (s)/ds=F(s)={F(s),H}. (2.18) 


It is worth while to observe here that (2.16) enables us 
to investigate the change in time of the average value 
of a dynamical quantity by following its temporal 
development rather than the temporal development of 
the density matrix, so that the second approach stated 
at the beginning of Sec. 1 becomes possible. 

As has been discussed in (I), the time differential of 
macroscopic state variables appearing in the hydro- 
dynamical equations is to be interpreted, from the 
microscopic point of view, as a quotient of differences, 
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namely 
6 ip € 
(F)(t)=- f ds—{F)(t+s), (2.19) 
él 0 ds 


a 

for the corresponding dynamical quantity F. The time 

interval will turn out later to be such that 
T0K TK rr. 


But for the present we assume only rzr,, (2.13), as a 
natural requirement. Equation (2.19) can be written 
with the aid of (2.16) as 


(2.20) 


5 
== Te Fa(t), (2.21) 
t 


1 T 
p(t)=— | ds p(t+s), (2.22) 
p f Sp Ss 


T 


means the time-smoothed density matrix over the time 
interval 7. Let us denote the deviation of the time- 
smoothed density matrix from the local equilibrium 
distribution by f’(t) '*: 


p(t)=p.+A' (2). (2.23) 


Then we have 


6 
5 PO =H LF (2.24) 


where 


[F]=Tr Fa’ (0), 


namely the square bracket implies an average formed 
with the f’(t). To derive the hydrodynamical equations, 
we shall take as F the local densities mentioned before 
(2.13). Then F consists of two parts: 


F=Q+1, 


such that Q is an operator satisfying the characteristic 
relation of macroscopic quantities, (2.12), and J is an 
operator characteristic of the microscopic processes 
taking place in the system. By taking the time average 
of (2.12) over the time interval 7, we obtain'® 


[Q]=0. 


The second term of (2.24) arises from the deviation 
of the density matrix from the local equilibrium 
distribution, and will be shown to yield the dissipative 
terms describing the phenomena of viscosity, thermal 
conduction, and diffusion. We calculate this term with 
the approximation of linear deviation of the macro- 
scopic state of the system from complete equilibrium, 
regarding the first term, namely the ideal fluid equa- 


(2.25) 


(2.26) 


(2.27) 


18Since the macroscopic state parameters do not change 
appreciably in the time interval 7, the time average of the local 
equilibrium distribution over the +r, ,, satisfies the relation 
p:&p:. Therefore to this approximation p’(¢) can be considered 
from (2.11) to be the time average of p’(t) over the r. 
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tions” as the zeroth approximation. Use of (2.23) and 
(2.14) leads to 


1 T 
s(=- f elope 


=? 


sd f (1-=) voor 
* +[p(t)—pr]. 


For further reduction of this equation we introduce the 
following approximation. If one neglects the deviation 
of the precise distribution from the local equilibrium 
distribution, p’(t+s), throughout the time interval 
s=0 to s=7r, then the p’(t) vanishes'® so that (2.24) 
leads to the ideal fluid equations without any dissipative 
terms.” Therefore we neglect the deviation at only the 
initial time of that time interval, 


[p(t+s) ],.-0= pr, 


and calculate contributions from the deviation de- 
veloped, thereafter, according to the equation p(/+s) 
= U(s)p,U't(s). From (2.12) we see that p(t) and p, 
describe equivalently the macroscopic state of the sys- 
tem. Therefore it is physically clear that our distribution 
which starts from the frozen state p, approaches the 
precise distribution rapidly as a result of the excitation 
of the microscopic processes with decay time ro due to 
the interaction between mass elements. In fact we can 
consider that the difference vanishes after a lapse of 
time of the order of ro. This follows from the fact that 
the difference in the corresponding microscopic states 
is removed by the spontaneous decay of the previously- 
excited microscopic processes. In the calculation of the 
over-all contribution during the time interval r, there- 
fore, the error due to the approximation (2.29) can be 
estimated to be at most of the order of magnitude of 
(ro/r)|p(t)—p:| and hence can be neglected if 7>>r9 as 
in the present case. This is the physical basis for the 
validity of the coarse-graining approximation (2.29). 
Insertion of (2.29) into (2.28) leads to 


(2.28) 


(2.29) 


tr 8 
#0= f as(1--)uc f reml-r1,+2)) 


XR exp[\(H,+R) ]oUt(s), (2.30) 
where we have rewritten the local equilibrium distri- 
bution (2.4) as 

p= Z- expl—B(H,+R)], 


and made use of the identity" 


(2.31) 


> 
(He4)= f dd e4{A,Hye4e-84, (2.32) 
0 


"9 The first term leads to 6(F)(t)/8t=(Q), with the aid of the 
relation (J);=0, which results from (3.42). This equation will be 
seen to lead to the ideal fluid equations without the dissipative 
terms. 
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Equation (2.30) is of the order of the deviation of the 
macroscopic state from complete equilibrium, R, so 
that we can neglect the R factors in the exponentials 
if we limit the analysis to linear dissipative systems 
close to complete equilibrium. Thus use of (2.25), 
(2.26), (2.27), and (2.30) leads to 


y : sd 5 
cel-tn= f is(1-=)outs9), (2.33) 
0 T 


where we have defined the function 


B 
#(/,J; 5) -f ddexp(AH,)I(s) exp(—AH,)J)° 
0 


=(J,J;—s), (2.34) 


with the symbol 


(G Y= Tr Gpo. ( 2.35) 


In the classical limit, (2.34) becomes the correlation 
function 


@(/,J; s)=BU(s)J)°. (2.36) 


The asymptotic property of the correlation function 
at s—» © has been investigated by Kubo." In accord- 
ance with (I), we simply assume here that &(/,R; s) 
vanishes in a time interval 7, much shorter than r. 
Then (2.33) becomes 


(=1i,8= f (1,R; s)ds. (2.37) 


0 


This assumption will be considered in Sec. 4. Equation 
(2.37) is fundamental for the derivation of molecular 
expressions for the transport coefficients of linear 
dissipative systems. 

The integrand of (2.37) can be reduced to the auto- 
correlation functions of the dynamica! fluxes defined 
by (4.13). These correlations functions, as has been 
shown in (II), express in the case of dilute gases the 
relaxation processes in momentum space associated 
with the fluxes, and decay approximately exponentially 
to zero in times comparable to the mean free time of 
molecules. The time interval ro defined just after (2.6) 
can thus be in this case identified with 7,. From the 
following sections, this identification seems to be 
possible also in the case of liquids. The integration in 
(2.37) can be extended formally to infinity: 


LU,R)= f (/,R; s)ds, (2.38) 


which is guaranteed, in general,* by the fact that the 
relaxation time 7, becomes infinity by extending the 
volume of the system to infinity. 

The physical meaning of (2.37) will be investigated 
in detail in the last section, but it may be worth while 
to note some points here. The integrand may be con- 
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sidered to express the microscopic relaxation in isolated 
and spatially uniform mass elements discussed after 
(2.6) and we shall refer to this as an unperturbed 
relaxation. Let us now suppose a macroscopic process 
described by the ideal fluid equations.’ This process 
couples with the unperturbed relaxation in the actual 
fluids, and the mechanism in the dilute gas for instance 
is the collisions between molecules from different mass 
elements. This coupling can be described by the 
quantity R in our formulation and produces the 
deviation of the density matrix from the local equi- 
librium distribution which introduces the dissipative 
terms in the hydrodynamical equations.” The relaxation 
of the macroscopic state to complete equilibrium is thus 
a consequence of this coupling. A further physical 
consequence of the coupling is the continual excitation 
of the modes of unperturbed relaxation in the small 
mass elements which gives rise to a quasi-steady process 
of attaining internal equilibrium in each mass element 
in the fluid. The decomposition of this quasi-steady 
process into a superposition of elementary processes, 
each one represented by the time-correlation function 
of the corresponding dynamical flux, corresponds to the 
mathematical approximation of restricting the devi- 
ation from complete equilibrium to linear terms. 


3. CALCULATION OF R 


The quantity R appearing in (2.37), as pointed out 
in the preceding section, expresses the coupling between 
the microscopic relaxation process in mass elements 
and the hydrodynamical process. This quantity can 
be written from the definition of R, (2.31), as 


R={R,H}= f Y (x)dx, (3.1) 


where 
Y (x)=[70/T (x) }{ E(x)—dx w*(x)n*(x)}, (3.2) 


where 7(x) is the local temperature and 7, its equi- 
librium value. 

Equation (3.1) is expressed in terms of the rate of 
change in time of the local densities due to H. For 
simplicity, let us confine ourselves to the fluids in which 
no chemical reaction is taking place so that the V*’s 
are constants of motion with respect to H. Let x; and 
p; be the coordinates and momenta of the center-of- 
mass of molecule i. The molecular expression for n*(x) 
is given by 

p*(x)=m*n*(x)= ¥ m§(x;—x), (3.3) 
ie(k) 


N*= frrcoas, 


® Note that we set up the initial condition (2.29) for the 
ensemble of the system and calculated contributions from the 
deviation developed thereafter to obtain (2.30) and (2.37). 


(3.4) 
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where m; is the mass of molecule i, and the summation 
runs over all molecules of component k. The local 
momentum density is given by 


j*(x)= 2X Hpd(xi— x) +5(%s—x) Pa}, (3.5) 


where the symmetrized product has been taken due to 
the noncommutativity of p; and the 6 function in the 
quantum-mechanical case." The densities of mass and 
momentum of the entire fluid are given by 


p(x)=Diep*(x), 3(x)=Lej*(x). 


Let us consider the case in which the macroscopic 
motion of fluids can be described by one velocity field. 
(The discussion of liquid He II may not be possible 
with this limitation.) Then, the macroscopic local mass 
velocity is defined by 


v(x,t)=((x))(O)/{o(x))(, 
= (j(x))«/(o(x))s, 


where the second expression is obtained from (2.9). 
The internal energy density is defined by 


E(x) =H (x)—j(x)- v(x) +3p(x)o"(x), 


where H(x) is the local Hamiltonian density satisfying 


(3.6) 


(3.7) 


(3.8) 


a= [ H(x)dx. (3.9) 


The molecular expression for H(x) depends on the 
details of the Hamiltonian. We take the form 


N N WN 
H= ¥ (p2/2m+(s)) +d YE uij(xi,51; x;,5)), (3.10) 


i=1 i<j 


where s; is a set of coordinates and momenta of the 
internal motion of molecule 7. Then we have 


N N 
= DL { (pi—my)?/2m: +6443 D ui; 


i=] i(A%) 


X6(x;—x), (3.11) 


H(x)=(E(x) =o, (3.12) 


which leads to (3.8). The translational kinetic part 
should be read as an abbreviation of the symmetrized 
product 


(1/8m;){ p76(x;—x)+2p;-6(x;—x)p; 
+6(x:—x)p7}, (3.13) 


in which p,; is, in (3.11), replaced by the thermal 
momentum p;— m,V. 

The macroscopic state parameters 7(x), v(x), and 
u*(x) have only macroscopic spatial nonuniformity so 
that the associated local densities in (3.2) have only the 
same macroscopic spatial dependence. This can be seen 


HAZIME MORI 


easily from the fact that, if 1/7(x) and H(x) are ex- 
panded in Fourier series, then the components of H (x) 
other than those with the same wave vectors as the 
components of 1/7 (x) vanish on integration in (2.4) and 
(3.1). Therefore the 6 function appearing in the local 
densities should be understood to be the ‘“coarse- 
grained” one; namely® 


5(x;—x) = (1/L*) >>>. exp[tk- (x;—x) ], 
[Rel ,|Ry|,| Fel <2r, 1, 


(3.14) 
(3.15) 


where / is the average linear extent of uniform mass 
elements defined in (2.5), and the components of k are 
integers multiplied by 2x/Z subject to (3.15). 

As will be shown in Sec. 6, we have the conservation 
laws for the local densities 


‘bt(x)=—V-j*(x), 
(x)= —V-j(x), 
H(x)= —V-Jx(x), 
dj(x)/ds= —V-J;(x). 
Therefore, use of (3.2) and (3.8) leads to 
¥ (x)= — (T/T (x)){V-Ju—v-(V-J,) 
+4eV-J-La ut/m*)V- 54}, 


where the time rate of the macroscopic state parameters 
does not enter according to the definition of Y (x). The 
second term, v-(V-J,;), can be written as 


v-Vp+V-[(J;—p1)-v |—(J;*—p1): Vv, 


where p(x) is the local pressure and J,* is the transpose 
of the tensor J;. Equation (3.20) can thus be written as 


Y (x)= —V-Jy(x)+Z(x)+»(x), (3.21) 


(3.16) 
(3.17) 
(3.18) 
(3.19) 


(3.20) 


where 


Z(x)=J,: X.+-Jr-X7 +d: Jat -X.*, (3.22) 


To . pe 
Jr(x)=— [Ba (J;—p1)-v+}3ej-> “+, 
T m* 


k 


To sk 
— Sr+T ¥ —Jat+vT ¥ nts* 
k 


k m* 


(3.23) 


—v(p'—p) , 


T 
Hamer | (0 PXert—0p+¥ Xa 


T, 
+j aie (jv-+-vj—pvv): X,. 


Here we have defined the quantities 
J,=J5;*—p1—jv—vjt+pvy, 
X,= — (T/T) Vv~— Vv, 
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Jn=Ju—(Js—f'1)-V+ 40j- Le (het/m)}', 


3.26 
Xr=V(T)/T)~—V InT, seas 


Jut=j*—p*y, 


3.27 
Xa! = — (T/T) (Vut+s*VT)/m*, sink 


where h*(x) and s*(x) are the local values of the 

enthalpy and entropy per molecule of component &, 

satisfying the relation 
h*=yp'+Ts*. (3.28) 


The quantity p’ appearing in (3.26) and (3.24) can be 
an arbitrary function since it cancels identically. It is 
taken, however, to be 


p' (x)= — E(x) +L n*(x)h*(x), 


so that the J7 can be written, as will be shown in Sec. 6, 
as 


(3.29) 


Jr=q— Lie (h*/m*)Ja', (3.30) 


where 


q= (Ja Jpipi—miv (3.31) 


means the quantity obtained by replacing p,; by the 
thermal momentum p;— m,v in the molecular expression 
for Jy. The J, and J,* can also be expressed in terms 
of the thermal momentum, being invariant to Galilei’s 
transformation. The X’s are the affinities in the thermo- 
dynamics of irreversible processes."”! The averages of 
J., Jr, and Ja* with the time-smoothed density matrix 
become the conjugate thermodynamic fluxes [see refer- 
ence 24 and (4.11) ]; hence these dynamical quantities 
will be called the dynamical fluxes conjugate to the 
affinities. For simplicity, let us denote the dynamical 
fluxes by {J.(x)} and the conjugate affinities by 
{X.(x)}; then (3.22) can be written as 


Z(x)= Dea Ja(x)X a(x). (3.32) 
The quantity Y(x) or R will turn out to be the most 
important quantity in the investigation of the micro- 
scopic processes associated with the hydrodynamical 
motion of the system. 

Equation (3.24) can be written as 
v(x)=v-{(p—p’)Xr+ die (o'—(p*))Xa*} 
+ (—pv) - (To/T)V30+ (jv-+vj—2pwv): Xo, 

where use has been made of the relations 

Vp= Lis (n*)(Vul+s'VT), 

v: Vi0'=vv: Vv. 

We notice that the quantity p’ defined by (3.29) 
satisfies the characteristic relation of macroscopic 


quantities (2.12) and its average value yields the local 
pressure : 


(3.33) 


(3.34) 


b(x)=(p' (x)= (0'(x)) (0. (3.35) 


"1 Hirschfelder, Curtiss, and Bird, Molecular Theory of Gases 
rl ca (John Wiley and Sons, Inc., New York, 1954), 
Chap. 11. 
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Therefore we obtain 
(v(x)) (2) =(»(x)).=0, 
[ v(x) ]=0, 


where, in deriving the second equation, (2.27) has been 
employed. 
Insertion of (3.21) into (3.1) leads to 


(3.36) 
(3.37) 


R= f {Z(x)+»(x)}dx, (3.38) 


since the surface integral of Jy(x) at the boundary 
vanishes because Jy(x) is a flow due to H. Therefore 
use of (3.36) and (3.37) leads to 


(R)= f (Z(x))dx, (3.39) 


(3.40) 


[R)= f [Z (x) Jax. 


We note here an important theorem which is charac- 
teristic of the local equilibrium distribution. By taking 
the trace of both sides of the identity (2.32), we obtain 


(R),.=0, (3.41) 
which is combined with (3.39) and (3.22) to yield 
(J, (x)).=0, 
(Ir(x)).=0, 
(Ja*(x)):=0. 


(3.42) 


These equations mean that the local equilibrium dis- 
tribution cannot express any transport flows. 


4. IRREVERSIBLE PRODUCTION OF ENTROPY 


To see the physical significance of the quantities J,, 
Jr, and J,*, we derive the irreversible production of the 
total entropy, which will lead to a statistical-mechanical 
derivation of the linear relations between the thermo- 
dynamic fluxes and affinities for linear dissipative 
systems. 

As has been discussed in (I), a statistical-mechanical 
expression for the total entropy of the system is given by 


S(t)=—k Tr p(t) Inpy. (4.1) 
Let us write its change in a short time as 

5S (t) =6,S (+625 (0), (4.2) 
where 


(4.3) 
(4.4) 


5:S() = —k Tr{o(¢+7)—p(t)} Inp:, 
525 (t) = —k Trp(t+7) {Inp.4.—Inp;}. 


Then insertion of the local equilibrium distribution 
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(2.4) leads to 
5,5()= f dx{8'(E(x))—Cr w*(x)WKn*(x))}/T(x), (4.5) 


525 (t)=O(®), 


where 


(4.6) 


8(E(x))=Tr{e(t+7)—p(O} E(x), 
=6((H (x))— 3(p)"*) +0(®), (4.7) 


and 6? means the quantities of second order in the 
increments of T, u*, v, (H), and (*) in the time interval 
7. Equation (4.6) will be shown in the appendix. 6,5 (é) 
can thus be neglected in (4.2). Equations (4.5) and 
(4.7) show that the entropy (4.1) is a state function 
and, if one knows the hydrodynamical equations, then 
the entropy production can be readily obtained. It is 
worth while, however, to perform the direct calculation 
of (4.3) without any recourse to the hydrodynamical 
equations, because of the fact, in particular, that the 
entropy production itself shows compactly the structure 
of the transport processes taking place in the system. 

The change in time of the entropy consists of two 
parts: 


6S (1) =6 S(H)+6S (0), (4.8) 


such that 6°S(é) is the entropy supplied to the fluid 
by the reservoirs and 6“ S(#) is the entropy produced 
inside the fluid by the transport processes. Such 
additive separation is possible when the time interval 
under consideration is subject to (2.13), namely r<r;. 
Therefore, we can neglect the interaction with the 
reservoirs in the calculation of the irreversible pro- 
duction of entropy, and use of (4.3), (2.14), and (2.31) 
leads to 


6S (t) = (1/To) Trp(){Ut(r)RU(r)—R}. (4.9) 


Comparison of (4.9) with (2.16) permits us to employ 
the results from (2.19) to (2.24), to obtain the following 
equation for the entropy production: 


5S Be 
(—) -—tA, 
Ot irr To 
where (3.41) has been used. Application of (3.40) and 
(3.32) thus leads to 


(4.10) 


(~) -= f dx [Je(a)]¥a(x). (4.11) 


This shows that the quantity [J.(x)] is the thermo- 
dynamic flux conjugate to the affinity X.(x). 

We next consider the relation between the thermo- 
dynamic fluxes and affinities in a linear dissipative 
system. With the approximation of neglecting the 
deviation of the precise distribution from the local 
equilibrium distribution at the initial time of the time 
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interval r, (2.29), and the linear approximation, the 
fluxes [J.(x) ] are given by (2.33). Since the term v(x) 
appearing in the expression for R, (3.38), is of second 
order with respect to the parameters expressing the 
deviation of the macroscopic state from complete 
equilibrium, such as the local velocity and the affinities, 
it can be neglected in the linear approximation. There- 
fore, with the use of (2.37), we obtain 


[Ja(x)]J=Le f LT a(x), J a(x’) )X a (x’)dx’, (4.12) 


where J,°(x) denote those obtained by putting v=0 in 
JAE); 


J.°(x)=J;*(x)— pol, 
Jr°(x) =Jy(x) —->. (ho*/m*)}*(x), 
Ja (x) =j*(x), 


po and ho* being the equilibrium values. Here we have 
assumed that ®(J,.°(x),Jq/°(x’); 5) vanishes in a micro- 
scopic time 7,. Thus the phenomenological coefficients 
have been expressed in terms of the @ functions of the 
time fluctuations of the dynamical fluxes J,°(x) in the 
equilibrium state. These expressions satisfy Onsager’s 
reciprocal relations.° 

The phenomenological coefficients have many sym- 
metry relations other than Onsager’s reciprocal rela- 
tions, such as Curie’s law and other isotropic relations, 
according to the symmetry of the system. We discuss 
these now briefly. To remove the influence of the 
boundary, let us suppose the linear extent of the fluid 
to be infinity. Let us now assume that there is no 
correlation between different small portions of macro- 
scopic size in the equilibrium state in the sense that 


L(J «°(x),J a'°(x'))=8(x—x') VAL (Bandar), (4.14) 


where the 6 function is defined by (3.14). V is the 
volume of a portion, in the equilibrium fluid, very large 
(but still very small compared to the total volume of 
the fluid) and the quantity {¥, is defined by integration 
of J,°(x) over this portion: 


(4.13) 


¥,= f To®(x)dx. (4.15) 


Then the linear relations (4.12) become 
[Ja(x) J= Da VIL (Bandar) X a (x). 


Therefore, applying Curie’s law,” we obtain 


[Jo (x) ]=V-AL(So,Be): Xo(x), 
(Ir(x) J=V-{L(Yr,9r) -Xr(x) 

+2; L(3r,Ba’)-Xa'(x)}, 
(Ja* (x) J= VEL (Qa*, Sr) -Xr(x) 

+205; L(Ba*, Ba’) - Xa’ (x)}. 


For isotropic fluids, the phenomenological coefficients 


(4.16) 


(4.17) 
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can be expressed in terms of a few parameters” ; 


a FN ED Ee =(622'byy tbzyby2’) 
+ (g- in)OrPz'y’s 


VAL(317,97)=«Tol, (4.18) 


VAL (Jat, $1) = VAL(Yr,3a!)*= Dil, 
VAL (Yat, Ya!) = VAL (Yai, Ja*)* = Ds’, 


where {¥,7" denotes the x, y component of the tensor 
&,. The symbol 7 denotes the shear viscosity, ¢ the 
bulk viscosity, « the thermal conductivity, D, the 
thermal diffusion coefficients, and D,;’ the constants 
related to the diffusion coefficients. 

To investigate the asymptotic behavior of the ® 
functions, we consider the time fluctuations of the local 
quantities J,°(x) and (¥, in the equilibrium state. Let 
us here represent these local quantities by the symbols 
T and J. Since the fluid is infinite, we can take 


TK<r,, T3 @, (4.19) 


which permits the consideration of the following limit 


process ; 


1 T 
J= lim — f J(s)ds, (4.20) 
To : i 0 


which is the invariant part of J(s) and satisfies the 
relation 


{J,H} =0. (4.21) 


If &(J,/;s) approaches a definite value as s— ©, it 
must bel! 


(4.22) 


lim &(J,7; s)=B( JT). 


According to the statistical mechanics of equilibrium 
systems,’® we can expect, because of the interaction 
between small portions in the fluid, that the small 
portion passes through the neighborhood of each 
microscopic state many times in a time interval T long 
compared to ro but short compared to 7,, so that in the 
classical case 


J=(JY=0, (4.23) 


where the second equality is obtained from (3.42). 
This leads to 


(JI =(J)XI=0. (4.24) 


Equation (4.24) is assumed to hold also in the quantum- 
mechanical case. Then (4.22) leads to 


lim 6(J,7; s)=0, (4.25) 


which permits us to expect that the assumption made 
in deriving (4.12) is reasonable. It is a most essential 


point, however, to show that the ® functions vanish 
in a short time comparable to 7. 
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5. HYDRODYNAMICAL EQUATIONS 


The flows of mass, momentum, and energy can be 
written in terms of the dynamical fluxes defined by 
(3.25), (3.26), and (3.27) as 


j*=p*vt+-Ja', 
J;=3 (jv+-vj)+ (J.*+ p1) +4 (jv+-vj—2pvv), 
Ju=Hv+q+ (J,*+ 91) -v+407(j—pv), 
where q(x) is defined by 
q(x)=Jr+Xi (h*/m*)Ja*, 


which expresses the flow of thermal energy relative to 
the local velocity. Therefore use of (3.42) leads to 


(5.4) 


(j')=(e")v, 
(J;).=(pww+ 91, 
(Jn)t=(H)v+ pv, 
and application of (2.27) leads to 
G*]=(Ja*], 
(JiJ=[J.*], 
[JxJ=La]+[J.*]-v. 


The hydrodynamical equations can be readily ob- 
tained from (2.24). With Eqs. (3.16), (5.5), and (5.8) 
we obtain the equation of continuity 

5(p*)/dt+V- ((p*)v)= —V-[Ja*]. 
The diffusion fluxes satisfy the relation 
D+ Ja‘ J=0, (5.12) 


as can be seen with the aid of (3.27) and (2.27), and 
combination of the above two equations yields the 
equation of continuity for the entire fluid: 


5(p)/dt+V- ((p)v) =0. (5.13) 
Similarly, use of (3.19), (5.6) and (5.9) yields the 
equation of motion: 

5((p)v)/dt+V- ((p)vv) = —V-P, 

where we have defined the pressure tensor 

P(x)=p1+[J.*]. (5.15) 

Lastly Eqs. (3.18), (5.7), and (5.10) combine to lead 
to the equation of energy balance: 

i(H)/dt+-V- ((H)v)=—V-(Lq]+P-y). 


If one neglects the terms containing the thermodynamic 
fluxes, then the above equations become the ideal-fluid 
equations. 

For linear dissipative systems, the thermodynamic 
fluxes are given by Eqs. (4.12), which can be reduced to 
(4.17) and (4.18) for isotropic fluids. Thus insertion of 
(4.17) and (4.18) into the above general hydrody- 


(5.11) 


(5.14) 


(5.16) 
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namical equations leads to the Stokes-Navier equations. 
It should be noted here that the derivation of the hydro- 
dynamical equations with the linear relations (4.12) is 
independent of the definition of entropy (4.1). 

Next we derive the equation of entropy balance, 
which is not only essential in the thermodynamics of 
irreversible processes in continuous systems, but also 
useful to describe the motion of fluids. In accordance 
with the total entropy (4.1), the local entropy per unit 
volume S$(x,/) is defined by 


S(x,))dx=—k Tr p(t) Inp;(x), 
where, with the notation of (3.2), 
pe(x) =Z (x) exp{ —LY¥ (x)/kT 0 jax}, 
Tr p:(x)=1, 


(5.17) 


(5.18) 
(5.19) 


Si)= f Scxdx. (5.20) 


Equation (5.20) is derived on the assumption that the 
Boltzmann factors of different uniform small portions 
of macroscopic size commute with each other. In 
parallel to (4.3), we can obtain 


5S (x,t)dx= —k Tr{p(t+7)—p(t)} Inpe(x) (5.21) 


for the change in a short time subject to (2.13). Since 
Y(x) is a local quantity at points remote from the 
boundary, this can be written as 


5S (x,t) = (1/To) Trp(t){Ut(r) YU (7) —Y}. (5.22) 
Use of (2.24) thus leads to 
6 pee ; 
—S(x,)=—{(Y)+LY ]}}. (5.23) 
at To 


Therefore, substitution of (3.21) yields the equation of 
entropy balance: 


4 Q 
—S(x)+V-(Sv)=—V- (-) +, (5.24) 
at T 


as can be seen with the aid of (3.42), (3.36), (2.27), and 
(3.37). Here we have defined the quantities 


g(x) [Z (x) //To, 
Q(x)=[Jr]+7T(x) De Wa‘ }(s*/m"), (5.26) 
=[a]—Xe [Je*](u*/m"). (5.27) 


The term g(x) is the entropy production per unit 
volume and agrees with the phenomenological treat- 
ments.” Q(x) is the flow of heat, namely the thermal 
energy flux other than the flow of energy associated with 
the diffusion processes. Equation (5.26) gives the 
physical picture of the flux [Jr]; namely, it expresses 
the flow of heat other than the part associated with the 
diffusion processes. 


(5.25) 
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The phenomenological derivation”® of the entropy 
production is based on the application of the Gibbs 
thermodynamic relation, 


Tés=65e+ p5(1/p)—Lir (u*/m*)5(p*/p), 


to the mass elements moving with the local velocity. 
Here s, e, and p* are the entropy and the internal energy 
per unit mass, and the mass density of component &. 
Equation (5.28) is equivalent to 


T5S=8(E)—Y x w*d(n*), 


which is supposed to be applied to the fixed volume 
elements. Equation (5.29) can be obtained from (5.21) 
by inserting the expression for p;(x), (5.18), in parallel 
to the derivation of (4.5) from (4.3). 


(5.28) 


(5.29) 


6. EXPLICIT EXPRESSIONS FOR TRANSPORT 
COEFFICIENTS 


The molecular expressions for the dynamical fluxes, 
in terms of which the transport coefficients are ex- 
pressed, are obtained by deriving the conservation laws 
(3.16), (3.17), (3.18), and (3.19) from molecular 
dynamics. This is done with the calculation of the 
commutators of the local densities and the Hamiltonian 
(3.10) : 

dF /ds= F=(F,H //ih. (6.1) 


A. Conservation of Mass Density.—Since we have 
dx,/ds=p;/mi, (6.2) 


N Oug; 
dp;/ds= DF ,,, Fy=——=—Fy, 


i(#%) Ox; 
mi5(x;—x) = —V-4{p5(xi—x) +5 (x;—x)p,}, (6.4) 


the equations of continuity (3.16) and (3.17) can be 
readily derived with the expressions for the mass and 
momentum densities (3.3), (3.5), and (3.6). 

B. Conservation of Momentum Density.—With the 
aid of (6.3), (6.4), and the dyadic relation p,V-A 
=V-(p;A)* (the asterisk means the transpose of the 
tensor), the time derivative of the momentum density 
becomes 


dj(x)/ds=B(x)—V-); (1/4m,){p.p.5(xi—x) 
+p5(x;—x)p;+[po(x;—x)p;]*+6(x;—x)pp,}, 


(6.3) 


where 
Bix)=4 EF PulB(x-x)—8(a/-2)}. (65) 


Expansion of the 6 functions in powers of rj;=xj—x; 
leads to 


6 (x;— x) = 6(x;—x) +8y° Vx,6 (x;— x)+0[ (a/l)*], (6.6) 


where higher terms are of the order of (a//)*. The length 
a corresponds to the mean range of the intermolecular 
forces, and the gradient of the 6 function is of the order 
of magnitude of the reciprocal of the measure of spatial 
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uniformity / according to (3.14). In the limit of an 
infinite system, (a/1) becomes zero and the higher terms 
can be neglected.* Thus we arrive at the conservation 
law for the momentum density (3.19), and the molecular 
expression for the momentum flux is given by 


ct 
Jj(x)= 2 (1/4) {ppd (xi— x) + pb (Xi— x) pi 


+[pb(x;—x)p; ]*+65(x:—x)pipy} 


NH. & 
+} p P rijF (j6(x;— x). (6.7) 
iF] 
When the intermolecular forces are spherically sym- 
metrical with respect to the translational relative 
coordinate r;;, we have 


F = bi (ri/ri)F i, (6.8) 


so that the tensors J; and J, are symmetric: 
J;=J;*, J=J,*. 


C. Conservation of Energy Density.—The conser- 
vation law for the Hamiltonian density (3.18) can be 
obtained by calculating the commutator of the Hamil- 
tonian density (3.12) and the total Hamiltonian. With 
the aid of (6.6), we thus obtain 


(6.9) 


Juin) = (= sent uy ) a9 


i mM; (40 Mm; 


Pj 
a 5(x;— x) 
m; 


N N Pi 
+42 2D risFis- (= 


ix) mM; 


N 


FEES rePySlxi—x), (610) 


iA; 

where the equation 

Tij= Lets; ]/ih 
expresses the rate of change in time of the internal 
energy of molecule i due to the interaction with molecule 
j. Again, to have all operators Hermitean, each term 
should be symmetrized; thus the first term should be 
read as” 


(1/16m?){ p2p8(xi—x) + p75 (xi—x)p; 
+ 2ppi-5(x;—x)ps+ 2pi-5(x;— x) ppit- ps (xi—x) p? 
+5(x;—x) ppi} + €:3 {pd (xi— x) +6(x;—x)p,}/m; 


(6.11) 


N 
+4 pi } {up (x;— x) +135 (xi— X)pi 
i(#i) 


+ piss (xXi—x)+5(xi—x)piis}/m;, (6.12) 


2 Here we have used the relation 
$ (ussb(xi—%)) = {tes 8 (xs —x) +145 j5(xi—x) 
+6 (x;—x)uy j+8(x;—x) te, }. 
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and the second term as 


PieéDS 
1 raPb (ux) . (+~) 


mM; My; 


+(+") -F,,1;6(x;—x) . (6.13) 


mM, MM; 


The molecular expressions for the dynamical fluxes 
J (x) are obtained by inserting into Eqs. (3.25), (3.26), 
and (3.27) the above expressions for the flows of mass, 
momentum, and energy. A simple rearrangement of 
these equations leads to 


Jo+p1 =[Jj*(x) Jpivi—miv, 
G7 (J (x) Joi +> Pi —miv, 
Ja*=[j* (x) ]pipi—miv, 


where (3.29) and (5.4) have been employed, and the 
notation on the right-hand sides implies that p, is 
replaced by the thermal momentum p,—m,v in Eqs. 
(6.7), (6.10), and (3.5). These equations yield the 
molecular picture of the dynamical fluxes, and it can 
be seen that the quantities J,, Jr, and J4* give a gen- 
eralization of the dynamical fluxes obtained from the 
kinetic theory of dilute gases.¥ 

Next we consider the coordinate-space integration 
of the dynamical fluxes, {¥., defined by (4.15). The 
number of molecules of the very large portion V of 
macroscopic size may be considered to be a constant 
of motion as far as the short time intervals of the order 
of the correlation time 7, are concerned, and is denoted 
by N’. Use of (3.42), (6.14), and (6.7) leads to the 
equation of state 


(6.14) 
(6.15) 
(6.16) 


N’ | ei 
pV=3E (p2)"/mt8 OE Pits, (6.17) 


i=1 iF) 


which agrees with the result of the virial theorem. We 
thus obtain 


} N° 
Se= L (pipi— (pips) /mit3 DY (Fits; 
i=] ix] 
—(Fi1;;)"), 
in terms of which the viscosity tensor appearing in 
(4.16) are expressed. Use of the isotropic relation (4.18) 


and the definition of the time integral L, (2.37) and 
(2.34), leads to 


(6.18) 


1 Te 8 
=—f as f (Se74N,74(s+iMr)) "Gr, xy, 
V Jo 0 
(6.19) 


1 Te B 
oth=— f F f (3,224 .2#(s-+iMr)) "aA, 
VN 


* We mean by these the factors associated with the affinities in 
the inhomogeneous term of the linearized Boltzmann equation. 
See, for example, Eq. (7.3-26) of reference 21. 
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where we have made use of the relations 
(3.,V*]=0, 
exp(—AH,) Na exp(AH,) =e Fe? = 3.4 (ihd). 
Similarly, use of (5.4), (6.15), and (6.10) leads to 


(6.20) 


dd Pi 
37r=Fa-— L ho — (6.21) 


‘=| om; 
wept \p om 
Qu= E (+0) HEH (wl troP) 


im \2m; m; ij 


Pi_sC*DS: N’ N’ 
-—+—- (uel +F 55) H+ LLnTy, (6.22) 


mM; MM; i) 


where ho’ means the enthalpy per molecule of the 
component to which molecule i belongs. With this 
expression the isotropic thermal conductivity is given 
by 


1 Te 6 
put f ds f (Sn*Vn=(s-+iMr))"dr. (6.23) 
VT 0 0 


It should be noted that the second term of (6.21), 
namely the difference of the conduction flux from the 
thermal energy flux does not vanish even in the case of 
one-component fluids and, as has been shown in (II), 
yields an important contribution to the thermal con- 
ductivity as a result of its fluctuations due to the 
interaction with the surroundings. Application of (6.19) 
and (6.23) to dilute gases '® yields, in the classical limit, 
the Enskog-Chapman expressions for the coefficients 
of viscosity and thermal conductivity with the aid of a 
certain approximation for the correlation functions 
which becomes exact for the Maxwellian molecules. 
In terms of the dynamical fluxes of diffusion, 


ne 


I= Di, (Ja*)=0, 


ie(k) 


(6.24) 


the diffusion and thermal diffusion coefficients are now 
expressed ; use of the isotropic relation (4.18) leads to 


1 Te B 
Du'=— f asf (Mai Ba" (st+ihr))"dA= Dj’, 
3V Yo 0 
(6.25) 


Te B 
D=— f asf (Sr- Bak (st+ihr)) dr. 


We note here a simplification of (6.19), (6.23), and 
(6.25), which is convenient for the actual evaluation 
of the transport coefficients.!® The surroundings of the 
large portion V in the equilibrium fluid may be regarded 
as heat and mass reservoirs, so that the ensemble 
average appearing in these equations may be replaced 
by the grand canonical ensemble of that portion being 
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specified by the Hamiltonian and the number operator 
of molecules of the portion, H’ and N’*. As far as the 
short time intervals of the order of 7. are concerned, the 
Heisenberg time factors seem to be also replaced by 
those with H’. The ® function thus obtained satisfies 
the symmetry relation (2.34), which is necessary for the 
derivation of Onsager’s reciprocity theorem.’ However, 
it is not immediately clear whether this satisfies the 
asymptotic behavior (4.25) or not, because the in- 
variant parts of the dynamical fluxes with respect to 
H’ are, in general, not zero. It can be shown, however, 
for dilute gases that the contributions of the invariant 
part to the time dependence of the correlation function 
can be neglected in the limit of VN’ « (V— ~, but 
N’/V=constant), so that the asymptotic behavior 
(4.25) is satisfied.'® 


7. SUMMARY AND SOME REMARKS 


In our formulation of the quantum-statistical theory 
of transport processes, our particular intention was to 
establish the hydrodynamical equations for linear 
dissipative systems and to formulate the transport 
coefficients in terms of the time fluctuations of the 
dynamical fluxes in equilibrium ensemble. By dividing 
the nonequilibrium density matrix into the local 
equilibrium distribution and a deviation term, we 
obtained the fundamental equation (2.24). This 
equation led, with the aid of the properties of the local 
equilibrium distribution, (2.12) and (3.42), to the 
general hydrodynamical equations (5.11), (5.13), 
(5.14), and (5.16). The quantities [J,(x)] appearing 
in these equations were shown, on the basis of the 
expression for the entropy (4.1), to be the thermo- 
dynamic fluxes conjugate to the affinities X,. For 
linear dissipative systems, the thermodynamic fluxes 
were calculated from Eq. (2.37) which was derived with 
the following assumptions: coarse-graining of the 
density matrix, (2.29), at the initial time of each short 
time interval 7; validity of the linear approximation; 
and separation of microscopic and macroscopic re- 
laxations, i.e., the correlation times of the dynamical 
fluxes J,°(x) are very small compared to the macro- 
scopic relaxation time of the system. Thus the linear 
relations between the thermodynamic fluxes and 
affinities, (4.12), were obtained, and, with the assump- 
tion (4.14), reduced to Eqs. (4.17) and (4.18) for 
isotropic fluids. Insertion of these linear relations into 
the general hydrodynamical equations led to the 
Stokes-Navier equations for isotropic fluids with the 
molecular expressions for the transport coefficients, 
(6.19), (6.23), and (6.25). 

To see the physical framework of the present theory, 
we investigate the physical significance of the quantity 
R which played an essential role in the present formu- 
lation. This quantity came from the deviation of the 
macroscopic state from complete equilibrium, R. The 
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structure of this quantity can be seen from the equation 


(7.1) 


R=D f Tex) Xa(x)dx, 


which is obtained from (3.32) and (3.38) with the use 
of the linear approximation. Namely, # is the sum of 
the products of two kinds of quantities; one are the 
affinities, namely the driving forces of the hydro- 
dynamical process, and the other are the dynamical 
fluxes whose averages formed with the time-smoothed 
density matrix become the thermodynamic fluxes. 
The dissipative terms in the hydrodynamical equations, 
namely the thermodynamic fluxes are the sums of the 
. products of the affinities and the correlation functions 
of the dynamical fluxes, and hence express the coupling 
of the macroscopic process represented by the ideal- 
fluid equations!’ and the elementary processes repre- 
sented by the time dependence of the correlation 
functions. The unperturbed relaxation in small mass 
elements discussed after (2.6) may be regarded to be a 
superposition of these elementary processes, and 
manifests itself in the acceleration of the state variables ; 
if we take for simplicity the case of the average velocity 
v=0, then we have 


a? 
—(F)(t+s)=(/,R;s), 
ds* 
(7.2) 


=Da f P(T,J 2°(x) ; s)Xa(x)dx, 


since 0=0 in (2.26) as can be seen from (5.1) and (5.3). 
Thus we can say that the quantity R expresses the 
coupling of the ideal fluid process and the unperturbed 
relaxation in uniform small mass elements. This 
coupling gives rise to the approach of the fluid to 
complete equilibrium, and, at the same time, to the 
continual excitation of the unperturbed relaxation. 
This coupling ceases with the attainment of complete 
equilibrium. 

To obtain a more detailed picture of these situations, 
we take a dilute gas of one component with spherically 
symmetric forces between molecules. As has been dis- 
cussed in Sec. 2, the relaxation processes in momentum 
space couple with the hydrodynamical process due to 
the collisions between molecules from different mass 
elements, i.e., the dissipative mechanism. The relaxation 
processes in momentum space can be described by the 
spectrum of the master collision operator, whose 
eigenvalues are the decay constants of the different 
modes of relaxation. As has been shown in (II), the 


*% Note that use of the relation (3.42), (Ja(x)):=0, and the 
definition of the square bracket, (2.25), lead to [Ja(x)] 
=TrJa(x)p(t). 

28M. Kac, Proceedings of the Third Berkeley Symposium on 
Mathematical Statistics and Probability (University of California 
Press, Berkeley, 1956), Vol. 3, p. 171; G. E. Uhlenbeck, Higgins 
lecture given at Princeton University, 1954 (unpublished). 
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dynamical fluxes are approximate eigenfunctions of the 
master collision operator, and the time dependence of 
the autocorrelation functions of the dynamical fluxes 
represents the corresponding modes of relaxation. 
Therefore, from the discussion of the dissipative terms 
in the preceding paragraph, the quantity R expresses 
the coupling between the unperturbed relaxation 
processes in momentum space and the ideal-fluid 
process. Take a uniform small mass element and cut 
off the influence of the neighboring mass elements, 
and make the spectral analysis of the relaxation thus 
obtained. Then we have only those modes of relaxation 
which are excited due to the coupling with the hydro- 
dynamical process. The excited modes turn out to be, 
according to (7.1), those whose eigenfunctions are the 
fluxes of viscosity and thermal conduction. We thus 
arrive at the fact that those modes of relaxation which 
are represented by the autocorrelation of the equi- 
librium fluctuations of the dynamical fluxes are excited 
in the hydrodynamical stage due to the coupling R. 

The present theory should be compared with Green’s 
theory® on the same problem, and with Kubo’s theory" 
on the linear response of thermodynamic systems to 
mechanical disturbances.”® 

Green’s theory is concerned with the classical 
derivation of the hydrodynamical equations. His 
expressions for the transport coefficients are given in 
terms of the correlation functions in a similar way as 
the classical limits of the present equations. However, 


‘the averages involved are formed with the micro- 


canonical ensemble, whereas, in our theory, they are 
computed with the (grand) canonical ensemble. This 
not only reflects the difference of approach, but also 
results in a serious difference in the calculation of the 
transport coefficients. For instance, the second term 
of the thermal conduction flux (6.21) is missing in 
Green’s corresponding expression. In essence the 
difference is as follows. Green assumes that the time 
behavior of the state variables of a fluid is described by 
a Markoffian random process. He shows that such 
processes in aged isolated systems obey a Fokker- 
Planck type equation, and he can derive the macro- 
scopic equation of motion. We, however, begin with the 
investigation of the change in time of the average 
values of dynamical quantities in nonequilibrium fluids 
in contact with reservoirs, and we derive the macro- 
scopic equation governing the motion of the state 
variables. Furthermore, our method has been formu- 
lated to apply to the quantum-mechanical case. 


6 It is worthwhile to note here an essential difference between 
our system and the nonequilibrium system whose deviation from 
equilibrium is produced by mechanical disturbances. The driving 
forces of the latter system are the external forces, which can be 
controlled directly by outer bodies and be changed appreciably in 
small time intervals comparable to the average relaxation time of 
the microscopic processes associated with the external forces. In 
our system, however, the driving forces are state functions and 
decay to zero due to the coupling with the microscopic processes, 
the average decay time r, being subject to (2.6). 
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Kubo’s theory is exact in the sense that it does not 
need the notion of local equilibrium and therefore avoids 
any approximation like (2.29). Therefore, it is worth 
while to compare both results in the case of electrical 
conductivity to which Kubo’s method is applicable. Let 
us suppose that the fluid consists of am electron gas 
(k=e) and ions (k=i) with the average velocity v=0. 
Then we have, from (5.11), (5.16), and (5.25), 


5(p*)/at=—V-[j°], 8(H)/dt=—V-[Ju], 


7,\oe ‘Xe— ¥ G7) ~*+(~ “)I, (7.3) 


k=e,i 


where the energy flow Jy has been used instead of the 
thermal conduction flow Jr. The linear relations are 
obtained from (4.16). In the case in which the ions 
pursue lattice vibrations about fixed points, u‘=0 in 
(7.3) and the linear relations become 


rI=v-|109+99-(-—v") 


+1(3130) Xr], 


Du]-V {130,99 ( ~“v") 


L(3u,3a) Xe}, 


which agree with the equations obtained in (I) and with 
the phenomenological treatment of thermoelectricity.”’ 
The electrical conductivity can thus be expressed in 
terms of the diffusion coefficient; for a metal, the x, y 
component of the conductivity tensor is 


1 /e\? ¢” B 
cw=—l—) [asf %S.e(s tit), (7.5 
(-) f (f @9 (5-+iM))%¢r, (7.5) 


274. H. Wilson, The Theory T ~ od (Cambridge University 
Press, Cambridge, 1953), Chap. VI 


HAZIME MORI 


e and m being the charge and the mass of electron. 
Equation (7.5) is the same as obtained by Kubo’s 
method.” This agrees with the previously-obtained fact 
that the coarse-graining approximation (2.29) yields 
only negligible errors. 
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APPENDIX. DERIVATION OF EQ. (4.6) 


Equation (4.4) can be written, by inserting (2.4), as 
69S) In Zane /Z)+ f dx5(1/TMM(R)) (+7) 


—8(v/T)-(j(x))(t+-7) +8 (30°/T)(o(x))(t+7) 


— Lie 6(u"/T)(n*(x))(t+7)},  (A.1) 


where 6(f) means the increment of f in r. The first 
term can be written as 


kl (: "fa 8(1/T\H).—8(v/T) Gj 
n(1—— faxtoa/T(a.—-¥0/7)-G 
+8(#/1)9).-E 544/T\0!)) +08) ). 


Therefore, by expanding this equation and inserting 
into (A.1), we arrive at Eq. (4.6) with the aid of the 
relations (2.9). 


*8 In applying this method, suppose the system to be in contact 
with a heat reservoir before the contact has been cut off and an 
electric field has been turned on, to obtain the average with the 
canonical ensemble. 
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A formalism is developed for finding the stationary states of systems for which radiative damping effects 
must be considered. The method includes a criterion for deciding whether or not a given unperturbed state 
has an exact stationary state corresponding to it. The method is applied to a simple example, the Lee model 
with unstable V particle, and it is indicated how more complicated problems may be treated. 





I. INTRODUCTION 


T is well known that ordinary perturbation theory is 
inadequate for the task of finding the stationary 
states of systems where radiative damping effects are 
important, such as an atom in interaction with radiation 
near one of its resonance frequencies. Besides the 
difficulty of the infinite degeneracy of the problem, 
there does not always even exist a one-to-one corre- 
spondence between perturbed and unperturbed states. 
Some unperturbed states—such as excited states of 
atoms—do not have exact stationary states corre- 
sponding to them, and it is necessary to decide for which 
states this happens. We shall speak of such states as 
being “eliminated” by the interaction. In addition, the 
interaction may “create” certain new states, but this 
will not be discussed here. 

For some relatively simple problems, such as reso- 
nance scattering by a single atom, it is not difficult to 
surmount the above-mentioned difficulties.! The general 
case, however, is not so simple. For instance, in the one- 
atom resonance scattering problem,' the damping term 
in the denominator in the expression for the cross 
section is essentially the inverse life-time of the excited 
atomic state. If there are many identical atoms present, 
however, the excited state may decay by exciting other 
atoms as well as by radiation, so its lifetime depends on 
the presence of the other atoms in a way which is in 
general quite complicated. 

Now something must be said about just what is 
meant by the statement that a perturbed state | &) of 
energy W, “corresponds” to an unperturbed state |a) 
of unperturbed energy £.. For our purposes the follow- 
ing requirements will suffice : 

(1) As the perturbing Hamiltonian 3¢‘" goes to zero, 
W.— Eq, and (8|&)— 0 unless Es= Eq, where |) is 
any unperturbed state. 

(2) If |a) is a state of a continuum, the letter a 
representing all the parameters necessary to specify a 
state, then 


|a)=w |a)+ f |as@nyae}, (1) 


* Research performed under the auspices of the U. S. Atomic 
Energy Commission. 

t Present address: School of Chemistry, University of Minne- 
sota, Minneapolis, Minnesota. 


1 See, e.g., P. A. M. Dirac, The Principles of Quantum Mechanics 
(Clarendon 'Press, Oxford, 1947), third edition, pp. 201-204. 


where /(8,a) contains no 6-function singularities with 
respect to all the parameters making up 8 which do not 
vanish as 3Ci**-+ 0. N is a normalizing factor in (1), 
and the integration is understood to include summation 
over discreet states. If the continuum is removed by 
requiring periodic boundary conditions in a large box 
of volume V, which will be done in this paper, then we 
simply replace integration by summation in (1) and 
require that al! coefficients f which do riot vanish as 


5Ci"t — 0 be proportional to some negative power of V. 


Now, given an unperturbed state |a) and perturbing 
Hamiltonian 3Ci"*, we must decide: first, whether a 
corresponding exact stationary state |&) exists; and 
second, if | &) exists, what are its expansion coefficients 
in the representation of the unperturbed states. In this 
paper, a general formalism is developed for dealing 
with this problem. A simple example, the Lee model 
with unstable V particle, is worked out in detail, and it 
is indicated briefly how the method is applied to more 
complicated problems, including that of the complex 
refractive index of a gas. 

The problem has been treated previously in a some- 
what different context by van Hove.?*? However, our 
method differs from his in a number of respects, and 
seems to be simpler for handling certain problems. 


Il. THE TRANSFORMATION MATRIX 


The application of the theory to be developed here to 
continuum states causes no special difficulties, but the 
notation becomes rather cumbersome. Therefore we 
shall make everything discrete by imposing periodic 
boundary conditions in a large box of volume V, with 
the understanding that we are mainly interested in the 
limit V — ©, where certain summations can be replaced 
by integrations. 

We write the total Hamiltonian as 

KH%= E+Hit*=W+KH, 
H=IHirt—Ferelf, (2) 


where £ and W are diagonal matrices representing the 
unperturbed and perturbed energies, respectively, and 
we absorb the self-energy into the interaction. Now if a 
solution | &) exists, it satisfies 


(W+35) | @)=Wa| &). (3) 


~ 21. van Hove, Physica 21, 901 (1955). 
3L. van Hove, Physica 22, 343 (1956). 
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We now define the transformation matrix S by 
S\a)=|&) if 
=0 otherwise. 


| &) exists (4) 
So we can write for all |a): 
(W+X)S|\a)=W.S|a)=SW |a), 
or simply 
(W+X)S=SW. 
S may be decomposed by means of 
S=(1+Q)N, 


where N is completely diagonal: (8|N|a)= Nadas, SO 
S|a)=0 is replaced by V.=0. The diagonal elements of 
Q all vanish. In terms of Q and N, (5) becomes 


(W+)(1+Q0)N=(1+0)NW= (1+Q)WN, (7) 
{X(1+Q)+[W,0]}}N=0, 
or in terms of matrix elements 
{(Ws—Wa)(B|Q|a)+(8| Ka) 

+248|5| 7X7|Q\a)}Na=0. 
Equation (8) can be satisfied in two ways: either 
(Wa—Wa)(8|Q|a)=(8| | a) 
+2 8|K|yX7|Qla), 


N,=0. 


(8) 


(9a) 


or 
(9b) 


Similarly, taking the diagonal elements of (7), and 
using (2), we have for the self-energy 
(a|5C**"*|a)=(a|Hi™|a) +2 (a|H| ¥7|Ola), 


or 


(10a) 


N.=9. 


(10b) 


{(B|5C|a) +d (2B || yf (Wa-W)y|H| a) 





FX ya? (B| 5H | ¥)5 (Wa— Wa) |H|8)5(Wa—Ws)5|K|a)+ > + -} 
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If the solution (10b) is taken (meaning that | &) does 
not exist), then the value of the self-energy is not de- 
termined by the equations and may be chosen arbi- 
trarily. A choice which is often convenient in this case 
will be indicated later. 

Our procedure will be to try to solve Eqs. (9a, 10a), 
and if this leads to contradictions resort to the choice 
(9b, 10b), which always satisfies the equations. 

An implicit solution of (9a) is 


(8|Q|a)=5(Wa—Ws) 

X{(B| Hla) +2, B|H\yXy/Ola), (11) 
where { (x)= P/x—ix6(x) (P/x= principal value of 1/x) 
has been introduced so that the solution will correspond 
to “retarded fields,” and the superscript on the summa- 
tion sign, indicating that a is to be omitted from the 
summation, simply reflects the vanishing of the diagonal 
elements of Q. We now obtain a formal explicit solution 
of (9a) as follows: substitute the solution (11) into (9a) 
for all Q matrix elements except (8|Q|a). Then again 
substitute (11) for all elements except (8|Q/a) in the 
resulting expression, and continue this indefinitely. In 
this way we obtain 
(Wa—Ws)(8|Q|\a) 

= (8|5C|a)+(8|5C|8)(8|O|a) 
+2 ,9(8|K| 6 (Wa-W,) 
X {(y|H]a)+ Lis |H|85|Q|a)} 
= (8|H|a)+(8|K|8XB|Q|a) 
+20 y'2P(8|R| ¥o(Wa— Wy) | KH | a) 
+[20,'29(B| 5 | a) (Wa—Wy)(y| |B) KB|Q|a) 
D 73°28 | |) (Wa—Wy)(y|H|6)X5|Q|a) 


Continuing this process indefinitely and collecting the 
coefficients of (8|Q|a), we finally obtain 


(12) 





(8|Q|a)= 


{Wa—Ws—(8|H|8)— LB |K| yt (Wa—Wy)y|K|B) 


~¥a'°(8 || 7) Wa— W)C | 8) (Wa—Ws)(B| | 8)— +++} 


The solution (12) is formally correct, but may not be 
meaningful due to lack of convergence. Furthermore, 
there will in general be some “‘true”’ discrete states, for 
which summation may not be replaced by integration as 
V — , and it is not clear how to handle the 6-function 
in this case. The way out of this difficulty is indicated in 
the next section. 


Ill. THE DAMPING OPERATORS 


The “damping operator” D‘‘?--”(€) associated with 
an energy ¢ and a set of unperturbed states ij--- is 
defined by the operator integral equation 


Di) (CQ) =K+H(1— POF?) (e— W) D7 (e), (13) 


where P‘‘#-- is the projection operator on the linear 
manifold spanned by the states ij---. We can obtain a 
formal solution of (13) by an iteration process, which 
gives for a matrix element of D: 


(8| DY (6) [@) 
=(B|5C la) Dy -4B|H| yf (e—Wy)(y | 5 |a) 
+L ys (8 || v5 (e— W,) 
X(y|5C | 6) (e— Ws) | IC |a)+---. 


Comparing (14) with (12), we see that 
(8| D'° (W 4) |a) 
Wa—Ws—(B| D* (Wa) |B) 








(8|Q|a)= 





RADIATIVE DAMPING 
Thus the problem of evaluating Q is reduced to that of 
solving (13), and other methods may be employed for 
this when the iteration method is not appropriate. 

A useful equation satisfied by the D matrix elements 
can be obtained as follows: if y is not one of the states 
ij--+, (13) can be written in terms of matrix elements: 


(y| DO"? (€) |a) 


“My |5C| d)e(e—Ws)(6| DO F-?(€) | a) 
My | DOF (e) |a) 
){(8|5C a) 


“(€)|a)} 


=(y|Hla)+ D5 

=(y|K|a)+(y| KH) yo (e-W, 
+5300" 
+25 


Viy|5C|5C(e—Ws 
6) KH n)< ( (e—W on) DS sik 


| I* Hla)+ QF 


(e-W v/s |) +E 


(e)|a)=- 


1-¢ 


(y| DOF 


Comparing (16) with (14), we see that 
(6a) 


-D(e)|y) 


(y| DEN 
(17) 


{e)|a)=— 


1—t(e—-W yy| DoF: 
Substitution of (17) 


(B| 06% 


(y| DOr 


into (13) then gives 
(€)|a)=(B| | a) 
| Rl yo (e—-W Dy ite (Ia) 
+25°%"” cacd te 
1—S(e—-W y| Diii-- 7) (¢)| ) 


or multiplying numerator and denominator of each 
term in the summation by (e—W,), 


(| D0 


(18) 


(€)|a)=(8|3C|a) 


(8| | yy] Ds: 


+ P$° fi 
«e—W,- 


” (€)|a) 


(y| D' --9(€)|y) 


Where necessary, the quantity (e—-W,—(y|D|y))" 
appearing in (19) is to be interpreted as ((e—W, 
—(y|D/y)), as may be seen by substituting 


¢(a)= lim (x+7&)7 
§-0+ 


in (18) and passing to the limit. This is of importance 
if the imaginary part of (y| D|) vanishes. 

The advantage of (19) lies in the fact that the singular 
¢-function does not appear explicitly in it. It is therefore 
useful when there are discrete states for which the 
¢-function is not well defined. 

It may happen that there are so many unperturbed 
states with almost identical properties that the omission 
of a finite number of them from summations has only a 
negligible effect. In this case we may rewrite (19) as 
(8|3¢| ¥X¥| D(e) |a) 


e—W,—(y| D( ly) 


where the superscript on D is now irrelevant. 


(8| D(e)|a)=(B|H\a)+20, 


IN STATIONARY STATES 


=(y|H|a)+(y|H| yf (e—W,)(y| DO? (€) |) 
+P sti My | 5C! bE (e— Ws) (5| | a) 
+[¥o st My || dE (e— Ws) 
X (5|5C| y) ie (e— Wy | DOF? (€) | 
HD ag’ Py || 5)E(e— Ws) 
X (6|5C| no (e—W,)(n| DO”? 


a) 


(e) | @) 


Continuing this process indefinitely, exactly as in the 
derivation of (12), we obtain 


‘Diy| x |6)5(e— Wa) Kla)+-- 


‘} 


(16) 


“My Hd) (e—W (a! 5 ly)+- 





“The self-energy may be expressed i in terms of the D 
operators by substituting (15) into (10): 


(| 3¢™"|a)=(a|3¢%**|a) 
(a| | yy | D7 (Wa) |a) 
We—W,—(y| D°(We) |) 

N.=0. 





+24 (20a) 


(20b) 


In general, the right-hand side of (20a) will be a 
complex number. If it is real, our solution of the problem 
is complete; we have constructed |&) and found its 
energy, at least implicitly. If the right side of (20a) is 
complex, however, then (20a) contradicts the Hermitian 
character of the Hamiltonian and we must choose 
(20b), i-e., we are forced to conclude that |q) is elimi- 
nated by the interaction. This criterion for deciding 
whether |@) exists or not is more general than that 
based on the lifetime of |a@), which has been given its 
most general form by van Hove.’ There exist cases 
where |a) has a finite lifetime, but where a state | @) 
satisfying the correspondence requirements of the intro- 
duction and having real energy can nevertheless be 
constructed. An example of this will be mentioned later. 

If we are forced to choose (20b), the definition of the 
self-energy is at our disposal, and it is convenient to 
define it as being equal to the real part of the right side 
of (20a). With this convention, we can write for any | a): 


(a|3C%"£| a) = Re} (a| 5Ci"*| a) 


(a|5C| yy | DY (W.) | a) 
Wa—W,—(y| D°(W,) [yb 


IV. AN EXAMPLE: THE LEE MODEL 
WITH UNSTABLE V PARTICLE 





+5,° 


The problem of the Lee model with unstable V 
particle is of some interest since it is an exactly solvable 
theory involving an unstable particle. This problem has 
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been studied in detail by Glaser and Kallén.* We shall 
rederive their results by use of the D operators. 

Our notation will be mainly the same as that of Glaser 
and Kallén.‘ The state with one bare V particle is 
denoted by |V), that with one N particle and one 6- 
particle of wave number k by |&). The wave numbers k& 
are restricted by periodicity requirements in a box of 
volume V, and we are interested in the limit V— ~. 
We have 

E,x=myt+o; w= (w+k*)!, 
Evy=my, 


(V |5cim*| k)=(k|5C™*| V)= — gof(w)/(2Ve)!. 


(22) 


(23) 


We are interested in constructing the states | 7), |), 
if they exist. For this we need the following D matrix 
elements: 

(V|D°"(Wi)|k),  (k’| DW; |), 
(V|D°"(Wi)|V), (k’| D*? (Wi) |R’); 
(k| D*”(Wy)|V),  (k| D*” (Wy) |). 


First, we notice from (13) or (19) that (k’| D’"--(e)|R) 
=0, for k’¥k, since (k’|5C|a)=0 except for |a)= | k’) or 
| V), and these are omitted from the summation. Making 
use of this, we have 


(V| DEY (e) | k)=(V|5C| k) 
Bas |HC| R’ XR’ | D*'*Y)(e) | k) 

e— Wry —(k' | D**(e) |’) 
=(V || k)= —gof(w)/(2Vu)*. (24) 





k’ 


Equation (24) may be used along with (20a) to evaluate 
the self-energy of |): 


(k|ac=!*| k) 
, (k|5¢| VXV | D&” (W;) |) 
Wi—Wy—(V| D*”(W,)| V) 
sd go" f?(w) mn 
2Va0(Wi— Wy —(V | D*” (W,)| V)) 








(25) 


as Vo, 


so in the limit V— © we can take W,=E,=my+wo. 
(25) also tells us that 


(k|D(e)|k)=0 as Vow. 


(25a) 


In the same way in which (24) was derived, it can also 
be shown that 
bof (w) 


k| D&”)(e—)|V)=—- . 
alaen(lN)=—-T 


(26) 


Now using (21), (25a), and (26), we have for the self- 
4V. Glaser and G. Kallén, Nuclear Phys. 2, 706 (1957). 
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energy of the V particle in the limit V — ~, 
£0" 


© bf*(w)dw 
cco foea f peer tiny), £27) 
4? Wy-my—w 


“ 


which is also the result of Glaser and Kallén.4 The 
V particle is unstable if Wy>my-+u. In this case the 
right-hand side of (20a) is equal to 

go" c) 


ea), POW y—my—a) 


igo’ 
Satie iy “yale my) f?(Wy—mn) 


n(Wy—my). 


Since the imaginary part of this does not vanish, we 
conclude that | V7) does not exist, in agreement with the 
assumption that the V particle is unstable. 

|k), however, does exist, since both real and imagi- 
nary parts of (20a) vanish for |k) by (25). We have, 
using (15), (19), (24), (25a), (26): 


(V| DY” (my+w)|V)=my—Wy+n(o), 
gof(w) 1 
(2Vw)! wt+-my—my—n(w) 


(28) 





(ViQ|k)=— (29) 


Note that the real part of the denominator in (29) 
vanishes for wt+my=Wy. Also, by (15), (19), (24), 
(25), (25a), (28): 


(| D®'® (my+w) |) 
(k’ |5¢| VV | DY" (my+w) | k) 


~ my-+o—Wy—(V|D°"(my-+u) | V) 
go" f (w) f(w’) 1 
~ 2V (aa!) myto—my—n(u)’ 
g0°f (w) f(w’) f(w—w’) 
2V (.o")* -my-+w—my—n(w) 


It is easy to see that our Eqs. (27), (29), and (30) 
agree with Eqs. (9), (16), and (17) of Glaser and 
Kallén,‘ with obvious’ differences in notation. The 
resonance scattering problem treated by Dirac! may be 
solved in a precisely similar manner. 


V. DISCUSSION 


Section IV shows that our method is able to cope with 
a simple problem and give correct results, but not that 
it has any advantages over more familiar methods. Our 
method is really most useful in cases where (19a) may 
be used instead of (19). An example of this is the 
problem of the complex refractive index of an ideal gas. 
Suppose our box of volume V is filled with N atoms 
distributed uniformly, such that V/V remains constant 
as V — ©. Let »o be a resonance frequency. Denote by 
|\) the unperturbed state with one photon present of 





(30) 








(F|Q|k)= 





RADIATIVE DAMPING 
wave number x, frequency vj, and polarization e,, and 
all atoms in the ground state. Let |) denote the state 
with no photons present and the mth atom excited. The 
problem is to find the states |\), if they exist, when v, 
is close to vo. In this case, neglecting interatomic 
interactions, the matrix elements of 5¢'"* of importance 
to us are of the form (| 35Ci™*| ), (n|35Ci"*| m), where », is 
close to vo. In this problem we can use (19a) in calcu- 
lating D matrix elements: the omission of one |) or | A) 
from a summation can have only a very small effect, 
since there are a very large number of other states very 
close to these in all properties. Thus, using (19a), we can 
write 


{n| D(W,)|A) 
D(W ) |r 
= (alse) HE (n|H|nn| D(W)) | A) 
1 Wx—W,—(n| D(W))|n) 





= (n|3e|a)+| (m3 


(n|5C| m)(m| D(W)) |r) |/ 
W—Wn—(m| D(W,) | m) 





x[E- 


[WW-C] D0). (31) 


IN STATIONARY STATES 


1847 


Reasonable guesses can now be made about the form 
of the diagonal matrix elements appearing in (31): 


(m| D(W ,)|m)= —(m| 5c**!*| m)+-const, 
(n| D(W)) | n)= —(n|5C**!!| n)+-const. 


Using (32), the summation (integration) over can be 
explicitly carried out ; one is then left essentially with an 
equation involving only the (m|D(W),)|A) and the 
constants of Eq. (32). If summation over m can be 
replaced by integration over the uniform distribution 
of atoms, this takes the form of an integral equation for 
(n| D(W)) |A) which can be solved exactly. Once this has 
been done, the evaluation of the other D matrix 
elements is easy, and one finds that a state |X) exists 
which corresponds to an attenuated wave. Equation 
(32) turns out to be correct, and the constants can be 
evaluated. This is an example of a situation in which the 
unperturbed state has a finite lifetime but a corre- 
sponding stationary state still exists: the lifetime of | A) 
is finite due to absorption, but |\) still exists. 

The detailed working out of this problem, including 
the effect of the nonresonant virtual transitions and of 
interatomic interactions, is rather involved and will be 
given in a later paper. The means of attack is merely 
sketched here in order to show how the damping 
operators may be made use of in solving such a problem. 


(32) 
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Drift Velocity of Electrons in Mercury Vapor and Mercury Vapor—CO, Mixtures 


C. W. McCuTcHEen 
Cavendish Laboratory, University of Cambridge, Cambridge, England 
(Received July 25, 1958) 


The drift velocity of electrons in mercury vapor has been measured with an apparatus of the type used by 
Klema and Allen. The effect of added CO: has been investigated. The results are used to calculate the electron 
mean free path in mercury vapor. It is found that mercury vapor has a mean free path maximum (Ramsauer 


effect) at low electrqn energy. 





INTRODUCTION 


HE drift velocity of electrons in mercury vapor 
has not previously been measured. Beside the 
obvious engineering value of this information, it can be 
used to throw some light on the mean free path of 
electrons in mercury vapor at very low electron energies. 
With two exceptions, the data on the mean free path 
of electrons in mercury vapor do not extend to electron 
energies much below 1 volt. Most of the experiments 
have been transmission measurements following the 
method of Ramsauer.' Most of these, for example, the 
most recent data of Brode® shown in Fig. 1, show that 
the atomic collision cross section is still rising as the 
electron velocity decreases to 1 (volt)!. 

The region right around 1 (volt)! has also been 
studied by Adler and Margenau® who observed the rf 
properties of ionized mercury vapor. Figure 1 shows 
that their results are in disagreement with those of the 
transmission experiments. 

Very low electron energies were studied by Minkow- 
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Fic. 1. The collision cross section of electrons in mercury 
vapor as a function of electron velocity. 


1C, Ramsauer, Ann. Physik 66, 545 (1921); 72, 345 (1923). 
2R. B. Brode, Proc. Roy. Soc. (London) A125, 134 (1929). 


3F. P. Adler, J. Appl. . 20, 1125 (1949); F. P. Adler and 
H. Margenau, Phys. Rev. 79, 970 (1950). 


ski.‘ He observed the effect of mercury vapor on space- 
charge-limited thermionic emission and concluded that 
at very low velocities the collision cross section falls 
again. This experiment is very difficult to interpret as 
the geometry is complex. The results may not be con- 
tradictory with those of the transmission experiments 
if the rise in free path occurs at energies lower than those 
studied by the transmission experimenters. 

In the experiments here described, the electron free 
paths are inferred from measurements of the drift 
velocity of electrons as a function of the applied electric 
field. 


EXPERIMENTAL PROCEDURE AND RESULTS 


The method followed that of Klema and Allen® 
except that the apparatus was compressed into a small 
container (Fig. 2). To produce pulses of ionization, a 
particles are collimated to travel parallel to the cathode 
and the drift of the resulting ionization electrons across 
the chamber is observed by a broad-band amplifier and 
oscilloscope connected to the anode. The field in the 
drift space is undoubtedly not quite constant, but the 
resulting smearing of the drift velocity vs field curve 
was not considered serious as the nature of a diffusion 
process eliminates the possibility of any fine detail. 
The problems and pitfalls of this method have been 
well described by Klema and Allen. 

The chamber was heated in an oven and its tempera- 
ture was measured with a thermocouple. The procedure 
was first to bake the chamber under vacuum for several 
hours at a temperature higher than the operating 
temperature and then to force mercury up the pumping 
tube by gas pressure. The mercury vaporized in the hot 
chamber, producing a meniscus between the chamber 
and the water-cooled section of the filling line. With the 
position of this interface known, the pressure was 
determined from the head of liquid mercury in the filling 
tube and the gas pressure behind it. This, together with 
the known temperature of the chamber, gave the density 
of the vapor. (Deviations from perfect gas behavior are 
minute.) 

Figure 3 shows the results of two runs at different 
pressures. The drift velocity is plotted as a function of 
(X/P)(T/293), where X is the field in volts/cm and 


4R. Minkowski, Z. Physik 18, 258 (1923). 
5 E. D. Klema and J. S. Allen, Phys. Rev. 77, 661 (1950). 
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Fic. 2. The drift velocity apparatus used to obtain 
the data shown in Fig. 3 and Fig. 4. 


P is the pressure in mm Hg. This allows direct com- 
parison on a molecular density basis with data plotted 
against X/P from experiments performed at room 
temperature. Figure 3 is typical of many runs which 
were all quite consistent. 

COs-mercury mixtures were then investigated by 
letting CO, into the chamber before pushing the mer- 
cury up the filling tube. The results are shown in Fig. 4. 

As will be seen later, the plateau in the drift velocity 
vs field curve is very interesting. In the case of argon 
such behavior has been shown to result from impurities.® 
The mercury used in these experiments was triple 
distilled and then refluxed under vacuum before use; 
however there were short lengths of neoprene in the 
filling system so the purity was not above suspicion 
(though the consistency of the results from run to run 
and for different pressures suggests that any impurity 
must have been present in remarkably constant pro- 
portion to the mercury density). 

Therefore, an all-glass chamber was baked and filled 


6 W. N. English and G. C. Hanna, Can. J. Phys. 31, 768 (1953). 
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by distillation with triple-distilled mercury. This should 
contain little impurity and that small amount should be 
constant. The electrode system was the one used in the 
previous chamber. With all the mercury vaporized, the 
filling density was 0.004 g/cc. Figure 5 shows the 
results. The runs at lower than saturation density were 
made by lowering the temperature. No attempt was 
made to measure the temperature as the actual value 
of the density is not required for the argument. 

The results show that reducing the pressure simply 
compresses the curve along the voltage axis. The 
diffusion theory shows that the drift velocity vs X/P 
curve should be the same shape whatever the pressure, 
provided that the gas composition is constant. The 
results of this experiment indicate that the gas com- 
position is effectively constant. If impurities were 
determining the behavior of the electrons, then the 
curves at low density would be expected to have shapes 
different from those at high density as well as having 
the compression along the field axis, because lowering 
the mercury density should increase the relative con- 
centration of impurity. It is concluded that impurities 
are not affecting the electron behavior. 

The runs of Fig. 5 give consistently higher drift 
velocity than those taken with the original chamber. 
This suggests a systematic error, which is not surprising 
in the very cramped apparatus and imperfect geometry 
that had to be used in order to get the apparatus into 
the available high-temperature chamber. The best 
values are probably those of Fig. 3 because they were 
taken with larger plate spacing and are therefore less 
subject to errors arising from imperfect localization of 
the initial ionization. 


INTERPRETATION IN TERMS OF 
ELECTRON MEAN FREE PATH 


By use of the standard diffusion theory’ and assuming 
that all the collisions are elastic, the drift velocity vs 
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Fic. 3. The drift velocity of electrons in mercury vapor 
as determined by the apparatus of Fig. 2. 





ay B. Loeb, Basic Processes of Gaseous Electronics (University 
of California Press, Berkeley, 1955). 
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Fic. 4. Drift velocity of electrons in mercury vapor-CO:2 mixtures. The “‘quantized” appearance of the larger drift velocities 
results because the pulse rise times were measured only to the nearest half-ysec. 


X/P data of Fig. 3 was used to derive the electron mean 
free path as a function of electron velocity. As there is 
some disagreement about some of the dimensionless 
constants the formulas used in these calculations are 
reproduced below: 


h= (8m/3M)(1—3kT/mu’), (1) 
W =0.815(h/2)*u, (2) 


ZT. h\* «2m 
“)-Qt2 
PX\293 27 Ae 


where h is the fractional energy less per collision, m is 
the electron mass, M is the molecular mass, u is the 
rms agitation speed of the electrons, W is the drift 
velocity, X is the field in volts/cm, P is the pressure in 
mm Hg, A is the electron free path at 1 mm Hg, ¢ is the 
electronic charge, and T is the operating temperature. 
In the actual calculations an arbitrary value of u 
would first be chosen. From Eq. (1) the value of h 
appropriate to this value of « was found. From Eq. (2) 
the value of W was next determined From the experi- 


mental data the (X/P)(T/293) required to produce 
this W was next found and substituted, together with 
the value of u and h into Eq. (3) to find A. The results, 
plotted in terms of the collision cross section at | mm 
pressure (this is just the reciprocal of the mean free 
path at 1 mm pressure), are shown in Fig. 1. They 
agree quite well with the results of Brode and the other 
transmission experimenters over the velocity range 
covered, but at lower velocities the collision cross 
section again falls. It is this fall in cross section which 
is responsible for the plateau in the drift velocity vs 
field curve and it is because the plateau is so flat that 
the fall in a at u=0.4 (volt)! is so precipitous. 

The values for a obtained in this work must be taken 
with two reservations. It is assumed that all the col- 
lisions are elastic; however, if the electron distribution 
had a very small high-energy tail which reached 4.89 
volts (the first excitation potential of mercury), the 
inelastic collisions thus produced would substantially 
raise h, The cross-section data are probably wrong at 
the high-velocity end. At what velocity the error 
becomes serious is not known, for the electron velocity 
distribution is not known. The Adler and Margenau 
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results would suggest that ionizing collisions are oc- 
curring when the electron temperature is as low as 0.8 
volt, for their experiments were performed in the 
positive column of a de gas discharge. If this is true 
then excitations should occur at even lower electron 
temperatures so only the very bottom end of the data 
may be at all accurate. 

The remaining reservation is that the diffusion theory 
of drift velocity is entirely too simplified. The variation 
of A with “, which from Brode’s results should be ex- 
treme, is ignored in Eq. (3); so, even assuming that 
inelastic collisions are not occurring, the diffusion 
theory cannot be expected to yield very accurate results. 

The variation of A with « can be expected to product 
a very strange electron energy distribution which mighd 
account for the disagreement between the Adler ann 
Margenau data and those of Brode and this paper. Ie 
their analysis Adler and Margenau assumed a Max- 
wellian distribution of electron energies. 

In spite of all this uncertainty it seems clear that 
for very slow electrons A rises with decreasing energy. 
If Eqs. (2) and (3) are combined the result is 


e X\'shyi 
w=0815(a— =) (;) . (4) 
m P 2 


For W to be independent of X/P, that is, for the ob- 
served plateau to be produced, A must fall with in- 
creasing X/P since, in a pure gas, / can only rise with 
increasing X/P. 

To my knowledge there has been no theoretical 
prediction of the collision cross section vs electron 
velocity relation for mercury; however, there has been 
one by Allis and Morse® for the chemically similar 


8 W. P. Allis and P. M. Morse, Z. Physik 70, 567 (1931). 
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Fic. 5. The drift velocity of electrons in mercury vapor as a 
function of electric field at various (unknown except for the 
highest) pressures. These data were taken with the sealed-off 
glass apparatus mentioned in the text. 


element Zn. This predicts a fall in the cross section at 
energies less than 2 volts so to that extent these results 
may be considered as agreeing with theory. 

No quantitative analysis of the mercury plus CO, 
data has been undertaken; however, the effect of the 
CO; in raising the drift velocity is the normal result 
when an inelastic gas is added to an elastic one. 
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Effect of Space Charge in Cold-Cathode Gas Discharges 


A. L. WARD 
Diamond Ordnance Fuze Laboratories, Washington, D. C. 


(Received August 22, 1958) 


Townsend’s basic ionization equations for cold-cathode gas discharges between parallel plates are modified 
by Poisson’s equation to account for space-charge effects. Numerical calculations have been made for argon 
on the IBM 704 computer. Calculated voltage current static characteristics in general show a negative 


slope region indicating “breakdown” 


. For low pd products ( being the gas pressure and d the gap distance), 


a second region of positive slope (abnormal glow) is obtained at higher currents. The electric field dis- 
tribution across the gap is shown, at high currents, to approach that measured in glow discharges, and the 
formation of a positive column plasma is indicated by the charge distributions. 


I. INTRODUCTION 


HERE have been several approximate methods 
for determining the effect of space charge and 
the consequent electric field distortion upon the voltage- 
current static characteristic of cold-cathode gas dis- 
charges between parallel plates. Von Engel and 
Steenbeck! assumed that the space-charge field was a 
linear function of the distance from the cathode to the 
anode and found that the change in voltage due to the 
space charge was proportional to the current density 
squared. Varney, White, Loeb, and Posin? combined 
Townsend’s basic ionization equation with Poisson’s 
equation and showed that space-charge formation 
enhances or hinders breakdown according to whether a, 
Townsend’s first ionization coefficient, increases more or 
less rapidly, respectively, than linearly with the electric 
field. Crowe, Bragg, and Thomas* extended this work 
to include the effect of secondary ionization mecha- 
nisms. Ward‘ modified the latter formulation to apply 
to rare gases by using a different dependence of a on 
the field and used the National Bureau of Standards 
SEAC computer to calculate results. 

In order to extend the calculations to higher current 
densities than was possible in the previous formulation,‘ 
the problem has been reformulated and encoded for the 
IBM 704 computer. The effect of the electron space 
charge, neglected in all of the previous papers, has 
been included in the new formulation. 


II. FORMULATION 


Calculations thus far have been limited to parallel- 
plate geometry. To facilitate calculations at high 
current densities, the distance, x, is measured positively 
from the anode toward the cathode, contrary to the 
usual practice. Then Townsend’s steady state equation 
for primary ionization by collision becomes 


dJ_(x)/dx= —a(x)J_(x), (1) 


1A. von Engel and M. Steenbeck, Elektrische Gasentladungen 
(Verlag Julius Springer, Berlin, 1934), Vol. 2, pp. 48-57. 

2 Varney, White, Loeb, and Posin, Phys. Rev. 48, 818 (1935). 

3 Crowe, Bragg, ‘and Thomas, Phys. Rev. %6, 10 (1 954). 

4A. L. Ward, Bull. Am. Phys. Soc. Ser. IT, 2, 68 (1957); 2, 82 
(1957). A. L. Ward, Diamond Ordnance Fuze Laboratories 
Report TR-500, August 30, 1957 (unpublished). 


where J_(x) is the electron current density and a(x) is 
the number of electron-ion pairs created per cm in the 
field direction. For the rare gases, a good fit to the 
experimental data for the variation of a(x) with the 
field, E(x), is given by 


a(x)/p=C exp[— Dp'/E}(x)], (2) 


where C and D are constants for each gas and is the 
pressure of the gas. The experimental data for argon 
and neon® are shown in Fig. 1 and it is seen that the 
agreement is good for 10< E/p<400 volts/cm mm Hg. 
With this dependence of a on E, Eq. (1) becomes 


dJ_(x)/dx=—Cp exp[—Dp'/E'(x) J_(x). (3) 


Poisson’s equation gives the field variation due to 
the positive ion charge density, m,(x), and the electron 
charge density, n_(x) : 


dE/dx=4mel_n,(x)—n_(x) ], (4) 


where ¢ is the electronic charge. The present calculations 
are based on the usual mobility (u) laws 


J_(x)=n_(x)eu_(p) E(x), (S) 
J s(x) =n4(x)eus(p) E(x), (6) 


where the minus subscript refers to electrons and the 
plus subscript refers to positive ions. It is assumed the 
total current density, the sum of J_(x) and J,(zx), is 
equal to the electron current to the anode (x=0): 


J+(x)+J_(x)=J_0)=J. (7) 


The electron current density at the cathode, J_(d), is 
the sum of that caused by external irradiation Jy and 
that caused by secondary processes at the cathode: 


J_(d) = Jot (w/a)J+(d), 


where (w/a), a generalized secondary ionization coef- 
ficient, is considered a constant. Hence, using Eq. (7), 


J_(d)=[Jot (@/a)I](1+/a). (8) 


5 L. B. Loeb, Basic Processes of Gaseous Electronics (University 
of California Press, Berkeley, 1955), pp. 692-694. 
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SPACE CHARGE 


With Eqs. (5), (6), and (7), Eq. (4) becomes 


dE 4 My 
git {s- (1+) J-0)| (9) 
dx ps E(x) oo 


When the electron charge density is neglected in Eq. 
(4), the bracketed term in Eq. (9) becomes J—J_(x). 

Equations (3) and (9) are the basic first-order differ- 
ential equations governing the variation of the field and 
electron current densities across the discharge gap and 
must be integrated from the anode (x=0) to the 
cathode at x=d, the gap distance. The initial value of 
the electron current density, J_(0), is of course the 
total current density of interest (J), but the initial 
field #(0), at the anode is not known. Hence, a value 
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Fic. 1. Variation of Townsend’s first coefficient a, with field EZ, 
for neon and argon. The data are taken from reference 5. 


must be assumed for £(0) and Eqs. (3) and (9) solved 
simultaneously, determining the value of the electron 
current density at the cathode: J_(d). If this value 
does not agree with that given by Eq. (8), then new 
values of E(0) must be assumed until there is agreement. 

Finally, the field may be integrated across the gap 
to obtain the voltage drop across the gap. The voltage- 
current density static characteristic is thus calculated 
point by point. The variations of E(x), J_(x), J(x), 
n_(x), and n(x) across the discharge gap are obtained 
in the solution of Eqs. (3) and (9). 

In order to determine the effect of the space charge, 
it is profitable to calculate the voltage-current charac- 
teristic in the absence of space charge, i.e., when 
dE/dx=0 or E= Ey=constant. Then Eq. (3) may be 
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Fic. 2. Effect of a variation of the initial photocurrent density 
Jo on argon static characteristics for a pd product of 10 cm-mm 
Hg. The value of Jo in amp/cm? is shown for each curve. 


directly integrated : 
Inf J/J_(d) ]=Cpd exp[— Dp'/Eo*). 
From Eq. (8), one obtains 
Ri 1+ (w/a) 
Td) Jo/I-(0)+ (w/a) 





Combining these two equations and solving for Eo, 


py 
Eo ; 


{nc pd—In nf 


Vo=Eod. (10) 





1+ (w/a) i} 
Jo/I+ (w/a) 

For low current densities, the value of Eo is a good 
initial guess for E(Q) needed in space-charge deter- 
mination calculations. 


One obtains the “Townsend” breakdown voltage V go 
when J is allowed to approach infinity : 


V po= pdD®/{InCpd—In In[ i+ (w/a)J}2. (11) 


If one differentiates V go with respect to pd, one finds 
that the pd value for the minimum breakdown voltage is 


(pd) min = Inl1+ (w/a) Je/C, (12) 
V po(min) = D In[1+ (w/a) Je/4C. 


and 
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Fic. 3. The change of breakdown voltage, AV xz, as a function 
of the initial current density Jo for argon at a pd product of 10 
cm-mm Hg. 
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Fic. 4. Static characteristics of argon for a wide variation of 
pressures (p) and distances (d). 


It can be shown‘ that, when Eo/p= (D/3)*, there is 
no change of voltage, in the first approximation, due to 
space charge. Using Eq. (10), one finds that the pd 
value for “‘no space charge effect”’ is 


pd=In[1+ (w/a) Je*/C, (13) 


and the corresponding voltage 
V po= DP In[ 14+ (w/a) Je/9C. 


The positive-ion transit time may be calculated for 
each current density from a knowledge of the field dis- 


tribution 
qd dx 
BY 
0 BE (x) 


III. STATIC CHARACTERISTICS 


Unless otherwise specified, all calculations were made 
for argon at a pressure of 10 mm Hg and a gap distance 
of 1 cm, using an initial photocurrent_J9= 10-’ amp/cm? 
and the following numerical values for the gas param- 
eters: For Townsend’s first coefficient, C=31.5 cm™ 
(mm Hg) and D=27.1 (volt)! (cm)-? (mm Hg)-! 
[see Eq. (2) ]; secondary ionization coefficient (w/a) 
=0.02, positive-ion mobility u,= 1444/p and electron 
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Fic. 5. Static characteristics for argon showing an increase of 
voltage in the abnormal glow region. The values of the pd product 
are noted for each curve. It may be noted that for a pd product 
of 2 cm-mm Hg, the positive slope is increasing in the region 
about 2X10-* amp/cm? but a negative slope is evident at 10° 
amp/cm*, 
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mobility u-=3X 10°/p cm? volt“ sec; p is given in 
mm Hg. 

The effect of varying the initial photocurrent Jo on 
the static characteristic is shown in Fig. 2. If we define 
the breakdown voltage Vz as the maximum voltage, 
then it is seen that Vg decreases with increasing Jo. 
The change in breakdown voltage AV »=Vs(max) 
—Va(Jo) is plotted in Fig. 3 as a function of J». It is 
seen that for small values of Jo, AV z is proportional to 
Jo! as predicted by von Engel and Steenbeck,! while at 
larger values of Jo, AV g is roughly proportional to Jo! as 
predicted (and sometimes found experimentally) by 
Fucks,® using a mobility law appropriate for high fields. 

The effect of varying the secondary ionization coef- 
ficient is to change the voltage a nearly constant amount 
at current densities greater than the current density 
for the voltage maximum. A change in the primary 
ionization constant C likewise causes a constant change 
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Fic. 6. Variation of the electric field across the discharge gap 
for argon at a pd product of 10 cm-mm Hg. The parameter shown 
is the current density in amp/cm?. 


of voltage in the negative slope region. An increase of 
the primary ionization constant D causes an increase 
in the negative slope of the voltage-current static charac- 
teristic. A decrease in the positive-ion mobility causes 
the negative-slope region to shift to lower current 
densities. This variation due to change in mobility is 
in agreement with von Engel and Steenbeck! that the 
change in voltage due to space-charge effects is propor- 
tional to (J/u,),2 for small changes in voltage. A 
change of an order of magnitude in the electron mobility 
makes no appreciable change in the voltage current 
static characteristic. 

Static characteristics for a series of pressure-distance 
variations are shown in a log log plot in Fig. 4. It is 
seen that, for pd=1, there is an increase in voltage due 


6 W. Fucks, Z. Physik 98, 666 (1936); W. Fucks and W. Seitz, 
Z. Physik 103, 1 (1936). 
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to space-charge effects, while for p¢d=10 and higher 
there is a decrease in voltage. Equation (13) predicts 
no change of voltage due to space-charge effects for 
pd=2.5. For a constant pd, the von Engel and 
Steenbeck' derivation shows that the change in voltage 
due to space-charge effects, i.e., AVo= Vo—V [Vo being 
defined in Eq. (10) ], is proportional to J*d‘. Figure 4 
shows that AV» is a constant for a fixed Jd* at each 
value of pd. A log log plot of |AVo| as a function of J 
shows that AV» is proportional to J? for |AVo| less 
than about one volt (but depending somewhat upon p 
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Fic. 7. Build up of space-charge carriers across the discharge 
gap for argon at a fd product of 10 cm-mm Hg. The solid lines 
give the density of positive ions, while the dashed lines indicate 
the electron density. 


and d). It may be noted that the curves for pd=10 
have more closely attained a zero slope, i.e., the normal 
glow region. A series of calculations was made in the 
region of transition between the positive and negative 
slope effect of space charge. In this pd region it was 
found that, following the negative slope region, there 
is a second region of positive slope, indicating an ab- 
normal glow discharge. See Fig. 5. The point of zero 
slope is at higher current densities for higher pd values. 
Above a pd value of 5, it has been impossible to carry 
out calculations to high enough current densities to 
obtain a second positive-slope region. 
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Fic. 8. Plot of the electric field divided by the two-thirds power 
of the current density as a function of the distance toward the 
cathode, measured from the point where the field extrapolates to 
zero. The parameter shown is the total current density. 


IV. FIELD AND CHARGE DISTRIBUTIONS 


The change of the electric field distribution across 
the discharge gap as a function of the current density, 
J, is shown in Fig. 6. It is seen that, at the lower values 
of J, E is nearly a linear function of distance as assumed 
by von Engel and Steenbeck,' but for the higher values 
of J, the field distribution approaches that noted in 
glow discharges: a large field at the cathode, decreasing 
nearly linearly to low values in the positive-column 
plasma and increasing slightly at the anode. The buildup 
of both positive-ion and electron charge densities is 
shown in Fig. 7. The large positive-ion space-charge 
region at the cathode, the nearly equal densities in the 
plasma, and the small electron space-charge region at 
the anode are clearly evident at the higher values of J. 
The electron current distribution across the gap also 
changes drastically with the increase of the total current 
density. For small J values, J_(x) is, of course, an 
exponential function of «. For higher values of J, the 
exponential buildup moves closer to the cathode and 
J_(x) becomes nearly equal to J across most of the gap. 

Warren’ predicted that for glow discharges, if the 
field over current density to the two-thirds power, E/J}, 
is plotted on log log paper as a function of distance 
measured toward the cathode from the edge of the 
negative glow, then the curves for different J values 
should merge into a single curve with a slope of 3. 
Warren verified this variation experimentally. When 
the linear portion of the calculated E vs x curves (Fig. 6) 
are extrapolated to E=0 and distances, x’, measured 
toward the cathode from that point, then plots of E/J! 
vs x’ merge for different values of J as shown in Fig. 8. 
This is despite the fact that Warren’s calculation 
depends upon a positive-ion velocity proportional to E! 
(valid for high E/p), whereas we have used a velocity 
proportional to £ (valid for low E/p). Since agreement 
is found with Warren’s theory in the cathode-fall region 


7 Roger Warren, Phys. Rev: 98, 1650, 1658 (1955). 
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Fic. 10. Voltage, electric field, electron current density, and positive-ion, electron, and net charge densities across an argon discharge 
gap having a pd product of 10 cm-mm Hg. 


of very high fields, the use of the normal mobility laws a constant pd with gas parameters is generally small. 


in our calculations seems justified. It is interesting to note, however, that essentially the 
The variation of the field and charge distribution at entire change of voltage due to variation of the secon- 
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dary ionization coefficient, w/a, is apparent in the 
changed field in the cathode region of the gap, the field 
in the anode half being unchanged. 

A decrease of positive-ion mobility increases both the 
field and the positive-ion density in the cathode region, 
but the positive column is largely unaffected. Con- 
versely, a decrease of electron mobility increases the 
field near the anode and greatly increases the charge 
density in the plasma, but the cathode region is 
unchanged. 

There are considerable changes in the field and charge 
distributions as a function of pd. These are shown in 
Figs. 9 and 10 for pd values of 1 and 10 cm (mm Hg). 
The variation of the quantities plotted, e.g., Z/p, with 
p is quite small for constant pd, seldom as large as 1%. 
It is noted that the edge of the negative glow, as evi- 
denced by the extrapolation of the field to zero or by 
the current and charge distributions, moves closer to 
the cathode as pd increases. This behavior is noted 
experimentally. It is also noted that the field in the 
plasma increases proportionally at higher pd values 
leading to a greater voltage drop across the positive 
column. Since no loss mechanism, e.g., wall currents, is 
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now included in the calculations, the actual voltage 


drop should be greater yet. 
V. CONCLUSIONS 
When Townsend’s ionization mechanisms are modi- 
fied by the effect of space-charge formation, the voltage- 
current static characteristic of a parallel-plate, cold- 
cathode argon discharge may be calculated, for current 
values well up into the glow discharge region. Com- 
parison of experimental data with the calculated curves 
is made difficult because of the marked constriction of 
actual discharges in the breakdown current region. 
Experimental current densities can be calculated only 
if the varying area of the discharge is known. Estimated 
discharge areas yield good agreement between calcu- 
lated and experimental static characteristics. It is 
planned to present such comparisons in a later paper. 
The variation of the electric field, current, and charge 
densities across the gap, are qualitatively very similar 
to those reported in the literature. 
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Entropy of Vacancies in Ionic Crystals 
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The entropy of vacancies in sodium chloride is calculated from the ionic displacements produced by the 
Coulomb field of the vacancies and from the corresponding changes of the lattice frequencies. Using the 
displacements recently calculated by Tosi and Fumi it is found that, contrary to earlier expectations, the 
sum of all the frequency changes is positive. Some physical consequences of this result are discussed. 


THEORETICAL investigation of the entropy 
of vacancies in ionic crystals is of interest for 
various problems, e.g., the association of vacancy pairs.! 
Furthermore, it may serve to check the consistency of 
different theories dealing with the properties of vacan- 
cies. The entropy has been made accessible to calcu- 
lation by the work of Tosi and Fumi*® who determined 
the ionic displacements £ (=x, y, 2) produced by the 
electric field of vacancies. Estimates of entropies based 
on these displacements and the corresponding changes 
of the lattice frequencies will be given in the following 
sections. They confirm the conjecture of the author! 
that the accumulated effect of the displacements of the 
nearest and also the more distant vacancy neighbors is 
quite important. In fact, these displacements produce 
a net increase of the lattice frequencies which is larger 
10. Theimer, Phys. Rev. 109, 1095 (1958). 
2M. P. Tosi and F. G. Fumi, Nuovo cimento 7, 95 (1958). 


than the decrease produced, according to Mott and 
Gurney,’ by the vacancy itself. Comparison of the 
calculated entropies with certain empirical data indicate 
that the repulsive forces between strongly polarized 
ions in the neighborhood of a vacancy do not satisfy 
the force law which is valid for the ions in the ideal 
lattice. Uncertainties of this kind introduce a large 
error into the following calculations and render an 
interpretation of numerical results quite difficult. 


ENTROPY OF A SYSTEM OF VACANCIES 
IN IONIC CRYSTALS 


Neglecting the electrostatic interaction between 
isolated vacancies, the entropy can be written 


S=naSatnaSatSe(na,na), (1) 


3N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Clarendon Press, Oxford, 1940), p. 31. 
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where mq and m, are the numbers of dissociated and 
associated vacancy pairs, Sq is the entropy change of 
the whole crystal per dissociated vacancy pair, S, the 
corresponding change produced by one associated pair, 
and S.(a,mq) the configuration entropy or entropy of 
mixing. We consider only the entropies Sz and S, which 
are related to the lattice frequencies by relations of the 
form*® 


6N 
Sa=k  & In(v,/v,’), (2) 


i=! 


where the »; are the normal frequencies of the V cations 
and N anions in the crystal and the »,’ are the fre- 
quencies of the same lattice vibrations perturbed by a 
vacancy pair. If the frequency changes Av;= v,;’— »; are 
small, Sg may be approximated by the equation 


6N Ap; 6N A(v?) 


i=l pv; i=l py 


(3) 


Since the sum of the squares of the frequencies is 
equal to the trace of the dynamical matrix of the 
crystal,‘ 

6N 6~n 1 @U sn 1 
4g SS v2=D — — = fu, (4) 


i=1 i=1m; 0x2 i=1 mM; 


one has, approximately, 


where U is the potential energy of the crystal associated 
with vibrations and f is any one of the 6N diagonal 
matrix elements which are all equal in ideal sodium 
chloride type crystals. Thus, the calculation of the 
entropy reduces to a determination of the changes of 
the force constants Af;; which are simple functions of 
the ionic displacements. 

A further simplification results from Laplace’s 
equation for the electrostatic potential according to 
which electrostatic forces do not contribute to the 
trace of the dynamical matrix. Thus the entropy of 
vacancies depends only on the short-range repulsive 
forces. 


CALCULATION OF MATRIX ELEMENTS 
FOR SODIUM CHLORIDE 


a. General Principles 


We use the Born-Mayer formula‘ for the repulsive 
forces between two ions, 


U (kl) =B(Rl)b exp{[r(k)+1r(1) —r(kl) //p} 
= B(kl) exp[—r(kl)/p], (6) 


4M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
(Clarendon Press, Oxford, 1954). 
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in which?5 
p=0.345 A, b=0.229X10-” erg, 
r(Nat)=0.98 A, r(Cl-)=1.81 A. 
The force constants f..(k) (c=x, y,2) for the ion k, 
obtained from (6) by differentiation, are 


fol 


oo k as 
foo(k) an) 


x_"(Rl) 1 





=> U(kl) 


I 


[= 


a -—| (7) 
p(k) p(k) pr(kl) 


1 2 
eo(R _ U(k = 7 ——_| (8) 
hepa. gts 


where / labels the ions in the neighborhood of ion k; 
only the six nearest neighbors (/=1, 2, ---6) are found 
to contribute substantially to the f,,(k). In the ideal 
crystal 


LX feolk)=3f, (9) 


but if the electric field of a vacancy changes the nearest 
neighbor distances r(k/) by amounts Ar(k/) one has 


2pAr(kl) 


o 
r 


8 Ar(kl) 
> fee(k)=3f > exp| - |[+ 
e I=l p 

6 Ar(kl) 
=13|1-—+ 


l=1 p P p 


1 A’r (ki) 


where 
Ar (kl) =(E(1) — E(k) ]-1(k)), 


and 1(k/) is a unit vector pointing from ion & to ion /. 
Positive (negative) Ar(kl) represents dilation (com- 
pression) of the “bond” r(k/). 

The outward displacements of the nearest neighbors 
of a vacancy in sodium chloride are given by Tosi and 
Fumi? as 0.191 A for sodium and 0.286 A for chlorine 
vacancies. 

The displacements of the more distant vacancy 
neighbors can be obtained from the ionic displacement 
polarization 


(11) 


(e—y’) 
Pio..= D=0.0477D for NaCl, 


4ire 


(12) 


where ¢ and yu are the static dielectric constant and the 
index of refraction for visible light. In first approxi- 
mation, i.e., neglecting the anharmonicity of lattice 
forces, 


Pion=2NeE/V, (V=crystal volume) (13) 


5 F, Bassani and F. G. Fumi, Nuovo cimento 11, 274 (1954). 
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and 


&=0.0477V D/2Ne=0.04774,°D/e cm 


(ro=2.81 A). (14) 


If D represents the Coulomb field of a vacancy, one has 
(15) 


For studying the effect of anharmonicity consider a 
positive ion and its two negative neighbors along the 
direction of a homogeneous external field E. In first 
approximation the field changes all the bond lengths by 
the same amount |Ar(k/)|=2£ independent of 
whether the bond is compressed or dilated. In second 
approximation one has | A®r(k/)|=2&+6 for the dila- 
tion and compression side, respectively, where 6 is an 
anharmonicity correction. For evaluating 6 we note 
that the ions are coupled together by anharmonic 
restoring forces F,, which can be obtained by expanding 
the repulsive potential (6) about the field-free equi- 
librium distance ro °: 


F,= U(r0)LAr/p?— 3 (Ar)*/p*+ - «J. 


Since, in equilibrium, the restoring force F, and the 
external force Ee have to be equal, one obtains 6 from 
the equation 


E(r)=0.0477r0'r/r?. 


(16) 


Ar/p?— 4(Ar)?/p?= + Ee/U(r0), (17) 


with the approximate solution’ 


|A@r| =p?Ee/U (10) =2£, 


8 
| A@y| = | AMr+4(Az)?/p+ ae (1 ) 


. | =2E46. 


By combining Eqs. (10) and (18), the quadratic 
terms cancel and one gets 
6 Ar(Rl) 


l=} p 


b. Matrix Elements f,, (k) 


The contribution of the vacancy neighbor k to the 
sum of diagonal matrix elements can be calculated 
from the formulas (19), (15), (11), and from the 
nearest neighbor displacements given by Tosi and 
Fumi. One single approximate formula can be obtained 
by suitable expansions for ions which satisfy the 
condition r2>ro, where r is the distance between ion 


® We neglect the electrostatic lattice forces as they contribute 
much less to anharmonic effects than the repulsive forces. 

7If we use for ~ the expression (15), then we obtain for the 
correction 6(r) in distance r from a vacancy, 5(r)=6.5X 10-/r'. 
5(r) represents a net increase in bond length of a bond at a distance 
r from a vacancy, and the sum over all bonds gives the net linear 
expansion of the crystal caused by the electric field of one vacancy : 


1 6.5X10-* * dr 
26()=— f 8(r)d(r) = — J, 4 0.033 A=0.012ra, 
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TABLE I. The changes Afs(k) of the diagonal elements of the 
dynamical matrix produced by a dissociated vacancy pair. The 
vector r with components kgro is the position vector of ion k 
measured from the vacancy. 9U is the number of equivalent ions 
in distance r. The changes A(z) of the nearest neighbor distances 
are measured in 10™ cm. 


(kikeks) SU r/ro A(i) A(2) A(3) 


1 —44 


—44 

4 24 
f 24 
2 46 
46 
—8.5 


2 
6 Se 
1 
/ 








0.45f 
1.30f 
—3.20f 
1.17f 
0.39f 


(100)Na*t 6 
(100)CI- 


5 
3 
3 
1 
1 





and vacancy, 


0.0485 fro® ro 
E Bfalt)=—-——_—| 84-165. 
¢ r® r 


re\ (x+y'+24 
(140-315) (——)} (20) 
r r’ 


with x, y, z being the components of r. Numerical results 
are given in Table I which contains the matrix elements 
for groups of N equivalent ions having the same 
distance r from the vacancy and one of the 1 equivalent 
positions (+ k;+ke+k;) obtained by permuting the k; 
and multiplying by the factor two, i.e., summing over 
vacancy pairs. Table I exhibits the following character- 
istic features of the matrix elements: 


(1) The group (100) of the six nearest neighbors of 
a vacancy has to be treated separately for sodium and 
chlorine vacancies because of the difference between 
the nearest-neighbor displacements produced by the 
different vacancy types.? The nearest neighbors of a 
vacancy differ from all the other ions in the crystal by 
the absence of one of the six “bonds” r(k/) character- 
istic for a lattice of sodium chloride type. Each of 
these missing bonds contributes the term —4f to the 
trace of the dynamical matrix.* However, Table I 
shows that the five remaining bonds are strongly com- 
pressed so that the net nearest-neighbor effect is an 
increase of the sum of the force constants of magnitude 
1.75f. 

The bonds emanating from the second-nearest neigh- 
bors (110) are mostly dilated and, hence, make a 
negative contribution to the trace of the dynamical 
matrix. But the ions of group (200), of which one would 
also expect a negative contribution, are so strongly 
affected by the excessive nearest-neighbor displace- 
ments that they make actually a positive contribution 
which is decisive for the sign of the total change of 
force constants. 

(2) The difference in sign of the contributions of 
different groups has two causes. One is a trivial conse- 
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quence of the ionic charges: If the charge of an ion 
and of its six neighbors is inverted, compressed bonds 
will change into dilated bonds, and vice versa, and Af 
changes sign. Another factor influencing the sign is the 
direction of the vector r which determines the sign of 
the square bracket in Eq. (20). Because of the oscilla- 
tions in sign, the sum of all the force constants converges 
very rapidly. This can be immediately seen if one 
replaces the summation over k approximately by an 
integration over all space and division by the cell 
volume ro°. Actually one takes as cell volume 2r¢°, 
since one has to carry out the summations over positive 
(k*) and negative (k~) ions separately and has to take 
the difference of the two sums. One obtains 


0.0485 fro® * p2* pr? 1 re? 
5 afae(e*)=-——— ff f _| s1— 165" 
kto aro 0 % Yr? r 


re\ (x*+y'+24 
- (140-315) (——)F sindddd gdr 
r 


r 

= —0.26r0'(R*)*, (21) 
and an identical result with opposite sign for negative 
ions. Taking for R* and R~ the smallest two distances 
not contained in Table I, i.e., Rt+=4ro, R-=(17)'ro, 
one finds that the contribution of all the distant 
neighbors, not contained in Table I, to the change of 
the dynamical matrix is 0.00012. 

The case of associated vacancy pairs could be 
handled by the same methods that have been used in 
the preceding for pairs of dissociated vacancies. How- 
ever, because of the great sensitivity of force constants 
to small ionic displacements, the nearest-neighbor shifts 
calculated by Tosi and Fumi? for associated vacancy 
pairs are probably not accurate enough for our present 


purpose.* 
DISCUSSION OF THE CALCULATED ENTROPIES 


According to Eq. (5) and Table I the entropy of a 
dissociated vacancy pair, Sa, is —0.085k. This value 
may be compared with an empirical result of Etzel 
and Maurer’ who found that the free energy of vacancy 
formation is a linear function of the temperature of 
the form 


g(T)=2.02—3.3kT ev. (22) 


Thus, the experimental value of Sq is 3.3k, i.e., different 
in sign and forty times larger than the calculated 


8 Tosi and Fumi assume a priori that the displacements of the 
ten nearest neighbors of an associated vacancy pair are all equal 
in magnitude. 

° H. W. Etzel and R. J. Maurer, J. Chem. Phys. 18, 1003 (1950). 
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entropy. We note, however, that the experimental 
value refers to high temperatures of several hundred 
degrees while the theoretical value corresponds to low 
temperatures, since thermal averages of ionic distances 
and force constants have not been used for the calcu- 
lation. Nothing is known, at present, of the temperature 
dependence of Sq and it is quite difficult to estimate the 
magnitude of this effect. Nevertheless, it is improbable 
that the striking discrepancy between theory and 
experiment should be caused solely by temperature. 

In fact, there is at least one physical assumption 
underlying the preceding calculation of entropies which 
is not quite correct and may seriously affect numerical 
results. It is related to the polarization of the ions in 
the field of vacancies, which is quite strong for the 
first- and second-nearest neighbors and affects the 
ionic polarizabilities and the parameters in the force 
law (6). The change of the electronic polarizability in 
an electric field E is well known and can be described 
by formulas of the type” 


a=ao(1—3ao!E?X 10”) cgs. (23) 


The effect is quite strong for the nearest neighbor of a 
sodium vacancy but is smaller than the difference in 
the polarizability of the chlorine ion given by Pauling" 
and Tessman, Kahn, and Shockley," respectively. Since 
the latter difference hardly affects? the nearest-neighbor 
displacements &, the field dependence of the polariz- 
ability can be neglected. 

The situation is probably quite different for the 
repulsive force law (6) which should be quite sensitive 
to deformation of the electron clouds of ions. This 
effect may strongly influence the ionic displacement & 
calculated by Tosi and Fumi, and the force constants 
calculated in the present paper, which depend on the 
force law explicitly through Eqs. (7) and (8) and 
implicitly through the ionic displacements in Egs. 
(10) and (11). Since the repulsive force law for deformed 
ions is not known, the discrepancy between the calcu- 
lated entropies and the experiments of Etzel and Maurer 
cannot, at present, be explained in a unique fashion. 
There is, however, no doubt that this discrepancy 
could be removed only if the nearest-neighbor displace- 
ments of Tosi and Fumi were considerably reduced in 
magnitude. For instance, if the repulsive force law is 
not modified, the nearest-neighbor displacements must 
be reduced from 0.191 A and 0.286 A to about 0.04 A 
and 0.06 A, respectively, in order to give a vacancy 
entropy of magnitude 3.3k. 


100Q. Theimer, Proc. Indian Acad, Sci. 28, 506 (1948). 
uC, Kittel, Solid State Physics (John Wiley and Sons, Inc., 
New York, 1956), p. 165. 
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Electrical Conductivity of NiO near the Curie Temperature 


E1so YAMAKA AND KENICHI SAWAMOTO 
The Electrical Communication Laboratory, Nippon Telegraph and Telephone Public Corporation, Tokyo, Japan 
(Received August 19, 1958) 


The resistivity of single-crystal and polycrystalline NiO has been observed experimentally in the tempera- 
ture range from room temperature to 400°C through the Curie temperature (7c) in order to study the 
influence on electrical conduction of the superexchange coupling characteristic of antiferromagnetism. The 
relation of resistivity vs 1/T for single crystals is observed to behave rather linearly in the regions both above 
and below a small and discernible bending (knick) near 7'c, from which the corresponding activation energies 
may be determined. The result seems to support the Heitler-London approach by Heikes in the NiO crystal. 
The specimens, in which partial spin alignment was introduced by stress-annealing through T¢ along a 
direction of [111], show an anomalous increase of resistivity along the stress axis near T¢ in the heating 
process, whereas in the following cooling process the anomaly in resistivity is not observed. The result seems 
to show that the spin alignment has been disturbed appreciably during the heating process and that then the 
electrical conduction may be affected by the superexchange coupling, as suggested in the Heitler-London 


model of NiO. 


HE electrical properties of NiO have been the 
subject of much discussion among many experi- 
mental and theoretical investigators, since they can 
hardly be understood by the customary band theory. In 
this connection, De Boer and Verwey' have introduced 
into the band theory of NiO the assumption of a 
sufficiently high potential barrier which prevents con- 
duction due to electron-transfer, while Mott? pointed 
out that the band-theoretic approach would not be 
justified for such a high potential barrier but, instead, 
the Heitler-London approach is more appropriate for 
treating such phenomena. According to Mott’s sugges- 
tion of the existence of valence states different from that 
of the Ni** ion, Heikes* has given an interesting dis- 
cussion on electrical conduction in NiO in which an 
anomaly in electrical conduction is expected to appear 
near the Curie temperature T7¢—~250°C, indicating an 
effect on electron transfer of the superexchange coupling 
in the antiferromagnetic state. However, his suggestion 
seems not to have been confirmed in a clear-cut way by 
the available experimental results‘ for the reason that 
we have had no sufficiently careful observations on 
single crystals and the nonuniformity of polycrystalline 
samples of NiO will presumably obscure the expected 
anomaly. In view of this situation, the present work has 
been undertaken in order to determine whether or not 
the effect on electron transfer of the superexchange 
coupling exists in NiO crystal. 

In our experiment the electrical conductivity of both 
single-crystal and polycrystalline specimens of NiO with 
stoichiometric composition or with Lit ion impurity 
(concentration up to 0.06 mole percent) has been 
measured in the temperature range from room tempera- 


1 J. H. de Boer, and E. J. W. Verwey, Proc. Phys. Soc. (London) 
49, 59 (1937). 

2.N. F. Mott, Proc. Phys. Soc. (London) A62, 416 (1949). 

*R. R. Heikes, Phys. Rev. 99, 1231 (1955). 

4E, J. W. Verwey, Semiconducting Materials, edited by H. K. 
Henisch (Butterworths Scientific Publications, Ltd., London, 
1951), p. 151. 

5 F, J. Morin, Phys. Rev. 93, 1199 (1954). 


ture up to 400°C through T¢. The single-crystal speci- 
mens were cleaved into rectangular parallelepipeds from 
boules,* which had been grown by the flame fusion 
(Verneuil) method. Careful annealing was necessary 
before the measurement in order to obtain reproducible 
results. The polycrystalline specimens were prepared by 
the usual method. 

In order to investigate the effect of nonuniformity of 
specimen on conductivity, which is often observed to be 
responsible for the frequency dependence of the con- 
ductivity in polycrystalline specimens, measurements 
with an applied field of dc to 150 kc/sec have been 
carried out, using the so-called four-probe and bridge 
methods, respectively. The observed resistivity vs 1/T 
has been found, within our experimental errors, to be 
independent of the frequency of the applied field for the 
case of single crystals, whereas, for the polycrystalline 
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Fic. 1. Typical curves of electrical resistivity vs 1/T near T¢ 


(A) for single crystals of stoichiometric NiO, and (B) for a speci- 
men with Li* ions added (0.01 mole percent concentration). 


6 Boules were kindly supplied by Mr. Nakazumi of Tochigi 
Chemical Industrial Company, Ltd. Osaka, Japan. 
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Fic. 2. The resistivity vs 1/T curves of a partially spin-aligned 
specimen of NiO single crystal in both heating process (A) and the 


following cooling one (B), in which the applied electric field is 
directed along the [111] stress axis and at 150 kc/sec. 


specimens, the remarkable frequency dependence of 
conductivity, enhanced by added Li* ion concentration, 
has been actually observed, as is expected. Therefore, 
our result on single crystals may be considered to be free 
from nonuniformity of specimen. 

Figure 1 shows typical curves of electrical resistivity 
(p) vs 1/T (A) for single crystals of stoichiometric NiO 
and (B) for a specimen with Li* ions added (0.01 mole 
percent concentration). As seen in the figure, the curves 
of loge vs 1/T are represented by nearly straight lines 
with an apparent bending near T¢. The difference of 
activation energies above and below 7¢ is found to be 
about 0.1 ev although the activation energies themselves 
have been affected in magnitude by previous heat 
treatment, Lit ion concentration, and other factors. The 
general behavior of logp vs 1/T in polycrystalline speci- 
mens is similar to that of single crystals, but some of the 
results for the former do not show an apparent bending 
near Tc and, furthermore, they are not sufficiently 
reproducible in our measurements. Unfortunately, our 
measurements can hardly determine separately the 
respective activation energies due to charge mobility 
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and carrier concentration, as Morin did,® unless we have 
other data such as that of the Seebeck effect. However, 
the observed bending of the logp vs 1/T curves near T¢ 
may be considered to indicate the effect on electron 
transfer of the superexchange coupling as suggested by 
Heikes, since carrier concentration is not expected to be 
changed by such coupling. 

Recently, Singer’ and Kondoh et a/.* have shown that 
an appropriate stress along the [111] direction of NiO 
single crystal, during an annealing process through T¢, 
results in rotation of some of the atomic spins from 
the [111] stress axis to the direction along its perpen- 
dicular plane, thus giving rise to partial spin alignment. 
The spins rotated onto the mentioned plane are dis- 
tributed statistically along the various directions ac- 
cording to their anisotropy energy. Figure 2 shows the 
resistivity vs 1/T curves of such partially spin-aligned 
specimens of NiO single crystal in both the heating 
process (A) and the following cooling one (B), in which 
the applied field is directed along the [111] axis and at 
150 kc/sec. As seen in the figure, an anomalous increase 
of p near T¢ appears clearly in the heating process, 
whereas in the succeeding cooling process it does not; 
which fact seems to indicate that the elevation of 
temperature through T¢ has destroyed the spin align- 
ment in NiO crystal. The increase in resistivity has not 
been observed for directions perpendicular to the stress 
axis. Furthermore, the increased amount of resistivity 
shown in Fig. 2 could not be reproduced easily so that 
it may be considered to depend sensitively upon the 
stress, the cooling rate during the annealing process, and 
the heating rate during the measurement. In spite of the 
above-mentioned facts, the anomalous increase in 
resistivity seems to provide additional support for the 
existence of the effect on electron transfer of superex- 
change coupling in NiO crystal. 

In conclusion, Heikes’ suggestion based on the 
Heitler-London approach may be considered to be valid 
for the conduction mechanism of the antiferromagnetic 
oxides such as NiO. 


7 J. R. Singer, Phys. Rev. 104, 929 (1956). 
8H. Kondoh et al., J. Phys. Soc. Japan 13, 579 (1958). 
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A phenomenological theory of thermoelectric power in binary, ternary, and more complex noble-metal 
base alloys is presented, which is based on the well-known thermoelectric power formula of Mott and others. 
The temperature dependence of certain scattering coefficients leads to information on the variation of 
scattering cross section with electron kinetic energy; the simple model described appears to be internally 
consistent and furnishes considerable insight into the nature of electron scattering from point imperfections 
in metals. It is found from an experimental study of the series of solutes Cr, Mn, Fe, Co, and Ni in copper, 
that the cross section depends on electron energy in a manner closely resembling that of the Ramsauer- 
Townsend effect in slow-electron scattering from atoms in the vapor state. The theory is used to predict the 
behavior of ternary and more complex alloys from information on binary alloys. Experiments on selected 
ternary solid solutions are described. The results are in accord with predictions of the theory. 


I. INTRODUCTION 


N the theory of metals and alloys, it is of interest 
and importance to have phenomenological explana- 
tions for the various transport effects observed in these 
materials. It has often been supposed that the theory 
of these effects must await further detailed calculations 
of the band structure of alloys and that little progress 
can be made without more elegant analyses of electron 
scattering problems in solids. There is no doubt that 
additional as well as more careful theoretical work 
must be done on these problems; however, it appears 
that a good deal of further progress can be made in the 
study of transport effects in metal alloys with the 
rather naive use of the simple mechanism for impurity 
scattering based on the free electron model. We have 
used this elementary description in our earlier work! to 
show that the thermoelectric behavior of binary alloys 
can be understood as being determined primarily (in 
dilute alloys) by a scattering parameter a; which is 
simply related to the slope of the cross section vs energy 
curve for the electron-scattering impurity. This fact 
was of course known previously, and we simply demon- 
strated in reference 1 how well this elementary picture 


describes the acutal thermoelectric behavior of noble-: 


metal base alloys.? We did not attempt to deduce 
values of a; from basic principles except to show that 
although Mott’s early formula’ for cross section vs 
energy leads to the correct order of magnitude for our 
a, for nontransition element solutes, there was still 


1C. Domenicali and F. Otter, Phys. Rev. 95, 1134 (1954). 
2 Similar work had been done by J. Friedel [J. phys. radium 14, 
561 (1953)], who emphasized the constancy of his scattering 
rameter Ax for a given foreign atom dissolved in a metal. We 
indicate the relationship between Friedel’s parameter Ax and 
our a in Sec. II. 
3N. F. Mott, Proc. Cambridge Phil. Soc. 32, 281 (1936). 
Mott’s formula was derived with the use of the Born approxima- 
tion in scattering theory; this yar yreres is not valid in this 
application, as was pointed out by P. de Faget de Casteljau and 
. Friedel Fe radium 17, 27 (1956)] and by F. J. Blatt 
‘by Rev. 108, 1204 (1957)]. Further work has been done by 
. Barrie, Proc. Phys. Soc. B69, 553 (1956) and by M. Tsuji, 
J. Phys. Soc. Japan 13, 133 (1958). 


lacking a satisfactory quantum theoretical treatment 
of this problem. 

Our earlier work showed how the scattering parameter 
a; for a given solute atom can be determined from the 
experimentally observed thermoelectric behavior of 
binary alloys. If our elementary model for impurity 
scattering is correct, it should be possible to predict 
the behavior of ternary (and higher) alloys from scatter- 
ing coefficients a; obtained from measurements on 
binary alloys. Therefore we have attempted to predict 
the thermoelectric properties of certain selected ternary 
alloys, and we have then prepared such alloys in order 
to test the predictions. We wish to show here the extent 
to which we have succeeded and the ways in which the 
simple model may be used to discuss low-temperature 
resistance and thermoelectric effects. 


II. THERMOELECTRIC POWER IN ALLOYS AND THE 
MECHANISM OF ELECTRON SCATTERING 
BY POINT IMPERFECTIONS 


Using Mott’s formula‘ for the thermoelectric power 
5, it was shown in reference 1 that in a dilute binary 
alloy the value of S depends on the slope of the curve 
of scattering cross section Q; vs electron energy E for a 
solute atom in the alloy.* The form of this curve Q; vs E 
will, of course, depend upon the precise electronic 
structure of the alloy in the vicinity of the solute atom 
or other point imperfection. It is known from both 


‘N. F. Mott and H. Jones, Theory of the Properties of Metals 
and Alloys (Oxford University Press, London, 1936). 

5In a footnote in reference 1 we erroneously stated that while 
Friedel’s treatment of thermoelectric power (reference 2) con- 
sidered the Fermi level to remain unchanged upon alloying, 
“we attribute the main features of thermopower behavior to 
precisely this variation of Fermi level upon alloying, even for 
very small impurity concentrations.” It is clear from our reference 
1 that even for fixed Fermi level Er (or uw in reference 1) the main 
features of thermoelectric power S are explained with the use of 
only the first scattering parameter a; it is only for higher approxi- 
mations and for a more detailed description of S that we need to 
make use of the variation of Er with alloying (or temperature 
changes, volume changes, etc.). In fact it can easily be shown 
that Friedel’s formula is simply a special case of our formula (15) 
in reference 1; it is seen that Friedel’s Ax is identical with our 
present quantity — Epa. 


1863 





C. A. DOMENICALI 








Fic. 1. Illustration of the behavior of impurity scattering 
cross section for electrons in metal alloys. 


experimental and theoretical investigations of the 
scattering of slow electrons from atoms® that a common 
form of Q; vs E curves is qualitatively as shown by the 
solid part of curve (a) in Fig. 1. On the other hand, it 
is possible under certain conditions to find a behavior 
such as in curve (b), which illustrates the Ramsauer- 
Townsend Effect.* Finally, one might suppose that 
under appropriate couditions one could find “trapping” 
effects, “rearrangement collisions,”’ or other me- 
chanisms leading to a behavior such as that indicated 
by the dashed hump superimposed on curve (a) in 
Fig. 1. Such scattering effects have been described or 
proposed by Korringa and Gerritsen,’ Linde,® Friedel,? 
and probably by other writers. The existence of 
“virtual” states’ in the vicinity of a point imperfection 
in a metal lattice could conceivably lead to a “resonance 
trapping” of an incoming electron of appropriate 
energy, and this latter effect would give not only large 
scattering cross sections but also rapid dependence 
upon electron energy. Thus a localized potential con- 
figuration which holds or traps in incoming electron for 
even an extremely minute time interval effectively 
removes that electron from the free-electron sea and 
therefore presents to the electron a comparatively large 
effective scattering cross section. It seems reasonable® 
to expect that only certain species of dissolved foreign 
atoms would establish the required potential con- 
figuration leading to either trapping or rearrangement 
collisions. Since it is the scattering of only the top or 
Fermi-level electrons which determines the transport 
effects in metals, we would not expect to observe the 
effects of peaks or resonances in Q; such as shown in 
Fig. 1 unless the Fermi level happens to lie on or very 
near these peaks or resonances. The Fermi level, in 
turn, depends upon the temperature primarily because 


*N. F. Mott and H. W. Massey, The Theory of Atomic Collisions 
(Oxford University Press, London, 1949), second edition. 

7 J. Korringa and A. N. Gerritsen, Physica 19, 457 (1953). 

8 J. O. Linde, Arkiv Mat. Astron. Fysik 36A No. 10 (1949). 

9 J. Friedel, Can. J. Phys. 34, 1190 (1956). 

0 L. Schiff, Quantum Mechanics (McGraw-Hill Book Company, 
New York, 1949), second edition, p. 113. 


of thermal expansion or contraction, and upon the 
impurity concentration at sufficiently high concentra- 
tions." Now whatever the dependence of (Q; on E£, it 
will always be possible to expand the function Q,(£) in 
a Taylor series about the Fermi energy Er as we have 
done in our earlier work. However, it will not always 
happen that the cross section Q; varies slowly enough 
with E to permit using only the first term or two in the 
expansion, and one might suspect that it is for those 
solute atoms for which Q,(£) varies rapidly near Er 
that one finds anomalies in the transport properties. 
These anomalies are most conspicuous at low tempera- 
tures, presumably because of the relative location of the 
Fermi level Er and the superimposed peak at £ in 
curve (a) of Fig. 1, and perhaps also because of the 
more “selective” or more nearly monoenergetic “scat- 
tering” of the cross-section curve by electrons of energy 
Er+hkT as the temperature is lowered. Thus, if the 
Fermi level in an alloy at a given temperature is at 
Er (Fig. 1), it matters little whether or not there is 
such a peak at a large separation Ey—,, whereas if 
the foreign atom presents a peak at an energy such 
that the Fermi level is at Er’, then even small changes 
in Fermi level will bring about rapid variations in Q; 
and we shall need to use many terms in our Taylor 
expansion of Q;(E) to describe the transport properties 
properly. We suggest that although the anomalies are 
more pronounced and therefore more spectacular at 
low temperatures, this strong sensitivity of Q; on E is 
also felt at high temperatures. The evidence for this is 
that even at high temperatures (100° to 1200°K, say) 
the explanation of thermoelectric behavior of certain 
alloys requires the use of several terms in the Taylor 
expansion. At high temperatures the width &T is large 
enough so that the electrons “scan” or spread over a 
comparatively large portion of the Q; vs E curve, as 
illustrated schematically by curve (c) in Fig. 1. The 
over-all effect of this spread on a particular transport 
parameter is thus essentially a weighted average over 
this range kT. At very low temperatures the scanning 
is more nearly “monoenergetic,” as shown by curve (d), 
and thus reveals more clearly the steep nature of the 
scattering cross-section curve. 


Ill. FORMULAS FOR THERMOELECTRIC POWER 
IN TERNARY AND MORE COMPLEX ALLOYS 
WITH NOBLE METAL SOLVENT 

The basis of our work is the following relationship, 
Eq. (1), originally given by Mott and Jones.‘ For a 
metallic, electronic conductor we have 


d \np(E) 
fh 
dE Er 


d\np(£) 
S=(##T/3|¢))| | = 
E dE JE=Ep 
uJ. Friedel, in Advances in Physics, edited by N. F. Mott 


(Taylor and Francis, Ltd., London, 1954), Vol. 3, p. 446 and 
L. C. R. Alfred and N. H. March, Phil. Mag. 46, 759 (1955). 





THERMOELECTRIC POWER AND 


where A=72°k?/3|e|=0.0243 (electron-volt)-(micro- 
volt/deg), S is the absolute thermoelectric power 
(TEP) in microvolts per degree, & and e are respectively 
the Boltzmann constant and electron charge, p is the 
resistivity of the metal or alloy when the Fermi level 
of the conduction electrons has the value Z, and the 
derivative is evaluated at the particular value E= Er 
in the alloy. As in our earlier work, we write the 
resistivity contributed by the ith species of solute 
atom in the form 


pi=[(2m)4n,/ (eno) JE40,(E). (2) 


Here m is the electron mass, n; is the number of ith 
atoms per unit volume, mo is the number of conduction 
electrons per unit volume, Q; is the scattering cross 
section of the ith atom. In our earlier work we errone- 
ously supposed the conduction electron density mo to be 
fixed, whereas in fact we must take into account its 
dependence on the energy £, 


Nno= [ 84 (2m)! (3h*) JE}. (3) 


That this dependence must be taken into account has 
also been pointed out independently by Tsuji!; the 
error gives rise to a small discrepancy of 3/(2Er) 
between our present and our earlier scattering co- 
efficients, as we shall see. The resistivity then becomes 


=[3h5/(16re’m) Jn,E"0,(E)=an:E0,(E). (4) 


The total resistivity p of the alloy is given in terms of 
the thermal component pr and the impurity components 
p; by the sum 


p=prt+pr=prt+d pi. (5) 


For the pure solvent metal we write 


d Inpr(E) d Inpr(E) 
Se=AT|_——— | mA 7|———| 
dE Japs dE Je; 


dpr 
ha T/on)| | (6) 


LJEp 


using the arguments in reference 1, and using Er® to 
designate the Fermi level in the pure solvent while Er 
represents this level in the alloy. Applying Eq. (1) to 
the alloy, we find, using Eq. (6), 


AT dpr dp; 
“| hae 
prt+pritdE dE JEp 


-|- ~ | 2+ =| 
sass prterll AT dE ler 


2M. Tsuji, J. Phys. Soc. Japan 13, 133 (1958). 


ELECTRON SCATTERING 
From Egs. (4) and (5) we have 
dpr dd ps d(E~'0;) 
Fg org Ma a 
dE JE dE Jer dE Jér 
ele) all 
E- sees 
Q:\dE/ Qjl) Ep 
d In(E0,) 
si iT a | 
Er 


dE 


dinQs 1 . 
pt. e 
4 E Er 


=> an; 


=> an; 


Substitution of Eq. (8) into (7) finally gives the 


expression 


1+[AT, (Srer)] X pil (d InQs ‘dE)Er—1/ ‘Er | 


‘ = Sy res - a = 


1+(1/pr) E pi 
(9) 





which is identical with our earlier formula except for 
the term 1/Ep which replaces our former +1/(2£,p) or 
+1/(2u) in reference 1. For convenience we introduce 
the abbreviations 


AT d InQ; 
F= ¥ 


Steyr , L dé 


d |nQ; Bs: 1 
dE Erp E PF Er 


and thus get the simple formula 
S=Srl1+F ¥ pas jli+/>d pit. (11) 


The quantity Sr represents the absolute TEP of the 
solvent metal at temperature T°K ; our phenomenologi- 
cal theory simply takes S7 as determined from experi- 
ments such as those of Borelius’* and Nystrém,"* and 
does not attempt to deduce the value of Sr itself. The 
fuctions F and f depend on the temperature and are 
likewise determined from experiment. The impurity 
resistivity contribution p; from the ith solute species is 
also determined experimentally on each of the binary 
alloys with which we have checked the measured sum 
pr= >. p; for internal consistency with the sum of the 
calculated p; for each of the ingredients melted together. 
In other words, we have assumed the validity of Eq. (5). 
In this connection we refer the reader to the work of 
Pawlek, Viessmann, and Wendt.!® 

The quantities A; or Z; are the main parameters of 
interest. It is seen from Eqs. (10) that ZL, is the logarith- 


8 Borelius, Keesom, and Johanson, Leiden Comm. 196a (1928) 
or Proc. Acad. Sci. Amsterdam 31, 1046 (1928). 

4 J. Nystrém, Arkiv Mat. Astron. Fysik A34, No. 27 (1948). 
(198 a. Viessmann, and Wendt, Z. Metallkunde 47, 357 
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mic derivative of the electron-scattering cross section 
Q; of an atom of the ith solute, and it has been our 
main purpose to investigate the dependence of Q; on 
energy and on the nature of the foreign atom. From 
measurements!® of S on various binary alloys over a 
large temperature range, we can determine \; (and L,) ; 
from this information we have been able to construct 
curves of Q; vs E for each foreign atom. Figures 2(a) 
to 2(d) show the dependence of L; on temperature for 
various dilute alloys. The values of L; for a given solute 
depend on the position of the Fermi level, so that we 
obtain gradually changing values of ZL; for a given 
solute at a fixed temperature as the concentration is 
increased. For a fixed solute concentration the variation 
of L; with temperature is determined by the tempera- 
ture coefficient of volume expansion of the alloy. 
Although the quantity which we determine experi- 
mentally from Eq. (11) is \,, it is L;=A;+1/Epr which 
tells us the logarithmic derivative of the scattering 
cross section Q; with energy E£. In determining L; we 
have used the pure-copper value Er=7.0 ev throughout 
and have thus neglected the variation of Er with tem- 
perature and solute concentration. It is of course 
important to know the sign of this derivative L;, and 
it is seen that when A\&—1/Er=—0.14 our experi- 
mental accuracy may not be sufficient to determine 
this sign. In general, our accuracy is probably about 
+0.05 ev for A; and L; values. 

It is seen from Figs. 2(a)—(d) that the L; values for 
Fe, Co, and Ni are about an order of magnitude larger 
than those for the elements to the right of copper in 
the periodic table, at least at lower temperatures. For 
the nontransition metals (and even for Fe and Co at 
high temperatures), the L; values are comparable with 
those found for the scattering of slow electrons from 
metal vapor atoms. Thus for the scattering by zinc 
vapor atoms we find!” for (1/Qo)(dQ/dE) zo the values 
—0.20, —0.11 and —0.06 ev for electron energies 
Eo=3, 7, and 10 ev, respectively. 

By using the relation (1/Er)(dEr/dT)= —3(1/Vo) 
(9V/dT) and the variation of temperature coefficient of 
volume expansion given by Zemanski,'* we get the 
following relation between Fermi energy Er and 
temperature T°K: 


Er—Epo= —3 Epo 50X 10-(14+2.1X 10%) ], (12) 


where t= T7—273°K. Thus we have referred changes in 
Fermi level to the value of Er at 0°C, which we call 
Epo. Setting Ero= 7.0 ev we then compute the following 
values” of AEr=Er— Ero: 0, —0.048, —0.100, —0.155 


16 We actually measure the relative TEP of our alloys against 
pure copper, then use the work of Borelius and Nystrém to 
determine S for the alloys. 

17 See reference 6, p. 201. , 

18M. W. Zemansky, Heat and Thermodynamics (McGraw-Hill 
Book Company, Inc., New York, 1943), second edition, p. 234. 

19 The detailed variation of the scattering parameters will not 
be highly sensitive to the particular values of expansion coefficient 
Ero which we choose. 
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and —0.215 at 0°, 200°, 400°, 600°, and 800°C, 
respectively. Finally, we have made graphs of L; vs AEr 
for each solute atom, integrated graphically to deter- 


mine Q/Qo= exp ¥ ie LdE, and have shown the results 


in Figs. 3(a)—(d). Qo represents the value of the cross- 
section at 0°C (or at Er= Epo), so that Figs. 3(a)—(d) 
give the energy dependence of cross section for various 
solute atoms dissolved in copper. Of particular interest 
is the series Cr, Mn, Fe, Co, and Ni. We can make up a 
composite picture of Q; vs Er for this series, and it is 
seen that there is not only qualitative but also quantita- 
tive significance to such a superposition, which then 
leads to a Q us E dependence resembling curve (b) of 
of Fig. 1. It has already been mentioned that several 
workers have suggested that solute atoms might scatter 
slow electrons in a manner resembling the Ramsauer- 
Townsend effect found with vapor atoms and our Q vs 
Er curves indicate that there does indeed exist such an 
effect. This behavior is not restricted to transition-metal 
solutes, however, as can be seen from Fig. 3(b)—(d). 

We have pointed out that at a given temperature, 
because the Fermi level in copper changes with increas- 
ing solute concentration, the Z; value also varies 
slightly with concentration. In the case of nickel solute, 
for example, Fig. 2(a) shows that Ly; varies from 
approximately —2.4 for a few tenths of a percent 
nickel to —3.6 for 10 percent nickel. Neglecting the 
small change in lattice parameter with concentration, 
we estimate that 10% of Ni lowers the Fermi level to 
approximately the same extent as does the lattice 
expansion upon increasing the temperature from 0° to 
around 400°C, or about —0.10 ev. Given sufficiently 
accurate thermopower and resistivity data for a particu- 
lar binary alloy system, we could, in principle, determine 
the dependence of Fermi level on concentration. From 
the dependence of cross section Q on Ep in copper, as 
indicated in Figs. 2 and 3, we can also predict the 
qualitative behavior of a given solute in a similar 
solvent lattice which has a different Fermi level. This 
question is discussed in the next section. 

It is of interest to know how a given solute x will 
affect the thermoelectric power of an alloy consisting 
of Cu+0, O being simply another solute atom. For 
instance, suppose that when we add either O or x 
separately to copper, the solute causes a decrease in the 
absolute TEP of pure copper. Does it follow that 
addition of x to the binary alloy Cu+0O will cause a 
further decrease in absolute TEP? Equation (11) 
applied to such a ternary alloy gives 


S® = Sr 1+ Fropot Fr2pz1+footfoz}" 
om Srfi +Fropo [1 +foo}" 
X [1+ Frzp2(1+Fropo) JL1+fp.(1+-fo0)*] 


S$ ){1+[FAL(1+Fropo)'—f(1+fo0)* oz}, (13) 


for sufficiently small p, and for any value of po. Differen- 
tiation gives for the initial slope of the S vs p, curve, 
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for fixed po, 


[—] 
Opz 0 =Pp0; Px =0 


=S@(FA.(1+Fropo)—f(1+ foo). (14) 


The sign of this derivative changes” for a critical value 
po given by 


po =[1—(F/f)Ar LF (Az—Ao) |. 


The temperature-dependent factors f and F are always 
positive, so that for negative A, the slope given by (14) 
is always negative (i.e., there is no positive and mean- 
ingful po unless Ao<A, algebraically. For example, if 
O is iron and x is nickel, we see from Fig. 2(a) that 
additions of nickel to a Cu-Fe alloy (of fixed Fe con- 
centration) can never make the slope (14) positive. In 
the next section we shall describe several experiments 
involving the use of Eqs. (14) and (15). 

Experimental tests of the formulas above are rather 
difficult because of the high accuracy with which the 
alloy composition must be known. One useful technique 
for this purpose involves the preparation of a relatively 
large weight of Cu+O “master ingot’’; this ingot is 
then cut into several pieces to which the solute «x is 
added by remelting. The disadvantage of this method 
is that the addition of x “dilutes” the master ingot; 
i.e., the concentration of O is decreased upon dissolving 
solute «. One must then correct the measured TEP for 
this dilution effect. The other method, of course, 
involves the straightaway melting of the three com- 
ponents of the alloy; we have used both techniques in 
our work. 

We consider next the temperature dependence of 
resistivity of noble metal-base alloys. This subject has 
been studied by Linde* and by Friedel® among others. 
From Eqs. (4), (5), and (8) applied to a single kind of 
foreign atom, we find 


(15) 


dp/dT =dpr/dT + (dp,/dEr) (dE/dT) 
== dpr/dT— 2ErBipvAx, 
in which we have used dEr/dT= —3Er8;, Bs= (1/V3) 
(dV;/dT). Using room temperature values for pure 
copper, dpr/dT=67X10~ pohm-cm/deg, Er=7.0 ev, 
B&50X 10-*/deg, we obtain for small concentrations 


(17) 


(16) 


dp/dT = 10-*(67 — 2.3p,A;) = 10-4 (67— 2.3A¢ spi) 


for the room-temperature slope of resistivity for dilute 


9, 66 


copper-base alloys. Here ¢; is Linde’s “atomic resistiv- 
ity” (impurity resistivity per atomic percent) and ; is 
the concentration in atomic percent. For concentrations 
of several percent or greater, we must use the expansion 


” The slope given by (14) is not necessarily zero when S®) 
vanishes, because S“) becomes zero when the quantity 1+-Fropo 
vanishes. 

"J. O. Linde, Ann. Physik 10, 52 (1931) and 15, 219 (1932). 


AND 


ELECTRON: SCATTERING 1869 
coefficient 8; appropriate for the alloy in question. We 
have assumed in the derivation of Eq. (16) that the 
presence of foreign atoms does not alter the phonon 
term dpr/dT. It would seem that for copper alloys this 
variation in dpr/dT with addition of impurities should 
be rather negligible for reasons analogous to those 
given in reference 1 to justify our Eq. (6) above. Thus, 
dpr/dT for pure Cu, Ag, and Au at room temperature 
has the roughly equal values 67, 62, and 83X10 
pohm-cm/deg despite the very large difference in mass 
of Cu, Ag, and Au atoms. 

It is interesting to derive a formula for the variation 
of the quantity dp/dT with impurity concentration, as 
has been done by Friedel.? For very small concentra- 
tions the slope Do=d(dp/dT)/dp; is simply —FErBs Aj, 
but for the higher concentrations we have 


D=d(dp/dT)/dp;=d(dpr/dT)/dp; 


—28.d(ErBad;)/dp;. (18) 


For convenience we write Eq. (4) in the form 
pi= an,Er0;=6p,ErQ;, where b and a are constants. 
Substituting this last expression into (18), using 
d\;/dp:= (dd;/dEp) (dEr/dp;) and dQ,/dp;= (dQ;/dEr) 
(dEr/dp;), we find 
d(Erpidi)/dpi=d(bpQa;)/dp; 
= Erlbp:ErQ;(dd,/dp,) +bp:E-0; 
X (1/0,) (d0i/dpi)\:+b0:E-; | 
= Er[pi(dd;/dEr) (dEr/dp;) 
+piadr:(Ai+1/Er) (dEr/dp;) 
+pai/ pi]. 


The last term can be written approximately (p;/p;)A; 
>f.A;, and the final expression becomes 


D=d(dpr/dT), ‘dpi— FB Er {tai 
+p:(dEr/dp,)(dd\;/dEr+);(Ai+1/Er) }}. 


For the reason discussed above after Eq. (17), we shall 
hereafter neglect the first term on the right-hand side 
of Eq. (20). For vanishingly small p; Eq. (20) reduces 
to the simple"form written just above Eq. (18). The 
variation dEr/dp,; is probably characteristically larger 
for transition-metal solutes than for nontransition 
metals. From the curves given by Alfred and March,!! 
we have deduced the following approximate relation 
for nontransition solutes in copper: 


=5X10~(Z—Zcu)p; (nontransition solutes). 


(19) 


(20) 


(21) 


Alfred and March point out that the variation in Fermi 
level is not necessarily linear with “excess valence” 
Z—Zcu. For transition-metal solutes we use the follow- 
ing expression : 


AEr/Er= 3 (vi- 1) (p:/100), 


where y; is the effective number of conduction electrons 





1870 Si 2. 


TABLE I. Scattering coefficients* for various solutes in 
dilute copper alloys, at 0°C. 








Do =([d(dp/dT)/dpi)pi.c 
0°C, from 0-100°C, 
Eg. (18) from Linde 


+ 44 
+ 4.7 
+ 5.5 
—13 
— 73 
—10 


ayi/dEr 


+ 1.0 
+ 4.0 
+10 
+ 7.0 
—10 
—30 
—13 
+12 
— 15 
+ 15 


\i+1/Er 


+0.06 
—0.04 
+0.17 
+0.25 
+0.39 
—1.7 

—5.7 

—2.1 

—0.41 
—0.65 


vi Mi 


—0.08 
—0.18 
+0.03 
+0.11 
+0.25 
—1.8 
—5.8 
—2.2 
—0.55¢ 
—0.7> 
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* fi in wohm-cm/at %, taken from F. Pawlek and K. Reichel, Z. Metall- 
kunde 47, 347 (1956). Units of \i are ev, of Er are ev. 

b The values of Do listed here are in units of 10-4 wohm-cm deg™ percent™. 

©; values for Pd and Pt are from J. Otter, J. Appl. Phys. 27, 197 (1956). 


contributed per solute atom, or with Er=7 ev, 
(22) 


dEr/dp;=0.047 (y;—1) (transition solutes). 


With 6;=50X10-*/deg and Er=7 ev, we obtain the 
following expressions for nontransition and transition 
metal solutes, respectively : 


D=—2.3X10~¢{A;+0.0005 (Z— Zou) p? 
x [dri/dEr+yi(Ac+1/Er)}} 


D=—2.3X10-¢,{;+0.047 (y,— 1) 9: 
X [dA ;/dEr+),(;+1/Ep) ]}. 


Table I gives typical room-temperature values of the 
quantities {;, \;, dA;/dEr, and ;+1/Er for some 
solutes in dilute alloys. It is seen that except for Fe, Co, 
and Ni the term A,(A;+1/Er) is negligible compared 
with dd;/dEr in Eqs. (23) and (24). There does not 
seem to be any extensive experimental data available 
on the quantity dp/d7T, except for the work of Linde. 
We have also given in Table I the values of the initial 
slope Do computed from Linde’s thesis (1939) and 
quoted by Gerritsen.” Finally, we have shown in the 
same table the calculated values of Do (for ~;=0) as 
obtained from Eq. (18). For solutes with |\,| less than 
about 0.1 we cannot expect much in the way of agree- 
ment because our accuracy, as previously stated, is 
only +0.05 ev! approximately. On the other hand, 
our accuracy is greatest for the three metals Fe, Co, 
and Ni, and in two of these cases we see from Table I 
that there is a great discrepancy between theory and 
experiment. It is pointless at present to attempt a 
comparison of Eq. (24) with experiment, except to 
mention that while the derivative Do is both theoreti- 
cally and experimentally positive for Ni solute, it is 
known that constantan (40% Ni in Cu) has a vanishing 
or nearly vanishing value of D at room temperature. 
Whether this is due to the nickel or to other impurities 
in the constantan is not clear. While the present theory 

2A. N. Gerritsen, Handbuch der Physik (Springer-Verlag, 
Berlin, 1956), Vol. 19, p. 211. 


(23) 


(24) 
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cannot be applied to such high concentrations as we 
find in constantan, it would seem that the derivative 
D must actually be dependent upon #,;, in some manner 
as is given by Eq. (24). From Fig. 2(a) it can be found 
that the quantity d\;/dEr for 10% Ni in copper is 
about —6 ev? compared with +12 for concentrations 
of 1% or less. Using reasonable values of the other 
parameters in Eq. (24), such as y;=0.6, p;~20%, 
Ai~—2 and d\;/dEr=—6 we find the value 
D=+3X10~ as compared with +6X10~ given for 
more dilute Ni concentrations in Table I. At p;= 40% 
Ni we should have quite different values of Ay; also, 
not to mention the fact that our entire model, at this 
high concentration, is open to question. Nonetheless, 
it is encouraging that the model gives more than simply 
the correct order of magnitude for this quantity D, as 
has already been pointed out by Friedel.’ Finally, one 
should point out the difficulty of making accurate and 
reliable measurements of the quantity D=d(dp/dT)/ 
dp;. While it is quite easy to determine average cross- 
sectional areas of specimen-wires by weighing the 
specimens, it is not always clear whether or not the 
bulk or interior of the wire contains large-scale (micro- 
scopic) flaws which would lead to erroneous resistivity 
and dp/dT values. Such flaws might, for example, 
become more numerous with increasing impurity con- 
centration so as to exhibit a “trend” in dp/dT which 
might in fact be a false one. In any case, it would be 
helpful to have further experimental results on this 
problem at room temperature and above. 


IV. EXPERIMENTS ON SELECTED ALLOYS 


In order to determine the Z values associated with 
various solute atoms in copper (and a few in gold), we 
have prepared and measured the TEP and resistivity 
of eleven sets of binary alloys of various compositions. 
The resistivity has been measured only at liquid 
nitrogen temperature, in order to determine p; for each 
alloy, and the TEP has been measured from room 
temperature (and in a few cases from —196°C) to 
approximately 800°C. All our copper base alloys were 
made from American Smelting and Refining Company 
copper, and most of the solute metals were obtained 
from Johnson-Matthey. Our L values for Pd and Pt in 
copper are taken from Otter’s work.” The alloys were 
generally prepared by melting in a 12 mm-bore quartz 
tube, sealed after pumping down to about a 0.1-micron 
vacuum ; the sealed-off tube section was usually about 
5 or 6 inches long, so that during melting the entire 
length was above the alloy melting point. The molten 
metal was shaken numerous times to give excellent 
uniformity of the melt. Fast freezing was accomplished 
by holding the tube horizontally outside the furnace; 
upon solidification of the ingot the tube was immersed 
in water. All ingots seemed dense and free of blow 
holes. Alloys containing iron were first melted in high- 


% F. A. Otter, J. Appl. Phys. 27, 197 (1956). 
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purity (Morganite) alundum crucibles to dissolve the 
iron, then remelted in quartz tubes and shaken. The 
electrolytic manganese (Johnson-Matthey) contained a 
good deal of oxygen, and we were not able to make 
reliable alloys until we first melted the manganese (in 
Alundum crucibles) in a hydrogen atmosphere. 

The ingots were all homogenized at between 50 and 
100°C below the appropriate solidus curve, for about 
two hours, then cold-rolled to a square cross section 
(with slightly rounded corners). The final cross section 
was about 1X1 mm. The weight of each melt was in 
the neighborhood of 10 to 50 grams. An experiment 
was carried out to determine whether or not molten 
American Smelting and Refining Company copper 
affects the quartz. Three test ingots were made, the 
first was molten at 1150°C for 17 minutes, the second 
for 30 minutes, the third for two hours. These were 
then rolled into wire and were found to have negligibly 
different TEP from 0° to 800°C and negligibly different 
resistivity at — 196°C. A chemical analysis on the two- 
hour specimen indicated less than 0.002% silicon. 
Some of our CuNi alloys were made in Alundum 
crucibles, and these gave the same results as those 
melted in quartz. All of the ternary alloys were prepared 
in sealed quartz tubes, except those containing iron, 
and these latter were prepared in the same way as the 
CuFe binary alloys already described. Iron itself 
attacked the quartz so badly as to make the alloys 
useless if not first melted in Alundum. The TEP has 
been measured by the standard method of making a 
thermocouple of pure copper and the specimen. The 
thermoelectric potential difference V is measured 
against temperature of the hot junction, the relative 
TEP vs copper is found from graphical measurement of 
the slope at various temperatures, and the absolute 
TEP calculated from the work of Borelius ef al. and 
of Nystrém." The details of our experimental work 
will be submitted for publication in the near future, and 
for the present we need only know p; and the absolute 
TEP. 

In order to check on the reproducibility of our alloys, 
we have made numerous similar sets of wires; for 
instance, we have found that the limit of our repro- 
ducibility in making copper-nickel alloys is approxi- 
mately +2% in measured impurity resistivity in the 
range of 0.2 atomic percent nickel. For other transition- 
metal solutes we cannot do better than perhaps +5 or 
even +10%, depending upon the nature of the solute 
and upon the concentration range. 

Copper-nickel-cobalt alloys —According to Eqs. (14) 
and (15), the initial effect of adding element x to a 
binary alloy of Cu+O is determined by the scattering 
parameters Ao and A, and by the concentration po (or 
resistivity po) of the original binary alloy. As previously 
mentioned, the resistivity po refers to the actual con- 
centration of O present in the ternary alloy after addi- 
tion of x; if the ‘“‘master-ingot” technique is used, one 
must correct for the dilution of element O upon adding 
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Fic. 4. Dependence of the critical nickel concentration (meas- 
ured by pyi) upon the A, of the second impurity, for :=0°C. The 
inset shows a magnified version of the curves near \,=0. 


element x. In order to test these equations we have 
chosen nickel as element O because it forms solid 
solutions in copper over the entire range of 0 to 100% 
nickel. Figure 4 shows the calculated curves of py; vs 
Az, using Eq. (15), for two values of Axi. The curves 
correspond to 0°C and the two values — 2.59 and —3.72 
ev represent the “dilute” (less than 1% Ni) value of 
Ani and the “concentrated” (10% Ni) value of Awi, 
respectively, at O°C. For a given element with value 
\, we can find the value of py; which is required to 
make the effect (i.e., 0S/dp,) of x additions vanish. Of 
course, one needs to know the appropriate Ay; to use, 
but as can be seen from the inset in Fig. 4, the values 
of pri are not extremely sensitive to Ayi except for 
large negative \, values. In principle, given sufficiently 
accurate data on binary CuNi alloys, one could develop 
a formula more complicated than Eq. (15) which would 
take into account this variation of Ay; with nickel con- 
centration (resulting from a change in Fermi level). 
We see from Fig. 4 that cobalt, with Aco= —5.8 at 
0°C, cannot cause 0S/dpc. to become positive at 0°C 
and with ordinary concentrations of nickel, say up to 
10% or possibly even 20% Ni. On the other hand, we 
see from Fig. 2(a) that Aco decreases in magnitude 
rather rapidly with decreasing electron energy (increas- 
ing temperature), while Ay; increases in magnitude 
(becomes more negative) with decreasing Er. There- 
fore, at very high nickel concentrations, of the order of 





DOMENICALI 


- CuNi + Co 











200 400 


CuNi + Fe 





1 ihe 
600 800 
TEMPERATURE, °C 





Fic. 5. Dependence of the critical nickel resistivity pyi® upon 
temperature for additions of cobalt, gold and iron respectively. 


30% or more, we would reasonably expect An; to have a 
value of perhaps —4 and Ac. a value of perhaps —1 or 
—2, so that with such high concentrations of nickel 
the value of 0S/dpco would most likely be positive. We 
find that we can predict not only the sign but roughly 
also the correct magnitude of 0.S/dp, for various values 
of pwi, by the use of Eqs. (14) and (15). We have 
chosen the systems CuNi+Co, CuNi+Fe, and CuNi 
+Au as tests of these formulas, and Fig. 5 shows the 
calculated variation of py; with temperature for each 
of these three solutes. For CuNi+Co we have again 
given curves for two sets of values of Ayi, namely the 
Ani found for dilute CuNi alloys and the Ay; found for 
Cu+10% Ni. The value of {yi is 1.15 yohm-cm/ 
atomic %, so that the critical resistivity values pyi® 
shown in Fig. 5 are approximately the same as the 
critical nickel concentration values pri. 

In the case CuNi+Co we have prepared four sets of 
alloys containing 2.5, 10, 20, and 38% Ni, respectively. 
The 2.5% and 10% Ni sets consist of three alloys, with 


0, 0.1, and 0.2% Co; the 10% Ni set consists of three 
alloys with 0, 0.2, and 0.9% cobalt; and the 38% Ni 
set consists of three alloys with 0, 1, and 2% Co. The 
room temperature solubility of cobalt in copper is 
very small, perhaps 10~? or 10-*%, but is 1% at 700°C. 
The specimens containing cobalt were cooled quite 
rapidly after freezing, and the final 0.040-in.x0.040-in. 
wires were annealed in vacuo at high temperatures (50 to 
100 C° below the solidus), then withdrawn from the 
furnace to cool rapidly, though still in the evacuated 
quartz tube. The thermoelectric measurements were 
made on the cobalt-containing alloys up to tempera- 
tures of only about 500°C so as to avoid significant 
precipitation. Some of the specimens were studied 
magnetically and were found to have negligible ferro- 
magnetism, indicating that all the nickel and cobalt 
were dissolved. A specimen containing 0.2% cobalt 
was examined magnetically before and after annealing 
for 884 hours at 510°C and was found to contain a 
negligible ferromagnetic component. The resistivity of 
the alloys was found to be consistent with their nominal 
composition. During the course of thermoelectric 
measurements the specimens were taken through a 
heating cycle up to 500°C (with automatic recording of 
temperature and thermoelectric potential difference on 
a Brown Instrument X-Y plotter) during a time of two 
hours or less, thus minimizing the extent of cobalt 
precipitation. 

From Fig. 5(a) we expect that at temperatures below 
about 500°C additions of cobalt to any of the CuNi 
alloys prepared (except the 38% Ni) should cause 
further algebraic decreases in the TEP of the alloy; 
that is, 0S/dpco should be negative. This is actually 
found to be the case with 2.5, 10, and 20% Ni, and we 
have already discussed the reasons why we would expect 
the 38% Ni specimen to behave in the opposite direc- 
tion. Figure 6 shows the relative TEP S32 of the various 
ternary alloys™ with respect to the corresponding binary 
alloy at temperatures up to about 500°C. We have 
found that at temperatures higher than about 500°C 
the results are slightly nonreproducible, undoubtedly 
because of precipitation of cobalt; the study of this 
precipitation in its effects on the magnetic behavior of 
dilute CuCo has been carried out recently by Weil, 
Gruner, and Deschamps”® and by Becker.** The stand- 
ard method which we are using to measure TEP is of 
course not applicable in such cases, and one should use 
instead an apparatus for measuring TEP with the 
“differential’”’ method, in which the entire wire speci- 
men is held at a nearly uniform temperature. The 
solid curves represent the theoretical S32 while the circles 
and triangles represent our experimental results. For 
the 20% Ni set we have used the Ay; calculated from 


the binary Cu+20% Ni alloy itself. We have not 


% We use the notation Sxr to denote the TEP of alloy X 


relative to alloy R (or reference). 
25 Weil, Gruner, and Deschamps Me ge a 244, 2143 (1957). 


%6 J. J. Becker, J. Metals 9, 59 ) (1987), Sec 
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attempted to make any calculations for the 38% Ni 
alloy, because our model is probably only qualitatively 
applicable in this region of concentration. It is interest- 
ing, however, that many attempts have been made in 
other laboratories to further reduce (algebraically) the 
absolute TEP of constantan, for technological purposes, 
by dissolving various metals in constantan. So far as 
we know, all such attempts have failed. In fact, we 
find that “pure” constantan (prepared with high 
purity copper and nickel) is about 4.5 wv/deg lower 
(algebraically) in absolute TEP than commercial 
constantan at room temperature. 

Copper-nickel-gold alloys.—Figure 5(b) shows the pre- 
dicted values of pyi for this system. We have made up 
three pairs of alloys containing 0.200% Ni plus 6% Au, 
0.252% Ni plus 3% Au, and 0.297% Ni plus 6% Au, 
respectively. The predicted and the experimentally 
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Fic. 6. Comparison of theoretical and experimental values of 
the relative TEP of ternary copper-nickel-cobalt alloys vs the 
appropriate binary copper-nickel alloys. The cross-hatched bands 
for the 2.5, 10, and 20% Ni alloys represent the spread in calcu- 
lated values obtained by varying both Ayj and Aco by +5% in 
such a say as to give the greatest spread in relative TEP. All TEP 
are in uv/deg. The points indicated by ® represent the results of 
measurements on the 10% Ni+-0.2% Co wire made by the differ- 
ential method described in the text. No curves were calculated for 
the 38% Ni wires, for reasons explained in the text. 
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Fic. 7. Comparison of theoretical and experimental values of 
the relative TEP of tenary copper-nickel-gold alloys vs the 
appropriate binary copper-nickel alloys. The solid curves are 
theoretical, the circles, squares and triangles experimental points. 


determined TEP of these alloys is shown in Fig. 7; the 
relative TEP S32 against the appropriate gold-free binary 
alloy is shown, as before. There are presumably no 
solubility difficulties in this system, and we have thus 
been able to compare theoretical and experimental 
results from 0° to 800°C. The agreement is quite 
satisfactory. Here we found the resistivities of the three 
binary (gold-free) alloys to be 3 to 6% higher than 
would be expected from the weighed-out or nominal 
nickel concentration; this resulted in py; values of 10 
to 16% higher than expected. The waviness in the 
theoretical curves has no particular significance and 
results from the fact that our experimentally determined 
Ani and Agu values do not lie on a perfectly smooth 
curve when plotted against temperature. 
Copper-nickel-iron alloys——In Fig. 5(c) are shown 
the expected values of py; for additions of iron, and 
in Fig. 8 a comparison of predicted and experimental 
relative TEP. Except for the wires with the highest 
nickel concentration (pyi=4.57 wohm-cm), the agree- 
ment is quite good. If the nickel lowers the Fermi level 
we see from Fig. 2(a) or 3(a) that Ar. would be less 
negative than the “dilute” values which we have used 
for this latter parameter, so that the predicted S32 
curves for the pyi=4.57 specimens should in fact be 
more positive in Fig. 8. However, as with some of our 
other alloys, we have not attempted to make this cor- 
rection because we cannot tell how much the Fermi 
level has been changed from the pure copper value. 
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Fic. 8. Comparison of theoretical and experimental values of 
the relative TEP of ternary copper-nickel-iron alloys vs the 
appropriate binary copper-nickel alloys. The solid, dashed, and 
dot-dashed curves represent the theoretical variation of relative 
TEP; the circles, squares, and triangles represent the experimental 
results. 


We can get an idea of the extent of the agreement 
between theory and experiment in this system by the 
following considerations. At 0°C, a concentration of 
iron of pre=3.73 dissolved in pure copper will lower the 
TEP of copper by about 15 wv/deg; this same amount 
of iron dissolved in Cu+4.57 pohm-cm of nickel will 
raise the TEP of the binary by about 2 uv/deg. The 
same kind of considerations can be expressed in the 
copper-nickel-cobalt system. 

Thermofree alloys.—Suppose we wish to fabricate a 
noble-metal base alloy with an appreciable resistivity 
but with a vanishing TEP against the pure noble 
metal; ie., a “thermofree alloy.” From Eg. (11), 
setting S=Sr we find the condition 


> (RAi— 1) p= 0, 


where R=F/f. We see immediately that no combination 
of metal solutes will give a thermofree alloy unless at 
least one of the solutes has a positive \; which is greater 
than 1/R. The quantity R for pure copper has a value 
of approximately 4 at all temperatures between 0 and 
800°C. Thus, one solute must have \;>-+0.25 approxi- 
mately, or L;>+0.39. Of the various metals whose 
binary alloys with copper we have investigated, only 
Mn, Cr, and Ga appear to satisfy this requirement in 
the vicinity of room temperature. Thus in manganin, 
one has manganese raising the TEP and nickel lowering 
it, so that the resulting alloy has only a few microvolts 


(25) 


per degree TEP against pure copper. As indicated in 
Fig. 2(d), the L values for Ga are probably too large. 

Effect of Fermi Level ond, of Fe, Co, and Ni in Copper. 
—From Fig. 2(a) we expect that if one could lower the 
Fermi level in copper by some means other than thermal 
expansion of the lattice, one might increase the absolute 
magnitude of Ay; and thereby increase the effect of 
nickel (per atomic percent Ni) on the TEP. If the lattice 
scattering of electrons in pure gold were exactly the 
same as in copper, and if we take Ey=7 ev in copper, 
Er=5 ev in gold, it may be expected that one percent 
of Ni in Au would have a greater effect than the same 
amount of Ni in Cu. This is actually found to be the 
case, and while our “extrapolation” from pure Cu to 
pure Au is excessive, it is nevertheless encouraging that 
we find agreement with the prediction of our model. 
Using the same kind of arguments for Fe and Co in 
copper, it is expected that both of these metals should 
have a smaller effect (per atomic percent) in gold than 


_in copper. Here again we find agreement of our model 


with experiment, and Figs. 9, 10, and 11 show our 
results for the absolute TEP of AuNi, AuFe, and AuCo 
alloys, respectively. 

It is interesting that the S vs temperature behavior 
of a given transition-metal solute in gold is expected to 
resemble that of an atom #o its left in the series V, Ti, Cr, 
Mn, Fe, Co, Ni when the latter is dissolved in copper, 
since gold has a lower Fermi energy than copper. 
Specifically, we expect nickel in gold to behave like 
cobalt (or perhaps iron) in copper; we expect cobalt in 
gold to resemble iron in copper; and so on. From Fig. 10 
we see that iron causes an algebraic increase in S above 
that of pure gold at higher temperatures, just as 
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Fic. 9. Illustration of the comparative effect of nickel solute on the 
thermoelectric power of copper and gold, respectively. 
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manganese does in copper at ordinary temperatures. 
Also, from Fig. 11 it is seen that the curvature of the 
Au+Co curve is concave downward, just as is that of 
Cu+Fe. [We have found that the corresponding 
Cu+Co curve is concave upward, as reflected by the 
Leo curves in Fig. 2(a) and 3(a). ] 

Similarly, we expect that if we prepare a 50-50 
atomic percent CuAu alloy, then dissolve 1% Ni in 
this, the effect of the nickel should be larger than that 
of an equal amount of Ni in pure copper. Of course, 
there is still the question of having a very high 
“impurity” concentration, not to mention the compli- 
cation of order-disorder in this alloy. But we have found 
that the effects of nickel are large enough to “cover up” 
this latter complication, so that we consider the crude 
experimental results which we have found for this 
system to furnish further support for our model. We 
do not present the experimental work here because we 
used the “emf vs T”’ or wire technique for our qualitative 
measurements, knowing of course that for such a system 
one needs to use the differential thermoelectric power 
method already described above. 

Temperature Dependence of Resistivity in CuMn 
Alloys.—It has been found by several workers that the 
effect of Mn on the resistivity of copper and gold is 
rather peculiar. Thus Giansoldati and Linde’ found 
that the resistivity of AuMn increases almost linearly 
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Fic. 10 Illustration of the comparative effect of iron solute on the 
thermoelectric power of copper and gold, respectively. 


$7 A. Giansoldati and J. O. Linde, J. phys. radium 16, 341 (1955). 
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Fic. 11. Illustration of the comparative effect of cobalt solute on 
the thermoelectric power of copper and gold, respectively. 


from about 100° to 500°K with a slope dp/dT of 
approximately 15X10~* wohm-cm/deg and again line- 
arly from 500° to 1000°K with a much smaller slope of 
1X10 wohm-cm/deg. Otter* has found this kind of 
behavior in copper-manganese alloys containing as 
little as 5 to 10% Mn. We too have found this behavior 
in dilute copper-manganese alloys, except that the 
slope of the lower portion of the p vs T curve below 
room temperature is not as large as was found by Otter 
for equal amounts of manganese. Since the magnetic 
susceptibility of our CuMn alloys is found to vary by 
as much as 50% by cold working, the discrepancies 
between our results and those of Otter may be attribu- 
table to the differences in physical state or in the 
concentration and nature of flaws between his alloys 
and ours. We are studying this problem in more detail. 

It is interesting to speculate on the possibility that 
the electronic state of a dissolved manganese atom 
(in copper) changes abruptly at 300°K. This possibility 
has been discussed by Pratt”* recently, in connection 
with the magnetic properties of copper-manganese 
alloys. Also, the thermoelectric behavior of these alloys 
is rather peculiar in the range just below room tempera- 
ture; namely, the absolute TEP is quite independent of 
manganese content for concentrations up to 10 or 12%. 
At still lower temperature the manganese atoms scatter 
more like germanium (or silicon or tin) atoms in the 
sense that S vs concentration curves show a very clear- 
cut minimum, 05/0); being negative at first, then 
passing through zero to become positive for concentra- 
tions in the range above about 10 or 12% Mn. 


% G. W. Pratt, J. Appl. Phys. 29, 520 (1958). 
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V. DISCUSSION 


The over-all consistency of the simple model and 
semiempirical theory of thermoelectric power which 
we have described appears to support the ideas of Mott, 
Linde, Friedel, Korringa, and Gerritsen, and others. 
The scattering cross section Q; depends on the kinetic 
energy E of the scattered electron in the manner 
indicated by either curve (b) or by curve (a) with the 
superimposed hump in Fig. 1. Friedel® explains this 
dependence by the argument that a transition meta] 
atom dissolved in copper gives rise to two 3d states 
with different energies, and that the position.of these 
“virtual” states relative to the Fermi level moves 
downward as the “core” (atom minus its s-electrons) 
potential becomes more attractive, or as we move from 
left to right along the series Sc, Ti, V,- - - Ni. According 
to Friedel the width of these virtual levels is of the 
order of a few electron-volts. Since the thermoelectric 
power results from the scattering behavior of the 
electrons within a range ~2kT around the Fermi level, 
the “scanning” which we mentioned in Part II above 
is essentially monoenergetic even at temperatures near 
the melting point of copper if Friedel’s estimates are 
substantially correct. In this case our values of L; give 
a relatively accurate measure of the slope of Q; at 
various energies Ey; these values of L; are one or two 


orders of magnitude smaller than is necessary to explain 
the high thermoelectric powers observed in dilute noble- 


metal base alloys at very low temperatures. On the 
other hand, if Friedel’s virtual levels are much narrower 
(say a few tenths or hundredths of an ev), or if there 
exist other and more “selective” mechanisms such as 
those of Korringa and Gerritsen,’ then the observed 
thermoelectric behavior at ordinary and high tempera- 
tures reflects an “average” or “effective” slope of 
Q; vs E, and a narrowing of kT could bring out much 
larger L; values than we have found; this would con- 
sequently lead to not only high thermoelectric powers 
at very low temperatures but might also explain (at 
least qualitatively) resistance anomalies and the so- 
called saturation effect of the resistivity minimum with 
increasing solute concentration. It would seem highly 
profitable to investigate the low-temperature electrical 
behavior of certain selected ternary alloys, as we have 
done at higher temperatures, with the purpose of 
altering the Fermi level and studying the resulting 
effects on the transport properties. Further work needs 
also to be done on the temperature coefficient of resistiv- 
ity of noble-metal base alloys at higher temperatures. 
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Precision measurements of the two-photon annihilation in crystals of Al and Cu are presented. These 
show relatively small variation with crystal orientation. This is interpreted to mean that the strong high- 
momentum tail in the Cu distribution is due to annihilation with the 3d electrons and that the Fermi surface 
in Al is very nearly spherical but has slight bulges in the [100] and [111] directions. One-electron calcu- 
lations of the distributions for Cu and Al agree quite well with the experiments and further confirm the 
importance of core annihilation in Cu. The calculated positron lifetime in Cu does not disagree with previous 
experimental observations by more than a factor of two. Electron-positron correlation by any factor much 


larger than this is therefore precluded. 


1, INTRODUCTION 


peg the first measurements by DeBenedetti e¢ al. 
on the angular distribution of annihilation radiation 
in Au, a number of investigators have applied the same 
method to a variety of solids and liquids.” It has been 
pointed out by these workers that a study of anni- 
hilation of positrons in metals could provide direct 
information on the momentum distributions of valence 
electrons in these metals, since the probability of 
observing a certain angle between the two annihilation 
photons depends directly on the square of the Fourier 
transform of the positron-electron wave function. 
Most existing measurements of the angular distri- 
butions have been performed on_ polycrystalline 
samples,’ so that only the spherical average of the 
momentum distributions could be determined. The 
possibility of measuring momentum anisotropies in 
oriented single crystals was demonstrated by us in a 
previous paper on the angular correlation of annihilation 
radiation in oriented graphite.‘ In this paper we present 
more recent measurements on single crystals of Cu and 
Al, to examine how well this technique can be used in 
the determination of electron properties in metals, par- 
ticularly the shape of the Fermi surface. The bulk of 
the paper is, however, of a theoretical nature. Com- 
putations are presented in an attempt to explain the 
details of the measured angular distributions, using 
computed Hartree-Fock positron wave functions.° 


2. NATURE OF THE THEORETICAL PROBLEM 


There seems to be no doubt that a positron has 
reached thermal equilibrium in a metal before it anni- 


* The experimental part of this paper was supported by the 
Office of Naval Research. 

+ Alfred P. Sloan Research Fellow, 1957-1958. 

1 DeBenedetti, Cowan, Konneker, and Primakoff, Phys. Rev. 
77, 205 (1950). 

2 For references see the review article by S. Berko and F. L. 
Hereford, Revs. Modern Phys. 28, 299 (1956). 

3L. G. Lang and S. DeBenedetti, Phys. Rev. 108, 914 (1957); 
A. T. Stewart, Can. J. Phys. 35, 168 (1957). 

4 Berko, Kelley, and Plaskett, Phys. Rev. 106, 824 (1957). 

5 Two independent computations on the positron wave function 
in Cu (see part of our Sec. 4.1) have been recently published: 
E. Daniel, J. phys. radium 18, 691 (1957) and B. Donovan and 
N. H. March, Phys. Rev. 110, 582 (1958). These authors do not 
compute the positron annihilation with the Cu core electrons. 


hilates® (it has ~10~ sec). We may therefore suppose 
that the electron-positron system annihilates from its 
ground state. A simple estimate of the positron lifetime 
using constant positron wave functions and annihilation 
with the valence electrons only, yields values that are 
longer and vary more from metal to metal than the 
measured lifetimes. Calculations have been performed 
emphasizing the importance of strong correlations 
between the positron and the electrons.’ It is well 
known, however, that many properties of metals can be 
understood in terms of one-particle—uncorrelated— 
wave functions, and it seems to be worthwhile to inves- 
tigate quite thoroughly whether this may not also be 
true for positron annihilation. Indeed before this is 
done, it will not really be clear what effects have to be 
attributed to correlation. For this purpose it is im- 
portant to make calculations on several metals that 
have as different angular distributions of the anni- 
hilating photons as possible. 

Roughly speaking, the angular distributions fall into 
two classes. There are those that appear very nearly 
parabolic with a fairly sharp cutoff at an angle @ given 
by hk’/mc, where k’ is the wave vector corresponding 
to the Fermi surface of the valence electrons as calcu- 
lated by the free electron approximation; the alkalis, 
alkaline earths, and aluminum are examples. The other 
class has angular distributions that extend way beyond 
the expected Fermi cutoff and do not show any promi- 
nent break ; the noble metals are examples. One example 
from each class is discussed in this paper: aluminum 
and copper. DeBenedetti and Primakoff,! who first 
observed the wide angular distribution (in gold), at- 
tributed it to the sharp cutoff of the positron wave 
function at the core of the Au ion. This suggestion of 
the “excluded volume effect” was again proposed by 
Ferrell.? On the other hand, from an examination of the 
distributions obtained by Stewart from annihilation in 
the series Ni, Cu, Zn, and Ga, Berko and Hereford? 
proposed that the large momenta were due to anni- 
hilation with the 3d electrons. 


6 G. E. Lee-Whiting, Phys. Rev. 97, 1557 (1955). 
7R. A. Ferrell, Revs. Modern Phys. 28, 308 (1956); E. Daniel 
and J. Friedel, J. Phys. Chem. Solids 4, 111 (1958). 
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It will be shown that, independently from the theo- 
retical computations (that clearly indicate that the 
excluded volume effect is too small and that 3d anni- 
hilation is quite adequate to account for the large 
momenta) one can distinguish experimentally between 
core annihilation vs “excluded volume effect” by doing 
angular correlation experiments on oriented crystals of 
copper. This then was another reason (besides that 
outlined in the Introduction) for performing experi- 
ments on oriented metal crystals. 

After a brief discussion in Sec. 3, of the experimental 
setup and procedure, the details of the theoretical com- 
putations are described in Sec. 4. The results of this 
computation are then discussed and compared with the 
new experimental data in the final paragraph of this 


paper. 


3. EXPERIMENTAL SETUP AND PROCEDURE 


Let I'(p)dp be the probability that a positron anni- 
hilates with an electron via two photons having total 
momentum between p and p+dp in the laboratory 
system of coordinates. This momentum p is then di- 
rectly related to the angle of emission between the two 
photons. Two kinds of angular correlation setups have 
been described in the past to obtain a measure of I'(p). 
In the setup as used by DeBenedetti e¢ al.,! two parallel 
slits are used as collimators in front of the photon 
counters; the angular distribution thus measured is 


F=f f T'(pe,py,mcb)dpAp,, 


where the integration is in rectangular coordinates 
(x, y, 2). A is a normalization constant. 

More recently a cylindrical geometry has been used 
independently by Millett* and Hannah.’ One collimator 
defines a narrow cone originating at the sample, while 
the other defines a thin conical shell between @ and 
6+4é6 coaxial with the cone defined by the first. Thus 
the angular distribution obtained by varying the aper- 
ture of the second collimator measures 


Cs) Qe 
G,(0)=B f f '(pesP opmcB)d pad o 
—o” 0 


in a cylindrical system of coordinates (x, ¢, 7). 

Despite some advantages of the cylindrical setup as 
outlined by Millett, we decided to use the parallel slit 
system for the following reasons: (a) We wanted to 
have an automatic setup in order to be able to take 
data over long periods of time; the parallel slit can be 
moved on an arm, thereby changing 6 without dis- 
. turbing the angular resolution, instead of having to 
insert a new conical collimator for each angle. (6) When 


8 W. E. Millett and R. Castillo-Bahena, Phys. Rev. 108, 257 
(1957). 
9S. S. Hannah and R. S. Preston, Phys. Rev. 109, 716 (1958). 
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oriented single crystals are used and the momentum 
distribution is not isotropic, a plane geometry that 
conforms to the crystalographic planes is easier to 
interpret than a cylindrical geometry. 

The experimental setup was very similar to that 
described by Lang.’ It consisted of a positron source 
shielded by lead, a target holder, a stationary and a 
moving counter and the associated collimators. The 
positron source was 4-5 mC of Na® deposited in a 
stainless steel cup and covered with a thin Mylar 
window. The steel cup was inserted in the face of a 
lead brick that served as a source holder and shield. 
The target holder consisted of a precision turret which 
could hold four different metal samples that could be 
rotated, one at a time, with their flat faces parallel to 
the Mylar window of the source. This setup allowed one 
to change to various crystalline faces without removing 
the Na” source. The turret was mounted on a microm- 
eter screw used to adjust with precision the distance 
between the source and the sample. All metal samples 
were 0.5-inch diam cylinders. The single-crystal 
samples were grown for us by the Virginia Institute for 
Scientific Research, Richmond, Virginia, and were 
oriented within +0.5° with their crystallographic axis 
parallel to the axis of the cylinders. This orientation 
and also the condition of the surface was reached by 
standard x-ray techniques. 

The scintillation detectors consisted of 1X 1515 cm 
slabs of NE102 plastic scintillator mounted on Lucite 
light pipes. The light pipe was designed to couple effic- 
iently to the 1.5-inch diam circular face of the photo- 
multiplier tube (RCA 6342), operated at 1250 volts. The 
two counter assemblies rested on two horizontal steel 
arms pivoted under the sample. The slits in front of the 
counters had machined lead faces and subtended an 
adjustable angle A@ to the sample. In the measurements 
on Al we used an angle of 0.56 milliradian; for the Cu 
curve 1.1 milliradians was used. 

The electronics consisted of a standard coincidence 
setup having 10~7 sec resolving time. Much care was 
taken to use ultrastabilized components in view of the 
long time that was necessary to accumulate counts. The 
whole apparatus was made fully automatic, the moving 
arm being mounted in a carriage moved by a precision 
screw driven by a motor; this was activated at the end 
of each preset count cycle. The stops of the carriage 
could be adjusted to every half or every full milli- 
radian. The whole range of the angular distribution 
curve was adjustable by properly spaced reversing 
microswitches. The data were printed in terms of elapsed 
time, thus furnishing counting rate vs angle with points 
having constant preset statistics. 

The various factors that enter the geometrical reso- 
lution have been discussed at length by Lang.’ With 
the large scintillators used, the vertical resolution could 


LL. G. Lang, Ph.D. dissertation, Carnegie Institute of Tech- 
nology, 1956 (unpublished). 
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be made much larger than the widths of the distribution 
curves measured, thus justifying the integration of 
I'(p) from — © to + © along the vertical direction. The 
angular resolution curve in the horizontal direction 
could be approximated by a triangle of base twice the 
width of the individual slits. Data were taken at stops 
of 400-1000 counts at each point, recycling several 
times over the preset range, and averaging the results. 
Counting rates as high as 100 counts a minute could be 
obtained at 0° with the 1.1-milliradian resolution. The 
background, measured by moving the arm to 30 milli- 
radians, did not exceed in any of the runs one percent 
of the counting rate at 0°. The measured angular dis- 
tribution curves will be presented in Sec. 5 together 
with the theoretical results. 


4. CALCULATIONS 
4.1 Calculation of the Positron Wave Function 


The ground state of the positron will be at the bottom 
of a 1s band, k=0. Thermal excitation is irrelevant. The 
Wigner-Seitz method was used to calculate this wave 
function, ¥,(r). Inside the cell centered at the origin, 
¥,=R,(r)/r and R, satisfies" 


R,”+(E+2V (r)]R,=0. 


V(r) was taken to be the potential of the positive ion 
Cut or Al**,? together with the potential due to a 
uniform charge distribution of one or three electrons 
per atom. The radial wave equation was integrated out 
from the origin in the usual way" and E was chosen to 
fit the boundary condition (R,/r)’=0 at r=r,, the 
radius of the Wigner-Seitz sphere: 2.67 atomic units in 
Cu and 2.98 atomic units in Al. The eigenvalues found 
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Fic. 1. The normalized positron wave function y, and the 
normalized radial wave functions for the M shell of Cu. 


1 Atomic units (a.u.) are used except that EZ is measured in 
rydbergs. Note that, in a.u., m=e=h=1 and c=137. 

2 For Cut with exchange this is given by D. R. Hartree and 
W. Hartree, Proc. Roy. Soc. (London) A157, 490 (1936); without 
exchange it is given by D. R. Hartree, Proc. Roy. Soc. (London) 
A141, 282 (1933). For Al** with exchange it was computed from 
the tables of C. Froese, Proc. Cambridge Phil. Soc. 53, 206 (1957). 

13D. R. Hartree, Numerical Analysis (Clarendon Press, Oxford, 
1952), Sec. 7.2. 


POSITRON WAVE FUNCTION IN ALUMINUM 
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Fic. 2. The normalized positron wave function ¥, and the 
normalized radial wave functions for the L shell of Al. 


were +0.395 ry and +0.515 ry in Cu with and without 
exchange, respectively and +0.355 ry in Al. 10~, with 
exchange is plotted for Cu, Fig. 1, and for Al, Fig. 2. 
¥, without exchange was originally worked out for Cu 
by Garofalo“ and is not very different from ~, with 
exchange. y, has been normalized to 1 in a single cell. 


4.2 Calculation of the Momentum Distribution 
of the Ions 


The wave functions for the core electrons in Cut and 
Al** are given by Hartree and Hartree and Froese. The 
radial functions R(r) for the M shell of copper (with 
exchange) and the L shell of aluminum are plotted in 
Figs. 1 and 2, respectively. These radial functions are 
normalized so that /o* R’dr=1. If we neglect overlap 
of wave functions on different atoms, the positron- 
electron momentum distribution corresponding to the 
2(2/+-1)N core functions of angular momentum / on 
the NV atoms of the crystal is 


9 


i 2 
pi(p)=2N 2 | elias iaainieaitiiael , (A) 


m=—l | / crystal 


where 


21+1 (l—m)!\3 
4x — 


1 1 | 
-RiY,"= -RiPines( 
r 


r 


is a normalized core electron wave function and V-'y,. 
is the normalized positron wave function. The integrand 
of the above integral is very small outside the central 
cell and inside y= R,/r is spherically symmetrical. For 
the small contribution to the integral outside the cell 
we have replaced ¥, by its spherically symmetrical 
average, ¥,, computed from the Fourier series for yy 
(see Sec. 4.3). It may seem inconsistent to use the 
atomic wave functions as if there were no overlap and 
then bother about the contribution to the momentum 


144A, M. Garofalo, Ph.D. dissertation, University of Virginia, 
1957 (unpublished). See also reference 5. 
18 See papers under reference 12. 
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distribution where the atomic functions do overlap. 
Even if there is overlap the expression A can be justified, 
however, by the use of the tight-binding approximation 
provided the normalization overlap integrals are 
neglected (see 4.3). The expression A with y, replaced by 
y, can easily be summed over m and integrated over ¢ 
and @. The result is 


9 
2 


x i 
ni(p)=4ex20214-1)| f aki) Jus(orar| 
0 2pr 


This integral has been evaluated numerically for the 
various / of the M shell for Cu and the L shell for Al. 
The inner shells produce effectively no contribution 
because of the small electron-positron overlap for them. 
The results are shown in Figs. 3 and 4. In Fig. 3 for Cu 
the psa calculated from the positron wave function 
without exchange and the 3d wave function without 
exchange is shown (p3a’). The reason for the large 
difference between p34 and p3q’ is largely due to the fact 
that the 3d function without exchange extends farther 
than the 3d with exchange. This is not compensated by 
the fact that the positron with exchange enters deeper 
into the core. We have not bothered to show p3,’ and 
psp, the momentum distribution, of the 3s and 3p 
electrons without exchange; they do not differ from p3;, 
and p3, by more than 10%. 


4.3 Calculation of the Momentum Distribution 
for Bloch Functions 


The momentum distribution due to annihilation with 
a doubly occupied Bloch function e***tw,(r)N~}, where 
% is normalized to 1 inside a cell, is 


9 


| 2 
px(p)=2| f N-Ke*®*u,N-hp ye? tr} 
crystal 


If we imagine that the quantization of the radiation 
field is made in a box much larger than the size of the 
crystal, p will be effectively a continuous variable 
compared to the variable k that can only take on 
discrete values. This integral is very nearly zero unless 
k—p is a reciprocal lattice vector of the crystal. We can 
evaluate the integral in the usual way: m and y, are 
periodic with the periods +, the lattice vectors of the 
crystal ; therefore 


71 
ps(o)=2|(— r expli(k—p)-+]) 
N rcrystal 


ae 
x f cP) tywidr| . 
| 


cell | 


The sum over ¢ can be easily performed and is indeed 
a function of p with strong maxima at the points k+e, 
where @ is an arbitrary reciprocal lattice vector. The 
value of the sum at its maxima is V and the width of a 
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maximum is of order V~!. The fine structure in p,(p) 
is unimportant and all we are interested in is the 
integral of p,(p) over a region containing one maximum, 
say the region round p=k+ea. After integrating the 
sum with respect to p, we find 


3 


(2n) 
J extorap=2——| 4400), 
NQ 


k+a 4v8 


A,(k)= 


exp(—ia-r)uy,y,dr 


cell 


and Q is the volume of a cell. This can be picturesquely 
described as follows: The momentum distribution of 
the photon pair coming from an annihilation of an 
electron in the state described by the wave vector k is 
a set of 6 functions situated at the points k+a with 
relative weights | A,!/?, i.e., 


(2x)? 
sia dar > | Aa(k) | *6[p— (k+e) ], 


where 6 is an approximation to the Dirac 6 function of 
width V~-!. To obtain the total momentum distribution 
of all the occupied Bloch functions, we must sum px(p) 
over the occupied states k: 


NQ 
 * px(p)= f ox()——ak, 
k (29) 
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Fic. 3. Momentum distributions of the wave function products 
for the M-shell electrons in Cu, pas, psp, and psa with exchange, 
psa’ without exchange. p34’ is the unmarked curve. 
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where the integral is taken inside the Fermi surface 
and the factor VQ/(27)* is the density of eigenstates, 
k, in the wave vector space. We find 


DY ox (p)=2|/Aa(p—a)|? or 0 
according as there is or is not a reciprocal lattice vector 
a that makes p—a lie inside the occupied region of the 
wave-vector space. 
Tightly Bound Electrons 


Let us apply this result to the Bloch tight-binding 
functions in which 


e* tu, (r).=>_, exp(ik- 2) o(r—*), 


where g(r) is a normalized atomic function and, in 
order that we should have the Bloch function correctly 
normalized, the overlap integrals have the property 


f ee(r—aarcct, 20. 
It is readily verified that for this Bloch function 
Aa(k)= f expl —i(a+k)-r]yo(ny,(r)dr. 
space 


If we have a full zone, then it will always be possible 
to find an @ such that p—e is inside the occupied region 
and we return to our formula in Sec. 4.2: 


pe(P)=2|Ae(p—a) *=| f e-'*“o(n4 (1). ; 


Nearly Free Electrons 


As another interesting example let us calculate what 
the momentum distribution should look like for elec- 
trons that are close to a zone face. This should presum- 
ably be important for the hexagonal face of copper'® 
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Fic. 4. Momentum distributions of the wave-function products 
for the L-shell electrons in Al. 


16H. Jones, Proc. Phys. Soc. (London) A68, 1191 (1955). A. B. 
Pippard, Trans. Roy. Soc. (London) A250, 325 (1957). 
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Fic. 5. Angular distribution near a zone face (a/2) computed 
in the “nearly free electron” approximation. The energy gap is 
4|Vq| ry. Fermi surface at zone face. 


and of course occurs in aluminum. To get a rough idea 
of the magnitude of the effect, we use the nearly free 
electron approximation.” When k is near the zone face 
defined by the plane k-a=a?/2, the Bloch wave function 
is 


e**-* Bo(k) + B.(k) exp(—ia-r)], 


where By and B, are determined by the secular equation 


2V_. on 
=(0 
(k—a@)*+2Vo— EJLBa(k) 


The energy gap between the two bands given by this 
equation is 4|V.| ry at the zone face. If we define x 
by the equation 


rs 
2Va 


(a—k)-a=2|V,|x, 


so that x is proportional to the distance of k from the 
zone face, then 


“he ape 
| Be#(k) |?) Loedx(1+22)] 


The upper and lower signs refer to the upper and lower 
bands, respectively. If we assume that the positron 
wave function is a constant, | Bo|* and | B,|? will give 
the momentum. distributions of the photon pair pro- 
duced on annihilation. The distributions when (a) the 
lower band is filled up to the zone face, (6) the lower 
band is not quite filled, and (c) there is overflow into 
the upper band are shown in Figs. 5, 6, and 7, respec- 
tively. In the examples (b) and (c) the wave vector 
corresponding to the Fermi surface was taken as 
ta—|Va|/a. It will be observed that when the Fermi 
surface is bigger than 4|V,|/a away from the zone 
face, the momentum distribution is within 5% of its 
constant free electron value. Furthermore an insulator 
should show no sharp breaks in its momentum dis- 
tribution. 


17N. F. Mott and H. Jones, Properties of Metals and Alloys 
(Clarendon Press, Oxford, 1936), p. 61. 





S. BERKO AND J. S. 





a4 


b) LOWER BAND NOT QUITE FILLED 








| 


2 


2 





MOMENTUM ———>— 


Fic. 6. Angular distribution near a zone face (2/2) computed 
in the “nearly free electron” approximation. The energy gap is 
4|V.| ry. Fermi surface below zone face. 


Wigner-Seitz Electrons 


Since the correct uo{r) is known by a Wigner-Seitz 
calculation, it is possible to see what the momentum 
distribution is for annihilation with the valence elec- 
trons near k=0. The momentum distribution at the 
point p=a is : 


2| A ,(0)|*=2| cP ugh. dr) . 


|™ cell | 


Some caution must be exercised in evaluating this 
integral. It is quite incorrect to replace the region of 
integration by the Wigner-Seitz sphere. We write 


f ce ip- Tu dr 
cell 


‘S 


cell 


cP (up, — uo py’ )dr+uo'p,'% », 0, 


where “o'f’ is just the value of ua, at the Wigner-Seitz 
radius. The integrand of the integral on the right is now 
zero and has a zero derivative at the Wigner-Seitz 
radius and we replace the region of integration by a 
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Fic. 7. Angular distribution near a zone face (2/2) computed in 
the “nearly free electron” approximation. The energy gap is 
4|Va| ry. Fermi surface above zone face. 
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sphere in ¢his integral. The values of A.(0) computed 
in this way for Cu are shown in Table I for the first 
four shells of @’s surrounding a=90. It is seen that the 
momentum distribution due to the electrons near k=0 
is almost all concentrated at p=0. In fact the proportion 
of the momentum outside the Fermi surface to the 
whole distribution (for k=0 electrons) is 


¥ |Aal?/E, | Aa|2=0.193/1.101 =0.175. 


a0 a 


If all the copper valence electrons behaved in this way 
they would give rise to a momentum distribution 18% 
of which would be outside the Fermi surface. The 
angular distribution computed as though |Aq(k)|? 
=|A,(0)|? for all electrons in the Fermi surface is 
shown for various orientations in Fig. 8. For the method 
of computation see Sec. 5. Part of the high momentum 
distribution of this figure can be attributed to the 
“excluded volume effect.” The fact that along the [110] 
direction this distribution shows a secondary maximum 
can be used to check independently by experiment the 
assumption that the large momenta in copper are due 
entirely to this effect. The area under this distribution 


TABLE I. Table of Fourier components. (2‘ means the sum- 
mation over the first four shells of @’s surrounding a=0.) 








(2x/a)@ [000]} (111) [200] [220] [311] 2 2! Ba!? 
Aq(0) 0.953 —0.127 —0.087 —0.009 +0.006 
Ba* 0.1086 —0.0077 —0.0055 —0.0010 —0.0001 
B.-(0) 0.0983 —0.0140 —0.0110 —0.0041 —0.0019 
Aq(0) 0.953 —0.128 —0.088 


0.0915 —0.0164 —0.0105 





0.994 
0.976 


+0.0039 0.925 


is in itself of course much too small to explain the 
experimental copper curve. Of course electrons near a 
zone face must be expected to give a bigger contribution 
outside the Fermi surface, as we saw in the free electron 
approximation. This 18% figure is therefore presumably 
an underestimate. 

It is interesting to inquire into the relative importance 
of the electron and the positron in producing these high 
momenta. In the same Table I we show the Fourier 
components of the positron and electron (upper and 
lower signs, respectively) : 


Bio f exp(—ia-r)~ dr. 
ll 


ce 


We can check these integrals since we must have 
Q>°>|B.|?=1 by Parseval’s theorem. Similarly we 
should have Ag=2 >a Ba'+Ba—a’~. The sum on the 
right, called A,, is also shown in the table. All these 
checks are adequately satisfied. The answer to our 
question seems to be that the electron plays a bigger 
role than the positron (by a factor of four) ; in fact, 


QE |B.t|?=0.059, &¥ |B.-|2=0.230. 
axd ax 
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Fic. 8. Calculated angular distribution from annihilation with the 4s electrons in Cu for various orientations and also for a polycrystal. 


DeBenedetti ef al. and Ferrell have proposed that the 
momentum components might be entirely due to the 
positron with a plane-wave electron. They used a 
positron wave function that was zero inside some 
radius ro and was a constant everywhere else. In the 
same table we show the Fourier coefficients, B,”, of 
this function normalized to 1 in the unit cell and with 
r-=1.85 atomic units (Ferrell’s value for Cu). It is 
seen that this positron wave function gives bigger 
Fourier components than the 4s electron. It is clearly 
a much better approximation to imagine the positron 
wave function to be a constant. It is to be noticed that 
Ferrell thought that this positron wave function would 
explain the observed high-momentum components in 
Cu. However, this is not so because 


Q, 


Liar 08 
not (1—2@,/2)/(1—2./Q) as stated by Ferrell [Eq. 
(26) }. Here Q.=4ar3/3. 

We have not thought that it was worth while to do 
similar calculations for Al because of the limited number 
of valence electrons near k=0. 

It is a very obvious fact, but is perhaps worth 
pointing out, that 

2 


[Aa(K)|2=| f exp(—ia-t)aiadr| <1, 


by Schwartz’s inequality. As we have seen, this upper 
limit on the momentum distribution for any electrons 


is very nearly attained (within 9%) by the valence 
electrons near k=0 for the momentum p=0. 


5. RESULTS AND DISCUSSION 


The momentum distribution of the electron-positron 
product wave function that we have worked out in the 
preceding sections gives directly the annihilation rate 
of the particular electron considered. In fact, if the 
normalized electron (doubly occupied) and positron 
wave functions are y,; and y,, then the annihilation 
rate into the momentum region dp centered at p, is 

a’ | \2 a® 
ra(pddp=— | f vslns (ne "dr| dp=—palp)ap, 
4x? | 8x 
where a is the fine structure constant and the rate is in 
atomic units (the atomic unit of time is 2.4210- 
sec). The annihilation rate into any momentum is 


ae 
rea fos(n)dp=2netf \vl*| vr. 


Now the angular distribution measures, as outlined in 
Sec. 3, the rate of annihilation F,(@)dé (the actual 
measured distribution is of course an arbitrary counting 
rate) into the momentum region between the planes 
defined by p.=o@ and £,+dp,=c(0+d6), i.e., 


F)=E 0 f [PentncO\apadpy 


Clearly [;= /F,.d@ is the total annihilation rate for 
the wave function y. 
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Fic. 9. Calculated angular distribution in Cu. Lower curve for 
the M-shell electrons (with exchange); upper curve for the 4s 
electrons. 


This integration has been carried out numerically for 
the '(p) as computed in Sec. 4. The final results have 
been plotted in units of sec~ per milliradian in Figs. 9 
and 10. It is evident that twice the area under the 
curves (for @ and —@) is directly the predicted anni- 
hilation rate in sec. These curves are in reasonable 
agreement with experiment, as will be shown later. It 
is to be emphasized that no adjustable parameter has 
been introduced in the computations. The calculations 
show therefore that annihilation does occur with the 
outer shell of the metal ion (the M shell of Cu and the 
L shell of aluminum) and that this annihilation is 
mainly responsible for the very broad part of the an- 
gular distributions. Superimposed on this broad dis- 
tribution is the parabolic distribution due to annihila- 
tion with the valence electrons which is very prominent 
in aluminum and less significant in copper. At this 
point it is worth while checking the annihilation rates 
predicted from the area of the distribution curves. The 
introduction of large correlations between positrons and 
electrons was done’ because of the discrepancy of the 
measured rate and those computed by assuming con- 
stant positron wave functions and annihilation with n 
free electrons per atom. This rate is given by 


ron/Q, 


where 0 is the atomic volume, and a is the fine structure 
constant. For Al this rate is 0.1410" sec; for Cu it 
is 0.063 X10" sec. The calculated area for the L shell 
in Al is small compared with the area of the parabola, 
but for Cu the area for the M shell is about four times 
the area of the parabola; this makes our computed 
total annihilation rate for Cu about 0.310" sec". 
The experimental values for the annihilation rates are 
(1.00.5) 10" sec (Bell and Graham)"* and (0.37 
+0.04) X10 sec“! (Gerholm") for any metal. Nothing 
very conclusive can be said about the agreement 
between these calculated and experimental rates. It is 


18 R. E. Bell and R. L. Graham, Phys. Rev. 90, 644 (1953), 
1” T. R. Gerholm, Arkiv Fysik 10, 523 (1956). 
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evident that more precise expertmental values are 
needed. It does seem clear, however, that the enhance- 
ment of the valence electron rate in copper by a factor 
23, as calculated by Daniel and Friedel,’ is too high. 
Furthermore, there must be the same order-of-mag- 
nitude correlation between the positron and the valence 
electrons and the positron and the M(Cu) and L(Al) 
electrons; otherwise the shapes of the angular distri- 
butions will be destroyed. 

Our.conclusion that electron-positron correlation 
must be very small in copper is entirely dependent on 
attributing most of the annihilation to the M-shell 
electrons. If an explanation of the broad angular dis- 
tribution could be found in terms of annihilation with 
the valence electrons only, and if, in addition, it could 
be shown that we have tremendously overestimated 
annihilation with the M shell (for example because we 
took the free-ion 3d wave functions), then it would be 
necessary to introduce a large correlation. 

This hypothesis is, however, untenable. The high- 
momentum components due to annihilation with the 4s 
electron (present due to the nonconstancy of the 
positron wave function or to the 4s electron not being 
a plane wave) can only lie inside the Fermi surface or 
inside translations of the Fermi surface by reciprocal 
lattice vectors (that the possible momenta of a wave 
function in a periodic potential must differ by reciprocal 
lattice vectors is a statement of Bloch’s theorem). This 
means that the only “occupied” regions of momentum 
space are a set of nonoverlapping spheres (roughly) of 
radius (5.25X10-* mc) that are centered at reciprocal 
lattice points. Now if the copper crystal is oriented so 
that the [110] component of the momentum is meas- 
ured, then out to (5.2510 mc) we cut through one 
set of spheres, and from (4.25 10-* mc) to (14.75 10-* 
mc) we cut through another set, and so on. With the 
[110] orientation we should therefore see a minimum 
in the angular distribution at about 5 milliradians and 
a maximum at about 9 milliradians. Furthermore these 
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Fic. 10, Calculated angular distribution in Al. Lower curve for 
the L-shell electrons (with exchange), upper curve for the three 
valence electrons. 





CORRELATION OF 


ANNIHILATION 


RADIATION 





Fic. 11. Experimental 
angular distributions in Cu 
oriented along the [111], 
[110], and #100} direc- 
tions. The experimental 
points are included only for 


the [100] curve. 
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maxima and minima should shift with crystal orienta- 
tion (the maxima are farthest apart with the [110] 
direction and so should be easiest to detect in that 
direction, e.g., they are only 4 milliradians apart in the 


[111] direction). See also Sec. 4.3 and Fig. 8. 

We have measured the angular distribution from the 
[111], [100], and [110] in copper out to 25 milli- 
radians. The distributions obtained are plotted in Fig. 


ig 20 
11. It is evident that within approximately 5% the 
angular distributions are the same and that no large 
secondary maximum is observed around 9 milliradians 
for the [110] direction. These results rule out the 
excluded volume effect on purely experimental grounds. 
The difference between the [110] and the [100] curves 
does seem to indicate a slight hump at these angles; 
this effect, if real, would be the reflection of the small 
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Fic. 12. Angular distribution for aluminum. The points are the experimental points for the [111] direction in 
aluminum, and the solid curve is the theoretical curve of Fig. 10 normalized to the experimental counting rate at 0°. 
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Fic. 13. Experi- 
mental angular dis- 
tribution in Al ori- 
ented along the [111] 
direction [momenta 
perpendicular to the 
(111) plane]. The 
solid curve is a parab- 
ola fitted to the ex- 
perimental points as 
described in the text. 
The boundary of the 
Brillouin zone is in- 
dicated. 
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tails as computed in Sec. 4.3 superimposed on an 
isotropic distribution due to the M-shell electrons. A 
comparison between any of the three curves on Fig. 11 
and the theoretical curve for Cu of Fig. 9 shows that 
the theory overestimates the M-shell contribution. A 
doubling of the theoretical parabola contribution would 
give a good fit to the experimental data. This effect 
could be then attributed to a somewhat stronger corre- 
lation with the valence electrons than with the M 
electrons. A slight change in the computed positron 
wave function would, however, easily introduce the 
same desired effect; we have seen how sensitive the 
momentum distribution is to the shape of the positron 
wave function in Sec. 4. (Compare psa with p3q’ in 
Fig 3.) Such a change in the positron wave function 
could result, for example, from a cellular computation 
instead of the Wigner-Seitz method used in this paper. 

In Fig. 12 we plot the measured angular distribution 
of aluminum (the [111] direction) and compare it to 
the theoretical curve of Fig. 10 normalized to the 
experimental counting rate at 0° (in arbitrary units). 
The agreement between theory and experiment as 
regards the shape and magnitude of the high-momen- 
tum component in Al is excellent. The experimental 
points were taken with a 0.56-milliradian slit opening 
at intervals of 0.5 milliradian. 

Finally it may be asked whether deviations of the 
Fermi surface from a sphere can be detected by vari- 
ations of the position of the cutoff in the angular dis- 
tribution corresponding to measuring a component of 
momentum in different directions. Also the exact shape 
of the distribution would reflect such an anisotropy. 
This is clearly very difficult in the case of copper or any 
other metal that exhibits a strong high-momentum dis- 
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tribution. We have concentrated therefore to measure 
more precisely the shape of the Al distribution, where 
the tail has but a small effect on the central “parabola’’. 
The question was: how will the experimental points fit 
a parabola and to what extent are there deviations 
along different orientations? In Figs. 13 and 14 we 
have plotted the distributions obtained from —7 to +7 
mrad in steps of 0.5 mrad for the [111] and [100] 
directions. It can be easily shown that if one folds a 
parabola with a cutoff into a triangular resolution of 
base A, the resulting curve deviates from a parabola 
only within A/2 from the cutoff angle. We have per- 
formed a least-squares fit to the experimental points 
between —5 mrad and +5 mrad using the method of 
orthogonal polynomials.” The result of this computa- 
tion clearly indicated that the data can be fitted well 
(within the statistical variation of the individual points 
—one percent) by a parabola, after automatically 
obtaining the true zero of the distribution. These 
parabolas are also plotted on Figs. 13 and 14. Using the 
theoretical value of the contribution of the L shell 
distribution one obtains for the cutoff angles 6.88 mrad 
and 7.02 mrad for the [111] and [100] directions. 
These angles are to be compared with 6.767 mrad 
computed from the free electron model. Along the 
[100] direction the Fermi surface seems to be bulged 
out by about 4%. This result is in qualitative agreement 
with the conclusions of Heine” on the Fermi surface in 
Al. We estimate the precision of these experimental 
cutoffs to be about 1-2%. 

The arrows on the curves of Figs. 13 and 14 indicate 


*” R. T. Birge, Revs. Modern Phys. 19, 298 (1947). 
21 V, Heine, Proc. Roy. Soc. (London) A240, 340 (1957). 
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Fic. 14. Experi- 
mental angular dis- 
tribution in Al ori- 
ented along the [100] 
direction | momenta 
perpendicular to the 
(100) plane]. The 
solid curve is a parab- 
ola fitted to the ex- 
perimental points as 
described in the text. 
The boundary of the 
Brillouin zone is in- 
dicated. 
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the position of the Brillouin zone faces. There seems to 
be an indication that the experimental points deviate 
from the central parabola slightly along the [111] 
direction starting at the zone boundary, but this quali- 
tative deviation will have to be studied much more 
thoroughly with better angular resolution. 

That the combined momentum distribution of the 
two bands in aluminum is just the same as for free 
electrons, that nothing violent happens to the momen- 
tum distribution on going through a zone face, and 
that there is not a break in the angular distribution 
corresponding to the Fermi surface in the reduced zone 
scheme, may seem odd. We gave a rough explanation of 
these peculiarities in terms of the nearly free electron 
approximation in Sec. 4. We have also shown that the 
angular distribution will not have asharp cutoff at a zone 
face if the Fermi surface happens to coincide with a por- 
tion of the zone face. The momentum distribution 
extends beyond the zone face to a distance proportional 
to the enery gap in the zone face. This explains why 
insulators never have a sharp cutoff and should enable 
one to determine on which zone face there is overlap and 
on which there is contact if the angular resolution can 
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be made sufficiently small (probably better than 3 mrad 
for energy gaps of the order of 0.15 ry). 

In their paper on the importance of positron-electron 
correlation, Friedel and Daniel predict deviations from 
a parabola in the angular distribution near low mo- 
menta. In order to search for such a deviation, we have 
made a separate run in the region from —2.5 mrad to 
+2.5 mrad in Al, and have accumulated at each 0.5 
mrad 20000 counts. We found that within this pre- 
cision (0.7%) the experimental points fall on a parabola. 

Further measurements are in progress on oriented 
metal crystals, with improved resolution and higher 
counting rates due to a larger Na* source. It is obvious 
that hexagonal crystals have a greater promise to show 
anisotropies than the cubic metals discussed in this 
paper. In view of our discussion, however, it is evident 
that it will be hard to detect effects of the shape of the 
Fermi surface in metals that exhibit large momenta 
distributions due to annihilation with core electrons.” 
A paper describing measurements on oriented Mg will 
follow shortly. 

“This might be the reason for the negative results presented 


recently by Lang on Cd crystals: L. G. Lang and N. C. Hien, 
Phys. Rev. 110, 1062 (1958). 
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Critical Field Measurements on Superconducting Lead Isotopes* 
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The measurement of the isotope effect upon the superconducting critical field of lead has been extended 
from T, to 1.28°K, and an accurate critical-field curve for lead is reported for this temperature range. The 
measured critical-field curve is expanded as a function of 7? and used in calculating the thermodynamic 
properties of lead. The values for the coefficient of the electronic specific heat in the normal state and for the 
latent heat of the superconducting transition are in good agreement with calorimetric measurements. The 
electronic specific heat in the superconducting state does not show an exponential 1/7 dependence but in- 
stead a close resemblance to a 7‘ dependence below 5°K. 

The temperature dependence of the critical field of lead, like that of most superconductors, is not para- 
bolic. However, the observed H, values lie above a parabola passing through Ho and 7, which is in the 
opposite direction from the deviations shown by all other superconductors for which precise data are avail- 
able. It is shown that an empirical correlation exists for superconductors between the deviation from para- 
bolic behavior and T./@, where @ is the Debye temperature at T=0°K. 

Measurements of the isotope effect upon the critical field below 7, show small differences in the coefficient 
of the normal electronic specific heat, y, between specimens but in general give support to the principle of 


similarity in lead to about the same precision as has been reported for other superconductors. 


1. INTRODUCTION 


HE results of measurements of the isotope effect 

in superconducting lead near 7, were reported 
in a previous article! (hereafter referred to as I) with 
the conclusion that the critical temperature of lead is 
dependent upon the average isotopic mass and is in 
good agreement with the equation 7,.M+=const as are 
the results from all other superconductors which have 
been measured.’ In addition to measurements in the 
vicinity of T., a preliminary study of the isotope effect 
as a function of temperature was made to test the 
validity of the similarity principle. The results at 
temperatures well below 7, were rather unexpected 
since they showed a large apparent deviation from 
similarity. The critical field curves for three Pb speci- 
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Fic. 1. Example of a magnetic transition in pure Pb specimen 
2J, showing a large hysteresis effect. The nearly vertical dashed 
line near the center of the loop shows the transition at the same 
temperature (1.40°K) for specimen 47 which showed little 
hysteresis. 

* This work has received partial support from the Office of 
Ordnance Research, U. S. Army. 

t Present address: Department of Physics, Brigham Young 
University, Provo, Utah. 

1 Hake, Mapother, and Decker, Phys. Rev. 112, 1522 (1958). 

2 E. Maxwell, Phys. Today 5, 14 (1952). Also B. Serin, Progress 
in Low-Temperature Physics, edited by C. J. Gorter (Interscience 
Publishers, Inc., New York, 1955) Vol. I, p. 142. 


mens of different average isotopic mass were observed 
to separate rapidly as the temperature was lowered 
below 7... 

The work to be described here is essentially a con- 
tinuation of the investigation whose initial phases were 
described in I. Some progress has been made toward a 
resolution of the anomalies which beset the low-tem- 
perature measurements in I and a rather precise deter- 
mination of the critical field curve for Pb has now been 
obtained. Data are presented which permit at least a 
preliminary assessment of the validity of the similarity 
principle for the isotope effect in Pb. 


2. EXPERIMENTAL 
Apparatus and Measuring Method 


The cryostat employed throughout this experiment 
is essentially the same apparatus described by Hake 
and Mapother.’ Modifications to this cryostat as well 
as a discussion of the solenoids which produced the 
magnetic fields, and the techniques of temperature 
measurement and control have been given in I. The 
measurement consists of an isothermal ballistic induc- 
tion method described in detail in a paper by Cochran, 
Mapother, and Mould,‘ to which the reader may refer 
for most of the experimental details. 

For any specimen of finite dimensions there is a finite 
interval of applied field within which the permeability 
change associated with the superconducting transition 
occurs. When measuring small shifts in H., it is neces- 
sary to adopt some criterion for fixing H, within this 
interval. Although the basic method used in the present 
work has been discussed,‘ a special complication arises 
in the application of this method to Pb. For reasons 
which are only partially understood at present, Pb 


~ §R. R. Hake and D. E. Mapother, J. Phys. Chem. Solids 1, 
199 (1956). 
4 Cochran, Mapother, and Mould, Phys. Rev. 103, 1657 (1956). 
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TABLE I, Properties of measured Pb specimens.* 


Specimen M L/d n 


138 207.811 =+-0.067 13.3 0.0130 
4F 207.271+0.002 22.8 0.0054 
702 206.884+0.011 12.4 0.0146 





*n is the demagnetizing factor for the specimen if it were an ellipsoid 
with the given length-to-diameter ratio, L/d. M is the average isotopic 
mass. 


specimens frequently exhibit a distinctive type of 
irreversibility which manifests itself as a magnetic 
hysteresis when transitions are measured by the present 
method. Since an investigation into the nature and 
causes of this hysteresis is currently in progress, we 
shall comment only upon the symptoms and their effects 
on the present measurements. 

A transition showing a pronounced hysteresis effect 
is pictured in Fig. 1. The distinguishing features are 
as follows: 


(a) The S-N (superconducting-normal) transition is 
usually broader than the ideal width determined from 
the specimen dimensions and the upper end of the 
transition bends over into an extended tail.® 

(b) The N-S transition is also broad and displaced 
well below the S-N transition. This type of V-S transi- 
tion is readily distinguished, (by the gradual change in 
ue) from a supercooled V-S transition which also occurs 
below H, (but which is quite abrupt). 

(c) A hysteresis loop may be traced by cycling the 
magnetic field when the specimen is in the intermediate 
state. 

(d) The S-N and N-S transitions are approximately 
equidistant above and below the reversible transition 
for a good Pb specimen measured at the same tem- 
perature. This observation suggests a means of correct- 
ing results of measurements on specimens showing 
hysteresis so as to agree with measurements on more 
ideal specimens. 


This hysteresis effect has a very pronounced tempera- 
ture dependence, the breadth of the hysteresis loop in- 
creasing rather rapidly as the temperature is reduced. 
This effect is the cause of the large apparent deviations 
from the similarity principle that were described in I 
since H, was determined from S-N transitions. The 
hysteresis always disappears as the measuring tempera- 
ture approaches 7, and thus it did not affect measure- 
ments near 7... 

Most of the hysteresis can be removed (from most 
specimens) by annealing at 260°C. Although some of 
the AEC specimens have retained their hysteretic be- 
havior even after the above annealing treatment, all 
of the pure natural Pb specimens respond to this treat- 
ment. No specimen has been prepared which is entirely 

5 Although readily detectable, this is often a rather small effect 
amounting to a width of 2 or 3 times that expected on the basis of 


specimen geometry. By usual standards the transition may look 
quite sharp. 
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free of hysteresis at the lowest temperatures of measure- 
ment, but the magnitude of the effect is greatly reduced. 
Figure 2 shows a small hysteresis loop in the best Pb 
specimen, 4F, which was entirely free of hysteresis 
above 3.8°K. It is to be noted that the hysteresis loop 
is observable only when the field is reduced with the 
specimen in the intermediate state. If the specimen 
makes a complete transition into the normal state, 
subsequent reduction of the applied field results in a 
supercooled transition which completely obscures the 
small hysteresis.6 The way in which we have corrected 
for this small residual hysteresis as illustrated in Fig. 2. 
The justification for this correction is largely intuitive 
and rests on the symmetrical disposition of the S-N 
and N-S transitions about H, which is observed in 
cases where the hysteresis is large. Fortunately the 
annealing treatment generally eliminates the hysteresis 
except at the highest values of H, but here the magni- 
tude of this correction exceeds the magnitude of the 
isotope shift. 


Specimens 


The specimens used in this work along with their 
isotopic mass analyses have been described in I. This 
same article discusses the chemical purity and prepara- 
tion of the individual specimens. There is little to be 
added except that a spectrographic analysis by the 
Detroit Testing Laboratories of sections from some of 
the ‘‘natural”’ lead specimens (e.g., specimen 4/) found 
less than 0.002% impurities. The isotope specimens, on 
loan from the Oak Ridge National Laboratory, may 
contain as much as 0.2 to 0.5% impurities but no ac- 
curate determination has been attempted to date. Some 
pertinent properties of the specimens included in the 
present discussion are listed in Table I. 

Specimens were annealed in vacuum at a temperature 
of 260°C for 8 hours-or more to eliminate hysteresis 


_ a = 


Fic, 2. Small hys- He 
teresis loop for a 

nearly ideal Pb speci- 
men which also 
shows supercooling 
when taken com- 
pletely normal. Tem- 
perature of measure- 
ment is 2.34°K. 6H 
gives the magnitude 
of the hysteresis cor- 
rection. Note the 
greatly expanded ab- 
scissa in comparison 
with Fig. 1. 
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6 As is apparent in Fig. 2, an S-N-S cycle which includes a 
supercooled transition also constitutes a type of hysteretic cycle. 
However, to avoid confusion in the present article we shall reserve 
the term, hysteresis, to describe permeability cycles in which the 
N-S transition does not show supercooling. 
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effects. It is interesting to remark that specimen 138 
showed substantial hysteresis after annealing for 21 
hours at 200°C. However, the annealing at 260°C re- 
duced the hysteresis to about as low a level as that 
shown by any other specimen. 


3. CRITICAL FIELD CURVE FOR 
SUPERCONDUCTING LEAD 


Experimental Results and Analysis 


Three different critical field determinations were 
made in the course of this work. The results of the first 
run were reported in the Proceedings of the Fifth Inter- 
national Low-Temperature Conference.’ Unfortunately 
these measurements were made before the nature of the 
hysteresis effects in the transition of lead was discovered. 
After investigation of the hysteresis effects, a second 
determination was made in the helium region using a 
simplified cryostat. The precision of temperature meas- 
urement on the second run was not as good as can be 
achieved with the more complex vacuum-jacketed cryo- 
stat! and so a third determination was made using the 
latter apparatus. The results discussed in this section 
were obtained on the third run. 

All measurements were made after the temperature 
had been stabilized for at least 15 minutes. Several 
readings were taken over a period of one to two hours 
before changing the temperature to another point. 
Measurements were made at 39 different temperature 
points between 1.28°K and 7.17°K. The order of the 
measured points was taken at random to eliminate 
systematic errors during the eight days of the run. 
Temperatures below the boiling point of helium were 
determined by measuring the helium vapor pressure 
while a carbon resistor served as a thermometer above 
this temperature. This resistor must be calibrated 
against the vapor pressure readings in the helium region 
and the calibration extrapolated into the region above 
4.4°K. 


(a) Temperature Calibration of the Carbon Resistor 


The carbon resistor was calibrated against the vapor 
pressure of liquid He using the 7s5z scale.* Standard 
manometric procedures were employed with corrections 
applied for thermal expansion of the mercury man- 
ometer, local gravitational constant, and hydrostatic 
head of liquid He. 

The two-parameter equation, first used by Clement,’ 
fits the carbon resistance data to within about 0.005°K 
in the helium region. However, the deviations of the 
measured points from this empirical equation are not 


7 Decker, Mapother, and Shaw, Proceedings of the Fifth Inter- 
national Conference on Low-Temperature Physics and Chemistry, 
Madison, Wisconsin, August, 1957 (University of Wisconsin 
Press, Madison, 1958). 

8 Clement, Logan, and Gaffney, Phys. Rev. 100, 743 (1955). 
See note added in proof. 

® Corak, Garfunkel, Satterthwaite, and Wexler, Phys. Rev. 98, 
1699 (1955). 
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random and suggest the introduction of another term 
with a third arbitrary parameter. 

In order to extrapolate the carbon resistance cali- 
bration above the helium region, several simultaneous 
measurements of the carbon resistance vs H, were 
made, where 1.9<H,.<40 gauss. From these data the 
value of the carbon resistance at 7,, i.e., H.=0, was 
determined. Combining this with the recent precise 
value of 7, for lead'® provides one more known set of 
Rand T. 

Several three-constant equations relating R and T 
were tried. They were forced to pass through the cor- 
rect resistance at 7, by weighting this point. The equa- 
tion which could be most readily forced to fit the data 
at T. and at the same time accurately fit the data below 
4.4°K was chosen. This equation is of the form 


logR\! , 4 
(=) =a log ++ ) ‘ 
T logR 


Solving for T gives 


A logR 


(1a) 


eT? 
—, (1b) 





T= he oer nell ale 
(logR—B)'—C_  logR(logR—B)?—C 


where «¢ is very small. Thus 7 is calculated from the 
first term and then substituted into the second to give 
a small correction. The rms deviation for the measured 
points in the helium region was +0.0014°K with A 
= 2.50983, B= 1.614587, C=0.049401, and e= 0.000243. 
The calculated temperature was 0.014°K low at T-.; 
thus an additional correction was made by drawing a 
smooth curve between the calibration in the helium 
region and T, on a difference plot. 

After analyzing the critical-field data, a discontinuity 
appeared between the points measured with liquid 
helium in the inner can and those measured above the 
helium region. The high-temperature portion of the 
curve was about 0.40 gauss above the low-temperature 
portion in the region of overlap. This discrepancy is 
thought to be due to the difference in thermal contact 
between the carbon resistor and its surroundings under 
the conditions of regulation prevailing above and below 
the normal boiling point. A difference of 0.4 gauss in 
H, corresponds to a difference of 0.003°K in tempera- 
ture at 4.2°K. Thus a final correction was made to the 
temperature extrapolation above 4.4°K by not joining 
it smoothly to the lower temperature calibration but 
rather by forcing it 0.003°K below the low-temperature 
calibration at the boiling point of helium. 


(0) Critical-Field Values for Lead 


The accuracy of the H, values is determined by the 
precision of the solenoid calibrations. These calibrations 
were made by nuclear resonance techniques accurate to 


( 1 W. B. Pearson and I. M. Templeton, Phys. Rev. 109, 1094 
1958). 
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Fic. 3. Comparison of the deviations from the parabolic 
law for several superconductors. 


+0.015%. Errors due to inhomogeneity in magnetic 
field were reduced to less than +0.002% by averaging 
the measured magnetic field over the volume occupied 
by the specimen. Other small corrections were applied 
to correct for the residual component of the earth’s 
magnetic field (largely canceled by a Helmholtz pair), 
the interference in field due to adjacent specimens (see 
discussion of FIE in I), and to compensate for small 
drifts in the solenoid current. 

The remaining uncertainty is in the determination of 
H,. from graphs of u, vs H. In the absence of hysteresis 
this can be done to a precision of about +0.02 gauss, 
but additional inaccuracies attend the hysteresis cor- 
rection so that at the lowest temperatures the precision 
in H, is probably no better than +0.25 gauss. 


(c) Critical-Field Curve for Lead 

Table II summarizes the corrected data and gives 
our estimate of the errors of measurement. The critical 
field of lead plotted against 7? shows a deviation from 
a parabolic dependence which is shown in Fig. 3 to- 
gether with the measurements of the nonparabolic 
shapes of the critical field curves for several other 
superconductors. The data for mercury in Fig. 3 are 
taken from Maxwell and Lutes’ measurements on a 
free rod of mercury." We have extrapolated those re- 
sults to Hp=408.8 gauss which is 1.9 gauss below the 
mean value reported by the authors (410.7+4.0 gauss). 
This causes the critical field curve for mercury to show 
a slight deviation from a parabolic shape in the same 
sense as lead. The uncertainty in the mercury measure- 
ment is probably too great to distinguish between this 


1 E, Maxwell and O. S. Lutes, Phys. Rev. 95, 333 (1954). 
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TABLE II. Critical-field data for lead specimen 4F. 





T (°K) 





He (gauss)* 
corrected 


Hysteresis 
correction> 
(gauss) 


Weight 





4.2456+0.0015 
5.4008 +0.0036 
6.5823+0.0056 
4.6853+0.0028 
5.7859+-0.0046 
7.0038+0.0054 
7.1257+0.0052 
7.1688+0.0053 
4.9987 +0.0029 
6.1878+0.0056 
7.0643 +0.0053 
3.8156+0.0009 
3.5642+0.0010 
3.0140+0.0007 
2.7307 +0.0016 
4.3996+0.0015 
4.1167+0.0014 
3.2671+0.0006 
2.4905+0.0006 
1.7643+0.0006 
3.9889 +0.0009 
3.4268+0.0017 
3.0934+0.0013 
2.2528+0.0008 
1.9486+0.0007 
1.5110+0.0014 
3.7211+0.0007 
2.9350+0.0005 
2.7888+0.0005 
2.6555+0.0007 
2.3452+0.0011 
1.7088+0.0007 
4.1609+0.0008 
1.2840+0.0023 


540.17+0.12 
365.58+0.03 
135.66+0.05 
479.37+0.03 
296.35+0.06 
40.79+0.07 
12.00+0.05 
1.94+0.02 
431.85+0.04 
218.45+0.04 
26.83+0.05 
593.05+0.03 
620.96+0.04 
674.81+0.06 
698.48+0.09 
519.58+0.01 
556.56+0.01 
651.28+0.06 
716.48+0.09 
760.03+0.15 
572.39+0.02 
635.27 +0.04 
667.47+0.09 
732.48+0.10 
750.59+0.15 
771.71+0.20 
603.75+0.04 
681.58+0.09 
693.71+0.07 
704.11+0.11 
726.51+0.08 
762.75+0.18 
551.08+0.04 
780.3320.25 


2.52 


0.07 
0.07 
0.02 
0.1 

0.03 
0.02 
0.01 
0.01 
0.01 
0.01 
0.02 
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® The error in H¢ is the rms error, but does not include the over-all un- 
certainty in field calibration (about +0.02%) which does not lead to 
random error. 

> This is the amount subtracted from the measured H- to get the cor- 
rected He. 


analysis or that of Maxwell and Lutes; however, this 
analysis appears to be slightly more consistent with the 
data. The uncertainties in the magnetic measurements 
on the other superconductors are about half that for 
mercury. These superconductors definitely show a 
deviation from the parabola in the opposite sense to 
that of lead. 

An analytic expression for the critical-field curve for 
lead was obtained by expanding H,, as a power series in 
T. The points were given the weights indicated in 
Table II. This weighting was determined from the over- 
all uncertainties in T and H, and the number of meas- 
urements at each point. An equation of the form 


N 
H.=Hot+X nT" (2) 


n=2 


does not give a very satisfactory fit to the data for 
N=3, 4, or 5. In each of these expansions a; is negative, 
which corresponds to a negative electronic specific heat 
in the superconducting state for small enough T as 
shown in the Appendix. For this reason a 7* term in 
the expansion of H, is not acceptable. An expansion in 
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even powers of 7, 


N 
H.=Hot+> @2n,1*", (3) 


n=] 


does not have this objection provided a4>—<a,?/2H. 
A least-squares fit to the data was made using a digital 
computor to determine the coefficients, den, for N= 2, 
3, 4, and 5. The coefficients in these expansions diminish 
very rapidly. The differences between the measured 
points and the empirical equations for N= 2, 3, and 4 
show definite systematic deviations (see Fig. 4). How- 
ever, the expansion for N=5 gives a very good fit to 
the data and the measured and calculated differences 
are reduced to random deviations within the accuracy 
of the experiment (see Fig. 5). 
The final analytical expression is 


H,= 802.53—13.3484T?—0.0971317*+-0.002175887° 
—0,0000319967*+0.000000194527". (4) 


The number of significant figures retained in the co- 
efficients of (4) is that necessary to calculate H, to 
within +0.01 gauss. The equation fits the experimental 
data with a maximum deviation of 0.16 gauss and an 
rms deviation of +0.08 gauss which is the order of 
magnitude of the experimental precision. From this 
equation H»o= 802.53 gauss and T,=7.1766°K. 

The measured values of H,? were also expanded in a 
power series of T*. This expansion gives 


H 2=644184—21500.377+ 35.8574T'+5.05647T* 
—0.06580477*+-0.000387239T™. (5) 


From this equation Ho= 802.61 gauss, in good agree- 
ment with (4). 

From all the methods of analyzing the data, including 
three other expansions which give a good fit to the data 
well within the accuracy of the experiment, we give the 
following values for the constants of the superconduct- 
ing critical field curve of lead. The error limits stated 
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Fic. 4. Deviations of experimentally observed critical field 
values from the least-squares fit to the expression H-=H)—AT? 
+BT*. Experimental points are indicated by the circles. The 
effect of adding higher powers of 7? to the expansion for H. is 
shown by the three curves. Each curve gives the deviation for a 
least-squares fit to a series expansion terminated at 72. 
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include the errors from all known sourees. 


Ho= 802.6+0.4 gauss, 
(dH ./dT) r=r,= —238.4+1.2 gauss/°K, (6) 
T.=7.175+0.005°K. 


This experiment does not determine 7, since the value 
measured by Pearson and Templeton” was entered 
into the temperature calibration as a known quantity. 
[The error limits on 7, in (6) are also theirs. ] 


(d) Thermodynamic Analysis 


From a Clausius-Clapyron type argument based on 
the critical field curve of a superconductor it may be 
shown” that 

—VT d(H) 
AS=S,—S,=—— ; (7) 
8r dT 


—VT d(H2) 
L=TAS=—— —— 
8x dT 
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Fic. 5. Deviations of observed H, values for Pb from Eq. (4). 
The error limits do not include the uncertainty in the absolute 
temperature in the region above the boiling point of liquid helium 


and 
—VT @(H2) 
AC=C,—C,= ESR ONE (9) 
8a dT? 


where the subscripts, s and , denote the superconduct- 
ing and normal states; S, the molar entropy; L, the 
latent heat of the transition; C, the molar specific heat ; 
and V, the molar volume. 

It is usually assumed (with some theoretical justifi- 
cation”) that the total specific heat may be expressed 
as the sum of a lattice contribution and an electronic 
contribution, and, further, that the lattice contribution 
is the same in both the superconducting and normal 
states. Accordingly AC may be regarded as the differ- 
ence between the electronic contributions to the specific 
heat in the superconducting and normal states. Denot- 


2D, Shoenberg, Superconductivity (Cambridge University 
Press, Cambridge, 1952), Chap. III. 
13 G. V. Chester, Phys. Rev. 104, 883 (1956). 
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ing these contributions by C,, and Cen, we have 


AC=Cun—Ca=yT—C,.(T) (10) 
upon inserting the Sommerfeld result, C.,n=yT. 

It was originally noted by Daunt and Mendelssohn“ 
that the expression for AC will be dominated by yT at 
sufficiently low temperatures if the C,, variation with 
temperature is more rapid than a linear dependence. 
On the basis of experimental work it appears that the 
latter requirement is amply fulfilled, and it is thus 
possible to determine y from the limiting value of 
d?(H2)/dT? at low values of the reduced temperature, 
t=T/T,., using Eq. (9). Having determined y, C,,(T) 
may be derived from Eq. (10). Considering all possible 
methods of analysis from the several expansions of the 


——_—,~——_,, 
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Fic. 6. Latent heat of the superconducting transition in Pb. 
Circles show the values reported in reference 17. 


data and all sources of error, this experiment yields'® 


y= 3.06+0.04 millijoules/mole-deg’, 
AC(T.) =0.0581+-0.0007 joule/mole-deg. 


The value of y for lead calculated from the low- 
temperature magnetic data of Daunt and Mendelssohn" 
is 2.95 millijoules/mole-deg*. Calorimetric measure- 
ments by Horowitz ef al.'® yielded y= 3.13 millijoules/ 
mole-deg? and the value of y reported by Dolecek!” in 
connection with measurements of the latent heat of 
the superconducting transition is 3.3 millijoules/mole- 
deg’. All of these values are in good agreement with (11) 
J. G. Daunt and K. Mendelssohn, Proc. Roy. Soc. (London) 
A160, 127 (1937), also Daunt, Horseman, and Mendelssohn, 
Phil. Mag. 27, 754 (1939). 

16 The value V=17.86 cc/mole for Pb was used in the calcula- 
tion. This value was obtained by making an approximate correc- 
tion to the room temperature molar volume to account for thermal 
expansion. 

( 16 Horowitz, Silvidi, Malaker, and Daunt, Phys. Rev. 88, 1182 
1952). 
17R. L, Dolecek, Phys. Rev. 94, 540 (1954). 
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Fic. 7. Electronic specific heat in the superconducting state 
(C,,) for several superconductors. The two curves for Pb marked 
(1) and (2) were calculated from Eqs. (4) and (5), respectively. 
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in that the y determined in this work lies well within 
the error limits of these previous determinations. 

The discontinuity in the specific heat at T, has been 
measured calorimetrically by Clement and Quinnell.'* 
They reported a value of 0.053+0.002 joule/mole deg 
which is considerably lower than the value in (11) 
calculated from this experiment. 

Calculation of the latent heat by Eq. (11) yields 
nearly identical values for both expansions (4) and (5) 
at all temperatures above 1.2°K. These results are 
shown in Fig. 6 along with Dolecek’s latent heat data.” 
Our results agree rather well with Dolecek’s measure- 
ments between 3 and 5°K but there is some disagree- 
ment both above and below this temperature region. 

The superconducting electronic specific heat calcu- 
lated from Eqs. (4) and (5) is plotted as Pb(2) and 
Pb(1) on a semilogarithmic graph of C,,/yT. versus 
T./T in Fig. 7. Below 2.4°K (T./T>3) the two ex- 
pansions give different values for C.,(7). Two causes 
contributing to this difference are (a) the small magni- 
tude of C,, in comparison with yT at these tempera- 
tures, and (b) the fact that the experimental data do 
not extend below 1.28°K, thus making the derivatives 
of the expansions for H, less reliable at lower tempera- 
tures. Instead of using an empirical expansion of the 
data to calculate the derivatives of H,, it is possible to 
find AH ./AT by point-to-point differences. This method 
also gives some idea of the scatter in the data. Calcu- 
lating AS in this manner (for 7<2.5°K) and subtract- 
ing it from y7 gives an idea of the accuracy in deter- 
mining y (i.e., for a value of y which is too small, 


18 J. R. Clement and E. H. Quinnell, Phys. Rev. 85, 502 (1951). 
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Fic. 8. Comparison between the function 1.635X10-*7* and 
C../yT- values deduced from the critical-field curve of Pb. Inset 
shows the deviation from a 7“ law. 


Ses=yI—AS goes negative at the lower temperatures, 
and if a large value is picked, S,, becomes linear with 
temperature). The limits on y thus imposed are in 
agreement with (11). Since yT is so much larger than 
C,, in this low-temperature region, the scatter in the 
data suggest an uncertainty in the quantity C,,(7) of 
about 50% at 2.5°K and 400% at 1.2°K. The most 
recent calorimetric measurements on other super- 
conductors are also plotted in Fig. 7 as well as the 
theoretical curve from the calculations of Bardeen, 
Cooper, and Schrieffer.” 

A plot of log(C../yT.) versus logT shows a remark- 
able resemblence to the function C,,/yT-= 1.635 
x 10-*T* for T<5°K. The comparison between 1.635 
X 10*T* and C,,/yT, for lead is given in Fig. 8. 


4. PRINCIPLE OF SIMILARITY 


Because of the complications of hysteresis (which 
could not be removed in some specimens) our best 
measurements were made using only specimens 702, 
138, and 4F. In considering the experimental validity 
of the similarity principle, only the most reliable ob- 
servations will be mentioned. 


Isotope Effect on the Critical Field of Lead 


Critical-field differences were determined by alter- 
nately measuring the critical fields of one of the isotope 
specimens and the standard specimen, 47, in rapid 
succession. After determining H, for each transition, 
critical-field differences were calculated by comparing 
each H, with the average of the preceding and following 
value of H, for the standard specimen. 


Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 
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Fic. 9. Critical-field differences between Pb specimens of dif- 
ferent isotopic mass. The reference line, AH.=0, corresponds to 
the corrected critical field of specimen 4F [i.e., the critical field 
represented by Eq. (4)]. The slanting lines show the differences 
expected on the basis of the similarity principle. Values of AH, 
near 7, obtained in I are shown by crosses. 


At the time of these measurements it was thought 
that a transition was reversible if it was near ideal 
sharpness and showed supercooling. All of the transi- 
tions from which the present results are obtained 
satisfied these conditions (except for specimen 702 
near T.). However, as discussed above, a hysteresis 
narrower than the amount of supercooling can only be 
detected by measuring the extent of reversibility of the 
flux changes in the intermediate state, and thus the 
criteria of sharpness and supercooling are insufficient 
to establish reversibility. Measurements of the hys- 
teresis in the intermediate state were made for speci- 
mens 138 and 4F in the final run and an approximate 
correction was possible in the case of these specimens. 
The values of AH, as measured and after being corrected 
for hysteresis are plotted in Fig. 9. The ordinate in 
Fig. 9 gives the difference between the H, value of a 
particular specimen and the corrected H, value of the 
standard specimen. Thus the points shown in Fig. 9 
for specimen 4F give the magnitude of the hysteresis 
correction which was applied to the H, data in deriving 
the critical-field curve described in the previous section. 
All of the specimens showed some hysteresis as evi- 
denced by the rapid rise in the uncorrected AH, points 
as Ho is approached. The measured values for specimen 
702 could not be corrected for hysteresis since the 
necessary intermediate-state measurements were not 
made for this specimen. After making the hysteresis 
correction the points for specimen 138 follow a reason- 
ably straight line, indicating a shift independent of 
temperature. Similar behavior has been reported in 
earlier measurements on Pb isotopes.” 

The data described in I are shown in Fig. 9 by the 
crosses near H,=0. The earlier data were in excellent 
agreement with the expected isotope effect, M'T, 


*” Serin, Reynolds, and Lohman, Phys. Rev. 86, 162 (1952). 
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=const. Although the points for specimen 138 agree 
well, the points for 702 are about 0.4 gauss higher than 
the earlier measurements. It seems probable that this 
difference is due to a broadening (by a factor of about 2) 
in the 702 transition which was observed in the last 
run in measurements near 7,. The width of the 702 
transitions in I was very close to the ideal value of 
nH, and thus those measurements are considered more 
reliable at this temperature. No explanation can be 
offered for this change in the behavior of a specimen 
with time, but the implication is clear that subtle 
agencies remain which have yet to succumb to our 
experimental control. 


Principle of Similarity 


The solid lines in Fig. 9 show the differences in H, 
to be expected between specimens on the basis of the 
similarity principle.”* In preparing Fig. 9, specimen 4F 
was chosen as the standard of comparison since from 
the standpoint of chemical purity as well as magnetic 
behavior it was the best specimen. However, it is 
possible to examine the validity of similarity for any 
two specimens and, indeed, the H, differences between 
specimens 138 and 702 are possibly nearer to similarity 
than their respective differences from specimen 4F. 
The dashed line shows where the results of AH (702) 
should lie if similarity held between the critical field 
curves of specimens 138 and 702. 

The magnitude of AH,(138) is consistently larger 
- than that predicted by the similarity principle. The 
difference between H,(138) and Hy(4F) is about 1.7 
times as large as one would expect for an M* depend- 
ence. At the larger values of H., where the hysteresis 
correction is of the same order of magnitude as AH, 
itself, such a discrepancy is not too conclusive, but, in 
the range 0<H,<550 gauss where AH,(138) is rather 
accurately known, there is definite evidence that the 
critical field curves of 138 and 4F are nonsimilar. 
(However, as discussed below, there is still doubt that 
this is solely due to the isotopic mass.) The uncorrected 
points for specimen 702 lie between the results expected 
on the basis of similarity between 702 vs 138 and 702 vs 
4F and, for the reasons mentioned previously, the ex- 
perimental uncertainty is somewhat greater. 


Sources of Error 


The estimated over-all uncertainty of each AH, is 
represented by the vertical lines through the points in 
Fig. 9. Corrections for inhomogeneity in the magnetic 
field and the field interference between specimens 
amount to as much as 8% of AH... However, these cor- 
rections can be determined accurately and do not in- 
crease the measured uncertainty in AH, more than 1%. 
The largest and most uncertain correction is that for 
irreversible transitions which, because of the small 


*1 Lock, Pippard, and Shoenberg, Proc. Cambridge Phil. Soc. 
47, 811 (1951). 
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amount of data available to determine the hysteresis 
width, is believed to be accurate only to within about 
15% of AH, at the lowest temperatures. 

Another factor which may influence the results on 
similarity is that of specimen purity. Lynton, Serin, 
and Zucker” have measured the effects of impurities in 
tin on . For tin, a change of 0.2% in y corresponds to 
an impurity concentration between 0.03 and 0.2% de- 
pending upon the nature of the impurity. In earlier 
work Serin, Reynolds, and Lohman” reported that Pb 
with 0.2% Sn added showed a 1.2 gauss increase in H, 
which was independent of temperature from 4.2 to 
1.6°K. Specimen 138 may contain as much as 0.5% 
impurities while specimen 702 may contain about 
0.2%. Thus the departure from similarity observed in 
Fig. 9 could be due to the impurities in the isotope 
specimens but it is difficult to reach any convincing 
conclusions on the basis of present information. 

The chemical impurities of the AEC specimens are at 
least an order of magnitude greater than for specimen 
4F. Thus a superficial consideration of the data of Fig. 9 
might attribute the slightly better “similarity” ex- 
hibited by 702 versus 138 to the fact that both are 
specimens from the same source and are displaced 
relative to the very pure 4F specimen by an impurity 
effect common to both. Unfortunately the chemical 
purity of the AEC specimens is not known at present. 
The only data on chemical purity available relates to 
the condition of the powdered oxide specimens as 
supplied by the AEC and thus cannot be regarded as 
representing much more than probable upper limits of 
impurity in the crystalline specimens on which the 
measurements were made. 


5. CONCLUSIONS 
Superconducting Critical Field Curve for Lead 


Prior to the present measurements on Pb, most 
superconductors (for which data of sufficient precision 
were available) showed a negative deviation from a 
parabolic temperature dependence (see Fig. 3). A 
similar behavior for H, vs T has been derived theo- 
retically by Bardeen, Cooper, and Schrieffer.’ The only 
exception to this rule was the case of mercury which 
was reported to be parabolic." The present results are 
interesting in showing a positive deviation from para- 
bolic behavior of nearly the same magnitude as the 
negative deviation of tin. A complete theory of super- 
conductivity should account for these differences. 

Corak and Satterthwaite* have remarked that the 
“anomalously” parabolic character of the H, curve for 
mercury may be related to its relatively low Debye 
characteristic temperature @. Extending this suggestion 
it appears that there is a rather good correlation be- 


( ae Serin, and Zucker, J. Phys. Chem. Solids 3, 165 
1957). 
( ose) S. Corak and C. B. Satterwaite, Phys. Rev. 102, 662 
1956). 
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Fic. 10. Empirical correlation among superconductors between 
T./@) and observed deviation from parabolic critical-field curve. 
The ordinate in this figure gives the maximum amplitude of 
deviation for each element when plotted as in Fig. 3. 


tween the quantity 7/6) (where 6, is the limiting value 
of Debye temperature as T— 0°K) and the observed 
deviation from parabolic temperature dependence. As a 
measure of deviation from parabolic behavior we have 
taken the maximum amplitude of deviation between 
experimental critical field curve and a parabola passing 
through Hy and 7, (in reduced coordinates as shown in 
Fig. 3). The values for several superconductors are 
plotted in Fig. 10 and a roughly linear relation between 
deviation and 7,/@) exists. Goodman™ has recently 
drawn attention to a qualitatively similar relation 
between 7/6 and the quantity »= H.*/8ry7T2, where 
7 is the coefficient of the normal electronic specific heat. 
The quantity 7 is interpreted as a measure of the limit- 
ing value (as T — 0°K) of the energy gap for the super- 
conducting state. 

The thermodynamic calculations based on our criti- 
cal field data appear to be in irreconcilable disagreement 
with the two-parameter exponential law of correspond- 
ing states, originally suggested on the basis of calori- 
metric measurements of C,, on vanadium and tin.” 
More recent calorimetric measurements on other super- 
conducting elements have also shown significant devia- 
tions from the old law and there now seems to be general 
agreement” that additional parameters will be necessary 
for a valid law of corresponding states. 

If AC is separable as specified by Eq. (10), it can be 
shown thermodynamically that the form of the tem- 
perature dependence of C,, is quite sensitive to the form 
of the parabolic deviation (Fig. 3). As shown by Corak 
and Satterthwaite,” the negative deviations of Sn and 
V conform with their exponential expressions for C., 
(except near 7.). (Their law of corresponding states 


* B. B. Goodman, Compt. rend. 246, 3031 (1958). 

26 Corak, Goodman, Satterthwaite, and Wexler, Phys. Rev. 102, 
656 (1956). 

26 Biondi, Forrester, Garfunkel, and Satterthwaite, Revs. 
Modern Phys. 30, 1109 (1958). We are indebted to the authors 
for supplying a copy of this work in advance of publication. 
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may be regarded as another way of stating the similarity 
of the parabolic deviations of Sn and V.) It has long 
been recognized that zero parabolic deviation gives a 
T* dependence of C,, and, as shown above, the positive 
deviation of Pb approximates a 7* dependence. It can 
also be shown that the more rapid T dependence per- 
sists to lower reduced temperature (7/7) as the para- 
bolic deviation becomes more positive. 

The accuracy of the present measurements appears 
sufficient to rule out an exponential C,, in the case of 
Pb for T greater than about 0.37. if the assumptions 
implied by the thermodynamic analysis are valid. At 
lower temperatures C,, becomes too small to permit the 
temperature dependence to be reliably determined. 
Thus these results do not rule out the ultimate emer- 
gence of the exponential dependence of C,, upon T at 
the lowest temperatures which is expected on the basis 
of the energy gap model.”* 

It is apparent that the reliability of our results rests 
in considerable measure upon the validity of our 
criterion for determining H, for a thermodynamically 
reversible transition. An experimental verification of 
reversibility can be accomplished in principle by a 
comparison of magnetic and calorimetric measurements 
and within the limitations of accuracy of existing calori- 
metric data such comparisons are reassuring. However, 
the significance of such comparisons is weakened by the 
circumstance that the experimental resolution of the 
magnetic measurements greatly exceeds the resolution 
possible in calorimetric techniques. For example, a 
value of y calculated from H, data uncorrected for 
hysteresis would still be in good agreement with the 
calorimetric data even though this means a change in 
H, many times the precision of the magnetic measure- 
ment. In the case of Pb (and other superconductors 
having low @ values), the achievement of a comparable 
precision in calorimetric measurements seems un- 
attainable at present since the electronic specific heats 
constitute such a small fraction of the total specific heat. 
In the absence of firm procedures for corroborating ‘the 
reversibility of the magnetically determined H, (espe- 
cially at the lowest temperatures), a certain amount of 
dead reckoning seems unavoidable and, in consequence, 
the high precision of the magnetic determinations them- 
selves may not be a completely reliable index of the 
accuracy of the thermodynamic quantities. These 
reservations apply mainly to data taken at tempera- 
tures below the appearance of hysteresis and thus would 
not significantly alter the character of the critical-field 
curve. 


Principle of Similarity in the Isotope Effect 


Taken at face value, the data of Fig. 9 show a devia- 
tion from similarity which is greater than the known 
experimental error. In assessing the significance of such 
deviations the criterion that H,/T.=a be independent 
of isotopic mass has sometimes been employed. With 
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TABLE III. Maximum variation of y and Ho/T. for 
isotopes of superconductors. 


Aymax A(Ho/Tc)max 


percent percent Source 


Element 


Lock, Pippard, and Shoenberg* 
Serin, Reynolds, and Nesbitt” 

Serin, Reynolds, and Lohman® 
Maxwell? 

Present work 





Sn 0.14 

Hg 0.5 vee 
Sn tee 0.4 

Sn 1.5 0.12 
Pb 0.3 0.10 


* See reference 21. 

> Serin, Reynolds, and Nesbitt, Phys. Rev. 84, 691 (1951). 
¢ See reference 20. 

4 E, Maxwell, Phys. Rev. 86, 235 (1952). 


the small range of mass available in the case of Pb, 
very little change in a is to be expected and, while it 
may be said of the present results that @ is constant to 
1 part in 10%, this is more a comment on the experi- 
mental accuracy than a statement of substantial physi- 
cal import. 

On physical grounds it is to be expected that the 
similarity principle might fail in the case of Pb owing 
to a small mass dependence of y.2” However, the devia- 
tions from similarity observed here, as evidence by the 
variation of y, do not support this. Although deviations 
in y of about 0.3% exist, a proper correlation with 
isotopic mass is lacking since both the AEC specimens 
have lower ¥ values than the pure natural specimen, 4F. 
On the basis of the present evidence we are inclined to 
attribute the observed deviations to an impurity effect 
since, as mentioned above, the impurity limits on the 
AEC specimens are greater than for specimen 47. The 
impurity question represents the major experimental 
uncertainty of these measurements so far as the simi- 
larity principle is concerned. 

There have been several measurements of the simi- 
larity principle in the isotope effect for different super- 
conductors with most authors concluding that the 
principle is valid. A comparison of the values obtained 
for the maximum variation of y or H)/T. is presented 
in Table III from which it may be seen that despite 
the small magnitude of the isotope effect in Pb, the 
present results “verify” the similarity principle with 
about the same precision as previous work. The experi- 
mental results seem unanimous in indicating that no 
large deviations from similarity occur (although large 
deviations were hardly to be expected). It seems clear 
that the present measurements involve enough un- 
certainty to preclude a rigorous test of the similarity 
principle, and uncertainties of equal or greater magni- 
tude exist in most of the previous work. Thus it is our 
opinion that there is enough latitude in the experi- 
mental error of work to date to conceal a possibly sig- 
nificant deviation from similarity. Further efforts will 
be made to improve the preparation of our specimens 
in the hope of removing some of the present uncertainty. 


27 G, V. Chester (private communication). 
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APPENDIX. ELECTRONIC SPECIFIC HEATS FROM 
POWER SERIES EXPANSIONS OF H.(T) 


We assume that H,(7) can be expanded in a power 
series of the form** 


HAT) = Ho— a2T?*+ 3T* + aT + ee (la) 


Squaring this expression gives 
H2= H?—2a2H T?+ 2a3H oT*+ (2a,Ho+a2*)T*+ ---. 
Differentiating H.? with respect to T twice, we get 


@(H2)/dT*= —4a2H+12a3H oT 
+12(2a,Ho+a2*)T*+ ---. 


AC, the difference between the electronic specific heats 
in the normal and superconducting states, is related to 
d(H?)/dT* through Eq. (9) ; therefore 


(8a 'V)AC= 4a.H )T— 12a;H oT? 


—12(2a,sHo+a.”)T*+---. (2a) 


But AC=yT—C,,(T). Therefore y= a2H)V/2x and 


Ce(T) = (3a3H)V/24)T? 

+3(2asHo+a2*)(V/2r)T*+---. (3a) 
Thus if a;<0, then C,,(T) will be negative for small 
enough 7. 

If the expansion in (1a) is terminated at the 7* term, 
then any critical field which deviates above the pa- 
rabola will have a;<0. As more terms are added to the 
expansion for lead, a3 as determined by least squares 
becomes less and less negative until, for the least- 
squares expansion terminating with 7*, one has a 
positive a3. 

Most measured critical-field curves deviate below a 
parabola. A power series expansion of these curves ter- 
minated at the third term will have a positive a3, but 


*8 The term linear in T must be excluded from the expansion 
(1a) so that AS, which by (7) is proportional to d(H2)/dT, goes 
to zero as T approaches zero, as required by the third law of 
thermodynamics, 
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this coefficient usually becomes negative if one more 
term is included in the expansion.".*° 

If the 7* term is excluded from the expansion of 
H.(a3=0) then C,,(7) will remain positive at the 
lowest temperatures provided a,>—a2°/2H». We con- 


2» A.D. Misener, Proc. Roy. Soc. (London) A174, 262 (1940). 
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clude that the term in 7* should not be used in the 
expansion of H,(T) and that a more desirable expan- 
sion than (1a) is of the form 


N 
H.(T) =Hy)+> don seat 


n=l 


(4a) 
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Effect of a Magnetic Field on Thermionic Emission from Molybdenum* 
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Department of Physics and Research Laboratory of Electronics, Massachusetts Institute of Technology, 
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An experiment that was performed to explore the possible effect of an external magnetic field on therm- 
ionic emission from a clean metal surface demonstrated that an applied field of 6000 gauss or less has no 
effect on the saturation current density. The purpose of this study was to resolve, if possible, the disagree- 
ment between the work of Shelton and that of Nottingham and Hutson on the energy distribution of therm- 


ionically emitted electrons. 


I. INTRODUCTION AND BACKGROUND 


ECENT studies of thermionic emission from pure 
monocrystalline metal surfaces suggested the pos- 
sibility that a magnetic field of a few thousand gauss 
applied normal to the surface might affect the satura- 
tion current density. An earlier study by Nottingham! 
of retarding potential plots on both pure and thoriated 
tungsten filaments had shown that the distribution of 
the emitted electrons was non-Maxwellian, and exhib- 
ited a marked deficiency in low-energy electrons. Not- 
tingham also found that the observed data were very 
well approximated if an internal reflection of these slow 
electrons from the metal surface was assumed. The 
reflection coefficient was given by 


R=e-Vom 


Here V is related to the energy associated with the 
surface-directed component of momentum in excess 
of that required to carry the electron to infinity at zero 
applied field, as given by eV = p*/2m. The fact that the 
empirical parameter 0.191 ev, as determined by experi- 
ments with thoriated filaments independently of their 
state of activation and also for tungsten filaments, 
suggested that the reflection was fundamental in nature. 

Hutson? found further evidence of this deficiency in 
an experiment of quite a different nature. He measured 
the energy distribution of electrons emitted from the 


* This work, which was supported in part by the U. S. Army 
(Signal Corps), the U. S. Air Force (Office of Scientific Research, 
Air Research and Development Command), and the U. S. Navy, 
(Office of Naval Research), is based on a Master’s thesis sub- 
mitted to the Department of Physics, Massachusetts Institute of 
Technology on May 26, 1958. 

1W. B. Nottingham, Phys. Rev. 49, 78 (1936). 

* A. R. Hutson, Phys. Rev. 98, 889 (1955). 


various directions of a monocrystalline tungsten wire, 
by passing them through a 180° magnetic velocity 
analyzer. He found the distributions to be in close 
agreement with the Nottingham reflection hypothesis 
for all directions of the crystal. 

A more recent experiment by Shelton’ failed to show 
any evidence of this effect. Shelton’s work yielded an ideal 
retarding potential plot on pure tantalum, performed in 
plane-parallel geometry, and employing single crystals 
of the metal for both emitter and collector. The plot 
was a very close approximation to that predicted by a 
Maxwellian distribution with no reflection. 

A distinctive feature of the Shelton experiment was 
the use of a strong magnetic field (approximately 3000 
gauss) directed normal to the surface of the emitter; its 
purpose was to collimate a narrow beam of electrons 
which passed between the emitter and collector crys- 
tals. The striking difference between the results of 
Shelton’s experiment and of the work of Nottingham 
and Hutson was considered sufficient reason for in- 
vestigating the effect of a magnetic field alone. 


Il. APPARATUS 


The simplest means of investigating the effect of a 
magnetic field would be to employ a broad, thin ribbon 
filament, so that nearly all of the emitting surface would 
be normal to the field, and a cylindrical anode that 
would collect the total saturation current regardless of 
azimuthal angle. Molybdenum was chosen as the metal 
for emitting filament. It fulfilled all of the requirements 
of the experiment, and a supply of thin sheet stock of 
high purity was available. 


2H, Shelton, Phys. Rev. 107, 1553-1557 (1957). 
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Rather than use a simple cylinder, we decided to form 
a closed channel from four overlapping plates: Two 
parallel to the plane of the ribbon on each of its sides, 
and two normal to the plane, facing the edges of the 
ribbon. Then, by measuring the current to the individ- 
ual plates as the field was increased from zero, it would 
be possible to determine not only the variation in total 
emission current, but also the magnitude of field that 
is required for collimating the electrons parallel to 
itself. This information would be helpful in explaining 
any observed magnetic-field effect, since one possible 
basis for such an effect would be the alteration of elec- 
tron trajectories by the field within the metal (i.e., 
before emission). 

To insure collection of the total current at all values 
of field, the filament was enclosed by the four plates 
along its entire length. The filament dimensions were 
6.6 cm by 3.2 mm by 3 mils; the channel formed by the 
plates was 7.0 cm long and had an internal cross section 
of 6.0 mm by 9.0 mm. A possible drawback of this 
arrangement is that there is no unique filament tem- 
perature because of end-cooling of the filament. For 
the purpose of this experiment, however, it was neces- 
sary to keep the temperature distribution constant in 
time, and this could be done by carefully monitoring 
the heating current.‘ 

The design of the experimental tube is illustrated in 
Fig. 1. The collector plates were fabricated from 7-mil 
tantalum sheet; the press leads to which they were 
spot-welded were 80-mil tungsten rod, for providing 
rigidity and maintaining the proper spacing between 
plates. The edges of all plates were flanged in order to 
provide the overlap. The filament was mounted be- 
tween two press leads at opposite ends of the envelope, 
with a helical tungsten spring to provide tension. The 
envelope was made only 35 mm in diameter so that the 
gap width would be small, and hence high field strength 
would be gained. The magnetic field was provided by a 
large electromagnet that featured an adjustable gap 
width and flat pole faces of 10-cm diameter which re- 
sulted in a field of high uniformity over the entire 


length of the channel. 

The tube was evacuated on an all-glass system, and 
was sealed off with a pressure of 4X10~ mm Hg. A 
modified Bayard-Alpert ionization gauge®® was at- 
tached to the tube during vacuum processing and after 
seal-off, to monitor the pressure and to provide elec- 
tronic pumping.’ A separate tube containing a 7-mil 

‘A feature of the prototype of the final tube was a guard-ring 
structure, in which the current was collected from only a short 
length of the filament. This was not practical, however, since 
modification of trajectories after emission made it possible for the 
collector current to be field-dependent even if the emission current 
was not. Further details are given in J. Greenburg, S. M. thesis, 
Department of Physics, Massachusetts Institute of Technology, 
May 26, 1958 (unpublished). 

5D. Alpert, J. Appl. Phys. 24, 860 (1953). 

°W. B. Nottingham, Vacuum Symposium Transactions, Com- 
mittee on Vacuum Techniques, 1954, p. 76. 
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Fic. 1. Two views of the experimental tube. 


tungsten filament for gettering was attached. The 
pressure during all of the measurements was in the 
range from 4 to 9X10-" mm Hg. 

Since the tube was essentially a diode with multiple 
anodes, its associated circuit consisted of a suitable 
filament heating source and a sensitive current-measur- 
ing device for determining the plate currents. Heating 
current was provided by a 115-volt dc line, with an 
appropriate combination of high-wattage resistors for 
regulation and for dropping the voltage to the required 
level. The current-measuring instrument was a sensitive 
vacuum-tube electrometer. A bank of four switches 
made it possible to measure the current to any one 
plate or to any combination of plates. To insure collec- 
tion of the saturation current at all of the filament 
temperatures that were studied, the four plates were 
maintained at 4@ volts positive with respect to the 
filament. 


Ill. OBSERVATIONS AND CONCLUSIONS 


The plate currgnts were first noted at zero magnetic 
field, after the magnet had been well degaussed. The 
field was then raised in steps, and a complete set of 
plate-current readings was taken at each step. To mini- 
mize the error caused by fluctuations in heating current, 
the current was checked before each individual reading. 
The random error in plate current caused by these 
fluctuations was kept thereby to 1.5% or less. 
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Six complete sets of readings were taken. These in- 
cluded readings of three different temperatures and of 
both directions of the field. In all of the runs the cur- 
rents to the two edge plates dropped rapidly to zero, 
and were negligible for fields greater than 300 gauss. 

In three sets of readings no variation in total plate 
current was noted, except for the random error of 1.5% 
or less, as the magnetic field was increased from zero to 
6000 gauss and then decreased to zero. Other runs 
showed a slight decrease of 1.5 to 4% in total current. 
This decrease was caused by losses of electrons after 
emission. The overlapping of the plates was sufficient 
to insure collection of all electrons only when the fila- 
ment remained in or near its equilibrium position on 
the tube axis. But under the force exerted on it by the 
applied magnetic field, the ribbon was displaced from 
its axial position, and a small fraction of the emitted 
electrons escaped through the gaps between the plates. 
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This displacement problem is difficult to avoid when a 
filament is heated in a strong magnetic field. 

The negative result that was obtained in several sets 
of measurements taken under very favorable conditions 
is interpreted as sufficient evidence that no magnetic- 
field effect on the saturation electron emission exists, at 
values up to the maximum of 6000 gauss which were 
attainable in this experiment. We therefore conclude 
that the discrepancy between Shelton’s result and the 
results of the earlier observations of Nottingham and 
Hutson was not caused by any modification of the 
probability of emission by the magnetic field. 
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A generalization of the random-phase approximation of the theory of Coulomb correlation energy is 
applied to the theory of superconductivity. With no further approximations it is shown that most of the 
elementary excitations have the Bardeen-Cooper-Schrieffer energy gap spectrum, but that there are col- 
lective excitations also. The most important of these are the longitudinal waves which have a velocity 
vr{4[1—4N (0) | V| ]}# in the neutral Fermi gas, and are essentially unperturbed plasma oscillations in the 
charged case. Other collective excitations resembling higher bound pair states may or may not exist but do 
not seriously affect the energy gap. The theory obeys the sum rules and is gauge invariant to an adequate 


degree throughout. 


I. INTRODUCTION 


ECENTLY Bardeen, Cooper, and Schrieffer pro- 

posed a theory of superconductivity! which has 
been successful in explaining experimental results of 
many kinds. The theory is founded on the idea that in 
superconductors there is a net attraction between 
electrons caused by the phonons. The ground-state wave 
function used is a product function designed to have 
the maximum number of pairs of electrons of zero total 
momentum taking advantage of this attraction. This 
ground-state function is 


v,=II.{ (1 me hy)§+- My dcyt*c_xy* Wo, 


where ¥, is the vacuum, and c,,* is the creation operator 
for electrons of momentum k and spin c. /, is a number 


(1) 


*The final stages of this work, and all of the manuscript 
preparation, were done at the University of California, Berkeley, 
California, during a very pleasant stay made possible in part by 
a grant from the National Carbon Corporation. 

1 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 
We abbreviate this reference B.C.S. hereafter. 


determined so as to minimize the energy. The approxi- 
mations most necessary to the theory are the use of 
screened Coulomb and screened second-order phonon 
interactions according to the scheme of Bardeen and 
Pines?; and the neglect of all interactions except those 
between pairs with zero total momentum and spin. 

Bogoliubov’ arrived at practically the same result by 
an apparently different method, using from B.C.S. only 
the zero-momentum pairing idea. He formed pairs by 
introducing a new set of fermions, composed partly of 
an electron with (k, spin up) and partly of a hole with 
(—k, spin down): 

Ox0= UECKt — V-C_yy*, 


(2) 


1 = UEC_ug + eCut*, 
and defined the ground state as the “vacuum” with 


2 J. Bardeen and D. Pines, Phys. Rev. 99, 1140 (1955). 

3N. N. Bogoliubov, J. Exptl. Theoret. Phys. U.S.S.R. 34, 65 
(1958)[ translation: Soviet Phys. JETP 34(7), 41 (1958)]; J. G. 
Valatin, Nuovo cimento 7, 843 (1958). 
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respect to the new set of “particles”: 
a0 KO 9 =A AV, =0. (3) 


By this trick he was able to eliminate certain terms in 
perturbation theory which diverged, essentially because 
of the presence of the attractive interaction which is 
responsible for the binding of pairs. 

It is easy to show that the B.C.S. state (1) and the 
Bogoliubov state (3) are identical if 


0, = h,', up= (1—h;,)}. (4) 
Less obviously, the basic assumptions of the two 
theories are actually very close, as are the “energy gap” 
spectra of elementary excitations.‘ Bogoliubov treats 
the phonons only in second order, and his limitations 
to the lowest-order energy and to the “most divergent 
terms” (meaning those which cause binding of Cooper 
pairs®) are equivalent to the B.C.S. reduced-Hamil- 
tonian assumption. 

It was demonstrated® that the most serious question 
in regard to these theories is that the sum rules and 
gauge invariance are not obeyed, so that a consistent 
explanation of the Meissner effect requires, at the very 
least, that the whole interaction Hamiltonian be taken 
into account. If this is done and the long-range Coulomb 
forces are neglected, a new set of states of nonzero 
momentum must be present in the energy gap, which 
not only would have experimental effects but might 
well lead to large perturbations in the ground state. 
When long-range Coulomb forces are included, the gap 
again becomes empty, and one is !ed to the conclusion 
that the success of the zero-momentum pair theories 
may only be a consequence of plasma effects. 

Both for this reason, and because it seems optimistic 
to assume that the collective and screening effects 
(which are vital even in determining the phonon 
spectrum) will be necessarily unaffected by the radical 
changes in the Fermi sea embodied in (1) or (3) (and 
vice versa), it is desirable to have a theory of the ground 
state of a superconductor which can simultaneously 
handle these collective effects in the best available 
approximation, that of Gell-Mann, Brueckner, Sawada, 
and Brout,’'* and yet lead to (1) or (3) and the Bardeen 
energy-gap excitation spectrum. Such a theory is the 
subject of this paper. 

This theory also has a few by-products which com- 
mend it as an alternative to the earlier ones. First, it 
shows in a natural way why the restriction to a fixed 
number of electrons must be relaxed and how to handle 
the projection back onto V = const ; second, it is capable 


4N. N. Bogoliubov, J. Exptl. Theoret. Phys. U.S.S.R. 34, 73 
(1958) [translation : Soviet Phys. JETP 34(7), 51 (1958)]. 

5L. N. Cooper, Phys. Rev. 104, 1189 (1956). 

6 P. W. Anderson, Phys. Rev. 110, 827 (1958). 

7K. A. Brueckner and M. Gell-Mann, Phys. Rev. 106, 364 
(1957). 

8K. Sawada, Phys. Rev. 106, 372 (1957); Sawada, Brueckner, 
Fukuda, and Brout, Phys. Rev. 108, 507 (1957); see also J. 
Hubbard, Proc. Roy. Soc. (London) A243, 336 (1958). 
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of computing the correlation corrections to super- 
conductivity—or vice versa—and showing that they 
are small; third, it gives a good account of other col- 
lective effects such as phonons and higher bound pair 
states; and finally, it seems to give a simpler and more 
physical picture of the nature of the superconducting 
state. The method we use may also have more general 
interest as an approach to the many-body problem, in 
particular in reconciling collective and individual- 
particle behavior. 

The basic, and almost the only, assumption is a 
generalized form of the random-phase approximation.® 
Sawada, Sawada ef al., and Brout® have shown that the 
R.P.A. of Bohm and Pines and the diagram-summing 
method of Brueckner and Gell-Mann’ both lead to a 
certain set of linear eigenvalue equations or “equations 
of motion” for the elementary excitations in terms of 
the quantities 


Pr, oc? =Cx4Q, 0° Ck, o- (5) 


Sawada and Brout® showed that the Gell-Mann and 
Brueckner “high-density” assumption, that excited 
particles interact with the unperturbed Fermi sea only, 
is equivalent to a certain effective Hamiltonian together 
with altered commutation relations for the p’s of (5), 
which then lead to the equations of motion; they then 
showed how to derive the energy and other results from 
these equations. The same equations were arrived at— 
without realizing how nearly full a solution to the 
correlation problem they were—by Bohm and Pines,’ 
first by physical reasoning and then by a method of 
direct linearization of the full equations of motion. The 
method of this paper is a natural generalization of this 
last way of arriving at the “equations of motion” to the 
case in which the unperturbed state is not the Fermi 
sea but the B.C.S. state (1). 

The high-density (“‘weak coupling”’) limit is the only 
proven domain of validity of the R.P.A., and even in 
that limit a consistent theory of superconductivity is 
interesting. However, the R.P.A. gives results in the 
correlation problem which appear to be satisfactory 
even in the intermediate range,’ and other entirely 
different domains." A full discussion of the domains of 
validity of these methods is, however, beyond the scope 
of this paper; in any case they represent the only 
approach known to be effective in studying collective 
effects in the many-body problem. 

Briefly, the Bohm-Pines technique linearizes the 
full equations of motion by observing that in the Fermi 
sea the quantities m= c,*c, and 1— y= cyc,* may have 
finite “c-number” average values. These average values 


*D. Bohm and D. Pines, Phys. Rev. 92, 609 (1953). We shall 
abbreviate “random-phase approximation” as R.P.A. hereafter. 

1 When supplemented by a treatment of exchange terms which 
falls rather naturally out of the more general method of the present 
paper. See P. Noziéres and D. Pines, Phys. Rev. 109, 1009 (1958), 
and Nuovo cimento (to be published); and especially Hubbard, 
reference 8. 

" E. Montroll and J. C. Ward, J. Phys. Fluids 1, 55 (1958). 
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are taken as zeroth order, while the px2=Ccyi9*cy act 
like first-order infinitesimals. In the B.C.S. state (1) 
not only m, but b,*=c,*c_,* and 5, have c-number 
averages, so that correspondingly we must derive 
equations of motion for first-order quantities Cx4Q*c_x* 
=6,°, etc. The unperturbed B.C.S. state is itself 
determined, in our method, by finding equations of 
motion for the 5,*’s and m,’s themselves and taking 
their stable solution; this is then equivalent to both the 
B.C.S. and Bogoliubov definitions. Physically it means 
that we construct the zeroth-order state so as to be 
stable against the formation of any more zero-mo- 
mentum bound electron pairs. 

The most direct results of the theory are the solutions 
of the equations of motion. These are the elementary 
excitations, and they fall into two groups: individual- 
particle-like excitations, the spectrum of which is 
practically the same as the B.C.S. energy-gap spectrum, 
but which include many of the effects of scattering ; and 
collective solutions. 

The collective solutions are calculated for two cases. 
The usual models implicitly ignore the long-range 
Coulomb forces; we may call this the “neutral” case. 
In this case there is, strictly speaking, no gap: we find 
a collective excitation of longitudinal type, which has 
resemblances to a longitudinal wave as well as to a 
bound pair of electrons of nonzero momentum, with a 
velocity 

o=vr{3[1—4N (0) | V| J}? 


The velocity 3-4vr was obtained by Bogoliubov” and 
is a kinematical effect; the V(0)|V| term represents 
the effect of interaction in this weak-coupling limit. 
Other collective excitations, describable physically as 
other bound-pair excitations orthogonal to the Cooper 
bound pairs, may or may not exist depending on the 
form of the interaction, but lie near or above the top 
of the gap in any case. 

In the physical case of the charged Fermi gas, the 
longitudinal excitations have a spectrum identical with 
the plasmons of the normal Fermi gas, and thus the 
gap really exists; we see that the gap in a strict sense 
is enforced only by the long-range Coulomb effects. 
Fundamentally, also, in this case the R.P.A., with its 
automatic separation of the equations of excitations of 
different total momentum, may be expected to be more 
accurate, because these long-range forces single out 
momentum zero as having special properties. In an 
appendix we go on to calculate the effect of super- 
conductivity on the long-wave phonons, and show that 
their spectrum is changed only to the order of the ratio 
of electron to ion mass. 


2 Bogoliubov, Tolmachev, and Shirkov, New Method in the 
Theory of Superconductivity, (Academy of Sciences of the U.S.S.R., 
Moscow, 1958). See also V. M. Galitskii, J. Exptl. Theoret. Phys. 
U.S.S.R. 34, 1011 (1958) [translation : Soviet Phys. JETP 34 (7), 


698 (1958) ]. 
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II. DISCUSSION OF THE INTERACTION 
HAMILTONIAN 


If the interaction between electrons is given, the only 
approximation of the method is the R.P.A. The inter- 
action responsible for superconductivity is, however, 
the rather complicated interaction through the lattice 
phonons, and fundamentally the calculation of this 
interaction is outside the scope of the R.P.A. In this 
paper we shall assume the essential correctness of the 
results of Bardeen and Pines for this interaction.” 

In a later paper this assumption will be justified by 
means of the renormalization methods of Hubbard." 
Although this justification is not a part of the present 
paper, in view of its importance a brief qualitative 
description will be given here. Hubbard shows, in the 
free electron gas problem, that the effect of certain 
apparently divergent terms of perturbation theory is 
to replace each Coulomb interaction between electrons 
by anew, “effective” interaction, which may be thought 
of as having been modified and screened by the fre- 
quency- and wave-number-dependent dielectric con- 
stant of the electron gas. 

The effect of superconductivity, like that of the 
Coulomb correlations, can be expected to be merely a 
“smearing” of the properties of the surface of the Fermi 
sea, while (as the present paper will show) there is no 
serious effect on the collective modes, which primarily 
determine the dielectric constant in the long-wave 
region where the smearing might be important. Thus 
in interactions of secondary importance to the R.P.A., 
like exchange and phonon exchange, it is a good approxi- 
mation to screen using a dielectric constant computed 
according to the unperturbed R.P.A. (including of 
course the phonon contribution'*). The direct Coulomb 
interactions, which have the major effect on the col- 
lective modes and thus on the dielectric constant, must 
on the other hand be left in explicitly in deriving the 
excitation modes. 

The procedure is thus a kind of successive approxi- 
mation method, checked by demonstrating its self- 
consistency. In stage (1), we imagine that we have 
calculated the dielectric constant of the free electron 
gas with phonons, using only the direct interactions in 
the R.P.A. In stage (2), we recalculate the properties 
of the free electron gas including the phonon and ex- 
change terms. These must be screened by the stage (1) 
dielectric constant because the corrections in stage (1) 
are large (in fact formally divergent). Stage (2) is the 
present theory of superconductivity, but also includes 
Hubbard’s” method for the second-order exchange 
correction. In stage (3) we might recalculate the 
dielectric constant from stage (2) and insert it in the 


13 See Bardeen and Pines, reference 2. See also D. Pines, Phys. 
Rev. 109, 280 (1958), for a probably more accurate expression. 

4 J. Hubbard, Proc. Roy. Soc. (London) A240, 539 (1957). 

46 See also Noziéres and Pines, reference 10. 

16 See G. Wentzel, Phys. Rev. 108, 1593 (1957) for the calcu- 
lation of phonons by the method of Sawada and Brout. 








THEORY OF SUPERCONDUCTIVITY 


screened terms; however, this correction is small and 
stage (3) is unnecessary. The resulting interaction is 
similar to that of reference 2, although it must be 
slightly complex to allow for real inelastic scattering; 
the screening is not by a cutoff as in Bardeen and Pines 
but smoothly decreasing, and the subsidiary condition 
is irrelevant to the present scheme. 

We shall, then, write down as our Hamiltonian the 
Bardeen-Pines result. This already implies the relatively 
minor (at this stage) assumptions of the free-electron 
gas model for Bloch electrons and of the neglect of 
transverse phonons, as well as of the residual, real 
scattering interaction of electrons and phonons. It is 


KH=KRetHRyt+Ke. (6) 
Here (h=1) 


—_ Ges 
KRr= DL €xlu,o*Cx, 6, 
k.¢ 


KRy=-} D 
k~k’ 


4,0" (wen)? — (ex— x")? 
Monro!" Curae, 6 Chee, 0h, 0's (8) 


He is a somewhat more complicated thing, because 
(according to the above discussion) we must understand 
its terms differently depending on whether we use them 
as direct or exchange terms. We shall write down the 
full Hamiltonian and simply understand that the ex- 
change terms are to be screened: 


Re= Dd DY 2ne(k—k’) 


kk’ ,q ¢,0’ 
* * 
XK Cx’, 0’ C_k’+q,6 Ck’ +q, o€k, o’- (9) 


In (8), Bardeen and Pines give 


M,=0%'(1+-69ne?/Rer)™, (10) 


where 2;' is the true electron-phonon interaction without 
screening, approximately 


04° — 2nZe*ik— (n/M)}. (11) 
The actual values of these constants will be of little 
further importance to us except in Appendix I. 

In principle the description of our method implies 
that the direct phonon interactions should also be 
included, so that we calculate correctly both collective 
modes, the phonon and the plasmon. To avoid com- 
plication we do not do this in the main paper, but only 
in an appendix. In that case for direct interactions one 
must include the following two terms in the Hamil- 
tonian: 

Hon = :® 4 (Pep—ot f2°Gs9-s), (12) 


and 


Hi=—L (gp *re'-+9-09"r,*), (13) 
s 


where p and g are the phonon coordinates, p* is the s 
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Fourier component of electron density fluctuation, and 


f?=4rne7M+o/, 
w,—70 as s—0. (14) 
(w, includes any interactions between the ion cores.) 

One further point must be made with regard to (8). 
An instantaneous space interaction is a function of 
k—k’ only; but the phonon (and actually even the 
screened Coulomb) interaction is not instantaneous, 
and must in some sense depend on the time difference 
between the creation and destruction of the longitudinal 
photon or phonon, or in Fourier-analyzed form on a 
frequency variable. 

Our approach is to understand the particles as being 
embedded in a medium with a certain frequency- and 
wavelength-dependent dielectric constant. The fre- 
quency which enters is the energy difference between 
the initial state and the intermediate state of the 
particle system “after” the phonon-photon is emitted. 
This is usually well enough approximated by e.—«&- 
in (8). As we shall see in Sec. IV, the important thing 
for gauge invariance and the sum rules is that there be 
no g dependence in (8), which is ensured by the fact 
that the initial and final states always have the same 
energy, so that the difference from the intermediate 
state, whatever it be, is fixed. We shall take advantage 
of this fact by discarding any apparent g dependence 
wherever it may appear. 

Thus our equations will always automatically satisfy 
the basic sum rule [3Cy,p2 ]=0, which ensures that the 
usual perturbation theory will give gauge-invariant 
results.® 


Ill. IMPROVED TREATMENT OF THE B.C.S. 
REDUCED HAMILTONIAN 


The R.P.A. theory which we use might be thought 
of as a generalization of the Sawada-Brout® theory to 
the superconductor. It also follows naturally as a 
generalization of a certain slightly improved description 
of the B.C.S. theory of the “reduced” Hamiltonian. 
There exist in the literature elegant treatments of the 
Sawada-Brout theory*!’; since the alternative calcu- 
lation of B.C.S. is new, and is of some interest in itself, 
we present it here in full.'® 

The first step of the B.C.S. theory is to neglect in 
(8) and (9) all terms involving o and o’ parallel, as well 
as all terms with g#0. This step may be justified in 
terms of the worst instability of the Fermi sea being 
caused by binding of zero-momentum pairs, and the 
considerations of reference 6 reinforce this point; but 
since we intend to relax this assumption later no 
extensive discussion is necessary. Then the Hamiltonian 


17 See Wentzel, reference 16. 

18A similar treatment has recently appeared in N. N. 
Bogoliubov, J. Exptl. Theoret. Phys. U.S.S.R. 34, 73 (1958) 
(translation: Soviet Phys. JETP 34(7), 51 (1958)], although 
different in detail and interpretation. 
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becomes 


Hrep=L €x(metmx)— Lo ViwrCu*c*c_ucx, (15) 
k kk’ 


where we have used the convention that an explicitly 
negative & has a down spin and vice versa. (This 
convention will be used hereafter in this paper.) Vx. 
is the resultant interaction obtained by subtracting the 
screened Coulomb exchange matrix element from the 
phonon exchange: 


Wun’ My»? 4re’ 
(wen)? (eae— ex)? (k—k’)? 


X (screening factor). 





Vix = 


(16) 


Basic to the whole theory of superconductivity is the 
idea that, for small enough (€,—x’)?, Vix is positive 
on the average. Pines has discussed qualitatively 
whether and when this may be true. 

It is convenient to use as the zero of energy that of a 
particular Fermi sea of N° electrons, Fermi level er°; 
and to sum only over k’s with e,<2er®. Then (15) 
becomes 


Krev= —)>. (ex— er’) (1—m.—n_x) 
x 


— > V cur Cx*C_x*C_nCx ter’ (N— N°), 
kk’ 


(17) 


where 


N=) 2 (ny +n_). (18) 


B.C.S. pointed out that the appropriate algebra for 
dealing with (17) involved the operators 


1, by =C_xCx, b,*=c,*c_+*, and 1— (my+n_x). (19) 


Their importance lies in the fact that in the subspace 
defined by 

ny — nN. =0 (20) 
they are a complete set, while it is easy to show that 
the lowest eigenstate of (17) is in this subspace. 

The properties of these operators become clear by 
writing them [in the subspace (20) ] in the represen- 
tation in which the basis functions are (k-and —k 
empty) and (k and —k full). The operators (19) 
commute for different k, so only the k, —k subspace 
need be written down: 

empty full 


empty 1 0 
1—",—n_,= ( ), 
full 0 —1 


(21) 


1 0 01 0 0 
hy gh to hd 
01 00 1 0 


The further manipulation will be much clearer using 
the following set of Pauli spin matrices which are fully 


” D. Pines, reference 13. 
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equivalent to the b’s: 
252x= 1—ny— N_x, 


(22) 


See t1Syx= 5, *, Srk— 1Syk = by. 


These s operators are not to be confused with real 
physical spin-operators ; they act in an imaginary space, 
where z component of spin up means “empty,” spin 
down means “full,” and spin sidewise simply implies a 
certain phased linear combination of up and down. 

In terms of the pseudospins (22), the Hamiltonian is 


Krep= —2 D> (ex— er”) Six—2er® Dd Sex 
r x 


he de V ic’ (SaeSzk’ +5 yaS yx’). (23) 


k+k’ 


The second term on the right changes only when the 
total number of electrons changes, and may be ignored. 

In the theory of magnetism such a spin problem is 
attacked by the so-called “semiclassical method,’ 
which is actually a perfectly well defined quantum- 
mechanical approximation scheme. The similarity of 
this scheme to the “intermediate coupling” methods of 
field theory is not widely appreciated but has been 
mentioned by Gross.” Later in this section we shall 
discuss the scheme from a fully quantum-mechanical 
point of view, but in the meantime we shall describe it 
more or less from the semiclassical viewpoint. The first 
approximation is to take the spin vectors 8, and rotate 
them into the best possible classical arrangement, i.e., 
parallel to the field acting upon them. This, we shall 
see, is the same as taking the optimum product wave 
function. In the next approximation one finds the small 
oscillations about this classical equilibrium and quan- 
tizes them; then the ground-state energy and wave 
function are corrected for the zero-point motion of the 
small oscillations, the basic assumption being that these 
are actually small. 

The field H, which s, sees is, from (23), 


Hy =2(e.—er°)2+2 Doe V ex Six’, 


where 8,, is that portion of s perpendicular to 2. 

In the unperturbed Fermi sea, only the z component 
is present, and each spin is either up or down, with a 
sharp break at er [see Fig. 1(a) ]. It is easy to see that 
because of the small fields at er, only a small V is 
necessary to turn a few spins sidewise and make the 
configuration of Fig. 1(b) more stable: a “domain wall” 
in k space with states rotating smoothly from “full” to 
“empty.” 

This configuration is determined in terms of the angle 
6, between the new direction of the spin k and the z 
axis by Hy||sx: 


(24) 


S2x/Sex=tand,=}4(e— ep?) Ye V ck’ sin8,:. (25) 


* G. Heller and H. A. Kramers, Proc. Acad. Sci. Amsterdam 
37, 378 (1934); M. J. Klein and R. S. Smith, Phys. Rev. 80, 1111 
(1951); P. W. Anderson, Phys. Rev. 86, 694 (1952). 

%E, P. Gross, Phys. Rev. 100, 1571 (1955). 
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This may easily be shown to be the same as the B.C.S. 
integral equation; the correspondence is 


sind, = 2[ hy (1—Ay) }}. (26) 


It is also obvious that the product wave function of 
B.C.S. is of the same form as our wave function: a 
product of rotated factors, one for each k vector. 

It is also interesting to make contact with the 
Bogoliubov theory. To do this we consider the spin 
components in the new direction: 

Se’ = COSOLS + SINOLS rk, 


Sz’ = —SINO¢S2—~ + COSO:S rr. 
On the other hand, if we set 
(28) 


in correspondence with the definition of s,,, and use 
(2), we get 


25% = (uie2— 0,2) (1— ny — n_~) + 2upre (Dy *+5,). 


25en= 1— (axo*axot+anr*an1), 


This is the same as (27) if 


CosO, = Ujy2—20,2, sinO, = 2uy,r,. (29) 


Thus the first approximation gives exactly the B.C.S.- 
Bogoliubov results. The first approximation to the 
excitation spectrum is obtained by taking the energy 
to turn over the “spins” in the effective fields H;: 


2E,. = | H,| = 2 (ex— er)? +3 (Dv V xx’ sinO,-)* }}, (30) 


which is the energy of excitation of ‘‘real pairs” in the 
B.C.S. theory.” 

An improvement on the B.C.S. theory comes when 
we study the true excitation spectrum modified by the 
interaction between “‘spins.” First, however, we observe 
that this improvement can be expected to change the 
result for Hep only to order only 1/N. The reason is 
that the field Hy, insofar as it involves the other spins, 
is a sum over a number of the order of N other spins. 
Thus we expect the quantum fluctuations to average 
out, and the semiclassical theory to be nearly valid, in 
contrast with the theories of reference 20. 

In order to study the modified excitations we must 
write down the equations of motion. This is most 
simply done by observing that since the s,’s obey the 
usual spin commutation relations, 

8X s=is, (31) 
the usual spin equations of motion are valid: 
[3,8 ]= i(ds,/dt)= i{H.xX Sx }. 


Now we allow each spin 8, to have, besides its static 


(32) 


2 Bogoliubov’s fermions give a more complete excitation 
spectrum for practical calculations. It is easily shown that in this 
approximation [3Crep,aro* ]=4FHieuo*, etc. The a’s are the 
“singles” of the B.C.S. theory, and all thermal etc. effects may be 
calculated using them alone. 
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Fic. 1. Configurations in the pseudospin analogy to the electron 
gas. (a) Normal Fermi sea. Spin arrows up represent empty states. 
Also given are the effective field /7, acting on the spins, and its 
absolute value. (b) The superconducting ground state, showing 
the gradual rotation, like a domain wall, of the pseudospin vectors. 


) 


component s,°, an increment 6s,. Then (32) is 

5(ds,/dt) = (H.°X*5s, ]+ (6H. X s:° ]+ (6H. X 5s, |, (33) 

and the last term is neglected as nonlinear. Here 
6H, =2 Dov: View d8ix’. (34) 


Let s,° and H,° be in the x-z plane; the components of 

és will be 5s, and 6s),, the latter meaning the component 

perpendicular to s° in the x-z plane. Then (33) is 
5(dsxy, ‘dt) = HH, bs, same 46H, cos6,., 
6(dsx\1, ‘dl) =-_— A 6sxy+ 46H xy. 


(35) 


Equations (35) are easily solved only if we make the 
B.C.S. assumption that Vx: is a constant over a region 
in k space, and otherwise zero. That case has been 
worked out in detail by Suhl.¥% Using Suhl’s solution 
as a guide, one can see some rather general properties 
of (33) or (35). 

The unperturbed, ‘individual particle” solutions 
result from neglecting the 5H, term. Then és, simply 
precesses about H,° at the frequency H,°, which is the 
energy of the “‘real pair” excitation. The great majority 
of excitations are of approximately this form, because, 
from (34), if only a few ds, are large (Vx is of order 
N-"), 5H, is indeed of order N-' and may be neglected. 
Actually, there is a solution of (33) between every pair 
of unperturbed solutions, for which 6s for some few 
particular k’s is of order N larger than all other 6s’s. 

Collective solutions may be defined as solutions for 
which the sum (34) is replaced by an integral, which is 
understood in a principal part sense; they will usually 
lie outside the unperturbed spectrum. A collective 
solution always comes at the frequency v=0. Such a 


%H. Suhl (private communication). 
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solution has, from (35), 


26S5xy= 5A xy (H,°), 65x); =0. (36) 


To check this we must be sure (36) is compatible with 
(34). To do this we try 


(37) 


26sxy= € Sindy. 
Then (34) becomes 


6H yy=2e are Vix? sind,, (38) 


2H;,°¢ sind, = 4e(e,— er) tanb;, 


by (25). Use of the value of H,° checks (36). 

With the B.C.S. assumption that Vy, is a constant, 
there are no other collective solutions of any interest. 
More realistic V’s may have other solutions, but these 
will not lie low in the gap, at least in the weak-coupling 
case in which V varies much only over an energy range 
large compared with the gap, and thus with the energy 
range of variation of the wave function. The demon- 
stration of these statements follows. 

It is a good approximation to assume the problem 
symmetrical about er, and then és,, is either an even 
or an odd function of e,—er. If dsxy is even, dHy, is 
finite and even, the second equation of (35) makes 
dsy); even, thus 6s,. odd and 6H,.=0. Similarly the 
odd solutions have 6H,,=0. 

Two types of solutions may occur: angle-dependent 
solutions, physically like bound pairs of , d, etc., 
symmetry; or s-like solutions orthogonal to the »>=0 
one. The lowest of the latter is necessarily the lowest 
odd solution; because of (35) and (34) these obey the 
equation 


bSxy= [ (A.°)?— yy cos; re V ce De PbS xy. 
When V is roughly constant this is equivalent to 


Vax Hi? 
i=), ————— cos, 


« (H,-r 


which may be quickly verified to have its lowest 
solution precisely at the top of the gap. 

We may expect the lowest angle-dependent solution 
to be an even one. The fundamental equation for the 
even solutions is 


[(#.°)?— ¥ l6Sky= re VixxdS xy. 


If V does not vary rapidly with angle the sum on the 
right will be quite small, and » must approach H;,° 
closely to allow a solution. 

It is physically obvious (also from the discussion of 
reference 6) that any such solutions which actually 
occur in the gap are simply bound pairs of Cooper type 
in excited states. We shall discuss the corresponding 
(0 excitations in a later section. 

The v=0 solution could have been expected from the 
first, and serves a very useful and important purpose. 
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Equations (36) and (37) show that it represents a 
uniform rotation of the whole “wall” about the pseudo-z 
axis. Now the original Hrep [Eq. (23) ] was axially 
symmetric about z. The reason for this symmetry is of 
course that 


S,“t= N°—N, (39) 


must be a constant of the motion, as particles are not 
really created or destroyed. 

On the other hand, the product solution in the semi- 
classical, “naive” approximation does not have a 
definite value of S,%*, because s,, does not commute 
with the other components of s,, which are assumed 
constants of the motion. Correspondingly, the product 
solution is not axially symmetric but picks a particular 
direction in the x-y plane, which must be unphysical. 
The v=0 mode is the free rotation of this solution about 
the z axis. We can expect that proper inclusion of the 
zero-point motion of the »=0 mode will repair this 
situation by projecting our solution onto the space of 
S,”'=constant. In fact this can be verified using the 
B.C.S. representation. An eigenfunction of the »=0 
rotation about the z axis is just 


f dp %2.c.0.(¢) exp(ing), (40) 


where Vg.c.s.(¢) is the B.C.S. solution rotated to a 
new direction ¢ in the x-y plane. It can be shown that 
(40) is 


v.= fae e™* TT ((1—Ay) e+ hy tete?d,* W,, (41) 
k 


which quite clearly is just such a projection. 
A few final remarks will close this section. First, the 
correction to the energy could be calculated, 


AE=}>0 »-32> Hy, 


just the difference of the perturbed and unperturbed 
zero-point energies (a special case of a relationship we 
will prove later). The largest part of (42) will be an 
amount —H,° from the mode v=0; but the whole 
correction is only of order N~ relative to the total 
energy so need not be calculated. 

Second, note the existence of two formal solutions of 
the equations of motion: 


(42) 


[3rep, M%—n~J=0, [Krep,bs.xJ=0, (43) 


where 2’ is the direction along which s,° points. The 
assumed ground state satisfies 
(ny—n_x)Vo=0, 


(44) 
6544.V%0=0 = (i.e., 58,1 8;°), 


and (43) assures that these conditions remain satisfied 
throughout the zero-point motion. 
These conditions are the conditions that essentially 
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nonphysical excited states do not enter the problem. 
Our calculation can be thought of in the following way’’: 
starting from the exact ground state Wo", we make all 
possible zero-momentum excitations of pairs of elec- 
trons, such as 6),Wo*. Certain linear combinations 


07 = Pox (an5et+Bxdn_at715bit 555%"), 
satisfy commutation rules 


[5C,x” ]= vx’, 
so that 
K(x” o*) = (v+ Eo) (x”Wo°), 


and our attempt is to calculate the v and the x” approxi- 
mately by assuming the commutators to have the values 
appropriate to some zeroth order Wo". There are, how- 
ever, certain pair excitations which are not possible 
from our unperturbed V0": we cannot destroy electrons 
in states which are empty, or create them in full states. 
The procedure is consistent only if the equations of 
motion are compatible with these restrictions, i.e., if 
the conditions (44) are indeed solutions of the equations, 
as we see from (43). We will show in the next section 
that this is more generally true. 

This point of view may be clearer if we see that (44) 
may be expressed in Bogoliubov notation as 


(ax0*@ko— Ok 1*axn1) Vo= 0, 


(43’) 
(ayo*axot+ aK *a4~1) Vo= 0. 

A little algebra with (28) and (2) shows that this rather 

convenient expression is the same as (43). 


IV. RANDOM-PHASE APPROXIMATION TREAT- 
MENT OF THE FULL HAMILTONIAN: 
EQUATIONS OF MOTION 


What we shall now show is that there is a single 
approximation scheme, starting from the full Hamil- 
tonian and not paying undue attention to the g=0 
part, which leads to the equations of the last section as 
an integral part, while reducing to the usual R.P.A. 
treatment of correlation energy and of plasmons in 
appropriate limits. In fact, in the absence of phonon 
attractive forces it is the same in principle as Hub- 
bard’s” inclusion of Coulomb exchange. 

In this scheme, as in the second approximation of the 
last section, we calculate equations of motion of quanti- 
ties which are bilinear in the original fermion operators. 
We generalize in two ways: we calculate the full 
equations of motion, by commuting with the full 
Hamiltonian ; and we calculate equations of motion for 
quantities with momentum Q as well as momentum 
zero: 


bx° = c_n-QCk, 6,°= Cx+Q*C_x*, 


(45) 


Pu? =CuyQ*Cx, Px2=C_x*c_x-Q, 


as well as by, 5,*, m,, and n_,. Note that 


(bx9)*= baa, (px%)*= B49; 
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these Hermitian conjugates of our quantities have 
momentum —Q. 

These full equations of motion are of course useless. 
However, what can be done is to linearize them, as 
we have done in the preceding section for Hep, and 
as Bohm and Pines,’ and Sawada and Brout,* have done 
for the Coulomb problem. The linearization used in the 
usual R.P.A. ignores the exchange terms, which are of 
the form of the terms we discussed in Sec. III; but 
there is no need to do so, as Hubbard has shown in a 
slightly different way, so long as the exchange terms 
are correctly screened. The method of linearization we 
use is straightforward in the extreme: each term in the 
interaction part of the equations of motion is a product 
of four fermions, and thus a product of two bilinear 
combinations 6 or p (or m) in a number of ways. We 
assume that the state about which we linearize is a 
B.C.S.-Bogoliubov product state, so that it may have 
finite zero-order values of by, 5x*, or [1—(ax+n_x) ]. 
Then we keep only terms which contain one of these 
quantities. 

When 0d and &* are zero, the resulting equations are 
those of Bohm and Pines with exchange added.* The 
equations of motion for b and m themselves are just (32) 
itself. We shall go on to discuss the solutions of various 
kinds and to show that the individual-particle solutions 
give just the B.C.S. spectrum, while the longitudinal 
collective solutions are such as to insure the validity 
of the sum rules and of gauge invariance, as suggested 
in reference 6. 

The full nonlinear equations of motion are of almost 
no interest in themselves. We shall write down the one 
for px® and then show briefly how the various terms of 
the linear approximation follow from it. Then we shall 
give the linearized equations of motion for all of the 
quantities (45). 

Let us lump together the Coulomb interaction (9) 
and the phonon term (8) with a common matrix element 
V (k,k’) (which is a function of k and k’ only, for the 
reasons put forth at the end of Sec. II). Then for the 
Hamiltonian we have 
K=Ket+e LD L V(kk’) 

k#k’,q ¢,¢’ 


(46) 


X Ce’, *C_xw'4q, oer oCk o's 
The full equation of motion of px° is 
[3C,px® ]= (exiq—ex)px® 
+ pa! [V(K+Q, k)c_x+q, o*C_K-Qt4, ofk CK 
k,¢.q - 
—V(K,k)c_xyq,o*c-n+q,0Cx+Q*Cx], (47) 
or 
[5C,ox? ]= (exyq—ex)px°+ dD x[V (K+Q, k) 
X pE-*+9¢,*cx— V (K,k)p*¥cx,9*cx ]. 


* The equations for px® are the Bohm-Pines equations; those 
for b and 6, on the other hand, are the Bethe-Goldstone equa- 
tions [H. A. Bethe and J. Goldstone, Proc. Roy. Soc. (London) 
A238, 551 (1957)]. 
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We have used p® for the Qth Fourier component of 


p= > Pro”. 
ke 


density : 


(The second form above, though brief, is actually quite 
inconvenient for calculations of all but the “direct” 
term.) 

If we sum (47) over K, and in the first interaction 
term replace k by K+Q and K by k (both are now 
dummy variables), we see that the interaction terms 
in [%,p°] vanish. Thus our equations of motion are 
such as to automatically satisfy the sum rules (this is 
maintained throughout) and the most important con- 
sequences of gauge invariance. The equation of motion 
(47) contains five types of linear terms: 


[%,px® ]=kinetic+ direct+ exchange self-energy 


+exchange scattering+superconductivity. (48) 


The kinetic-energy term is simply the first term: 


Kinetic: [ix,px? ]= (€x+q— €x)px®. (49) 
The direct terms are those terms which result directly 
from the interaction with the components of fluctuation 
of electron density of wave number Q, i.e., from the 
term V(Q)p%p-°+cc. The linear part is, from the 


second half of (47): 
[Hp px? |= V(Q)p?(nx— nx+Q)- 


(We put the subscript D on V to indicate that only in 
this term should the “direct,” unscreened interaction 
enter; this is primarily a function of k—k’=Q alone.) 

The exchange self-energy terms come from the usual 
exchange téfms; 


KW =4t YF Vik, —k+q)mx, _244,0; 
k,q,¢ 


Direct: (50) 


(51) 


in (46). There is a phonon contribution here to V (q), 
and it was this contribution which was the basis of the 
old superconductivity theories of Fréhlich and 
Bardeen**; the assumption now is, however, that this 
coupling is far too weak to have a visible effect. The 
appropriate terms are as follows: 


Self-energy: [3.x px? ] 
= —px? > 4[q-x-eV (K+Q, q—K—Q) 
ies no-xV (K, = K) }. 


The “exchange scattering” terms are the exchange 
terms which Hubbard includes by a device similar to 
ours, and follow from those exchange terms (with 
parallel spin) which contain p®’s: 


Exchange scattering: [35C.x,px@ | 
=— (nx—mx+Q) D4 Pe-x-a°V (K+Q, q—K). 


Note the formal similarity to the direct terms (50), just 


(52) 


(53) 


2% H. Fréhlich, Phys. Rev. 79, 845 (1950); and J. Bardeen, 
Phys. Rev. 80, 567 (1950). 
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as the exchange self-energy is similar to the kinetic 
term (49). For small Q, (53) is negligible compared to 
(50), and we shall neglect it because it has no relevance 
to the superconductivity problem. However, for 
consistency we must then also neglect the exchange 
self-energy terms (52). That is justifiable as a “‘weak- 
coupling” approximation. 

Finally we come to the superconductivity terms. 
These are of two types: “individual-particle” terms, 
rather like self-energy terms, which come from the 
B.C.S. reduced Hamiltonian [g=0, ¢’=—o in (46)]; 
and “collective” terms which follow from q=—Q, 
o’=—a in (46). The terms are: 


[K s,ox® |= Dx V (k,K) (dx + q*bx® 
— bybx2+ bxb.2— bx 5.0%). 


Supercond. : 
(54) 


[We shall normally take Q small, so we neglect the 
small difference of V(K+Q,k+Q) and V (K,k).] 

This method of presentation shows why the ‘‘super- 
conductivity” terms have not appeared in previous 
types of theories: they come in only when } and 6* are 
treated as number operators are in usual theories. The 
relationship—or lack thereof—of superconductivity 
and ferromagnetism is also rather clear in this scheme. 
Exchange interactions involving a repulsive inter- 
electronic potential act like an attraction between 
parallel spins—compare (53) and (50)—and_ the 
resulting self-energy-like terms (52) are responsible 
for ferromagnetism, if they are big enough to outweigh 
the kinetic energy. The corresponding “‘superconduc- 
tivity” terms are repulsive, whether between parallel 
or antiparallel spins (as could be verified by writing 
down equations of motion of c_x—@¢x+). The inter- 
electronic attraction caused by the phonons is thus 
detrimental to ferromagnetism, and the interactions 
responsible for ferromagnetism are correspondingly 
detrimental to superconductivity. 

Now we shall write down without further explanation 
the linearized equations of motion for the remainder of 
the pair quantities (45), classifying the terms as before. 


Kinetic: [3Cx,px°]= — (exyq—€x)px®, 
[Hx bx? J= — (ex+ex+q)bx®, 
[3Cx,bx? |= (ex+ €x,q)bx®. 
Exchange self-energy: [3C..*"',px?] 
= px*[ Do, V(K+Q, q—K—Q)n_gsx+9 
—V(K, q—K)n_q:x]. 


(55) 


(56) 
These terms may be simply taken into account by 
inserting into (55) an exchange self-energy 

bex, o= —->, V (K, q—K)nx_«,<. 
(Hp, hx? |= Vo(Q)p?(n_x-q—n_x), 
[3p,bx? J= — Vv(Q)p®(be+bx+Q), (58) 
[5p,bx°]= Vv(Q)p%(bx*+bx+9"). 


(57) 


Direct: 
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Exchange scattering: 


[Hex, px? |= — (n_x-q—_x) 
XLia V(K+Q, q— K)fq-x-°%, 
[Hex sdx? ]= bx Yq b-n-g-e°V (K, —q—K-—Q) 
+bx.q DL, V(K+Q, —q—K) 
Xp_x-q-4, 
[3x bx? |= —bx* 5, V(K, —q—K—Q)p_x_o,® 
—bx,q* >, V(K+Q, —q—K)p_x-¢_,°. 


(59) 


Superconductivity : 
[3C5,px2 ]= > V (Kk) (b,*0x°— dx, Qbx% 
+ bx qbi2— bx *b,2), 
[%s,bx? ]= > V (KK) x21 + px%u+@ 
— (1—nx—n_x_q)bi® ], 
[3C5,6x2 J= —Yx V(KK) [bx Q* xP +bi* px? 
—b,2(1—n_x— nx.) ]. 


(60) 


It is clear why this method can be called a “‘random- 
phase” method: it has the effect of decoupling ex- 
citations of different momentum Q, because the only 
zeroth-order quantities have zero momentum. For this 
reason the 0=0 equations are decoupled from the rest, 
and are in fact almost exactly those of Sec. ITI. We 
can thus write down the QV=0 equations without 
distinguishing zeroth- and first-order quantities. 

[He ny |= [Ken k J=Y, 
[5 x,bx ]= — ends; (3Cx,b,* ]= 2exdu™, 

[Ben 98s, P= [Tex ey J=0, 

[en "', by ]= — 2bexb, ; [Fn b,* |= 25€.5,*. 

The “direct” terms all vanish because V p(0)=0. The 
exchange scattering terms have coalesced with the 
exchange self-energy (62); they would reappear, if we 
separated out first-order effects, as terms involving 
o,x°6(5e,) (this is why a consistent treatment must 
include both or neither exchange terms). Finally, the 
two parts of the superconducting terms coalesce, also 
to reappear upon applying 6’s as in Sec. ITT: 

[HX s,nx ]= >. V (k,K) (by *bx— by bx*) = [Hs,n x | 
[Hs,bx ]= —->. V (k,K) (1-— nx n_x)b,, 
[3s,bx* ]=>ox V (k,K)(1—nx—n x)b,*. 

Using the definitions (22) we find, as we expect, that 
(63) may be written 


(61) 


(62) 


” (63) 


[Hs,5.x ]= = i(Hyxs:x—H-xs,x), 
[3 s, Sox tisyx |= S.x(Hix+tH,x). 


These equations may be thought of as determining the 
zero-order values of the quantities }, 6*, and n: 


(63’) 


|b.°|=4 sind, (1—m,—n_x)"=cosd,. 


Henceforth we write 6, for 6,°, etc., so that the 6’s and 
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n’s appearing in the equations without superscripts are 
just numbers. 

Thus, except for the exchange self-energy terms, 
which we explicitly neglected in Sec. III, (61)—(63) are 
identical with the equations of the spin model of the 
B.C.S. theory. 

Equations (61)—(63) demonstrate the first feature of 
our method: that the equations of the B.C.S. theory 
separate out automatically as the zero-momentum 
component of a random-phase approximation. The 
B.C.S. equations have also the effect of determining the 
stablest ground state about which to linearize the rest 
of the theory. 

This connection with the B.C.S. theory of the last 
section shows us the meaning of the equations we have 
called “equations of motion.’”’ Our attempt is to find a 
complete set of ‘elementary excitations” x,° involving 
pairs of particles, and having momentum Q, analo- 
gously to the zero-momentum excitations of Sec. FII: 


*/2= Pou (anpxP+Bide2+yndal+5xb,.2), (64) 


such that 
[H,x,2 ]= vx,®, (65) 
because then 
WV ,2= x,2Wo, 


will be an excited eigenstate of energy Eo+v. To find 
the v and x,® it is a valid scheme to replace the com- 
mutators by time derivatives, and assume all quantities 
have frequency ». 

The v give immediately the most important ob- 
servable phenomenon, the excitation spectrum. The 
properties of the ground state must be found more 
indirectly. Since the system is one with time-reversal 
symmetry, we can expect—and do find—that the 
secular equation is a function only of »’, so there are 
eigenfrequencies + v. If Wo is the true ground state, 


x_,°Wo=0 (67) 
[it will be useful later to note that x_,2= (x,~®)* ], and 
this is the simplest expression of the modification of 
our assumed ground state Wo’, the product wave 
function, by the zero-point motion. In the absence of 
scattering terms (67) is trivially satisfied, being simply 
the condition that particles cannot be destroyed in the 
vacuum, or created within the Fermi sea; but the 
coupling terms make (67) a definite modification of the 
product function. 

In Appendix II we will show how to compute the 
energy using the x,°’s, and particularly the condition 
(67). In the simple cases of the pure plasmon theory, 
or the theory of the B.C.S. igen, the energy is corrected 
simply by the sum of the zero-point shifts of the fre- 
quencies v; but that requires that the Hamiltonian as 
well as the equations of motion be separable into parts 
identifiable with the separate momenta Q), which is not 
in general so. The more general expression for the energy 
correction which we give in the Appendix is very com- 
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plicated and usually can be only approximately 
computed. 

In the next section we will discuss the actual solutions 
of Eqs. (48)—(60) ; here we are concerned with various 
generalities about them, and particularly their con- 
nection with other theories. For this purpose we might 
examine their structure more closely. 

Let fx®, (f’)x® be any of the quantities px®, fx®, 
bx®, or 6x°, and f* be any of the zeroth-order, zero- 
momentum quantities. The equation for fx® contains 
two general types of terms: self-energy-like terms like 
(55), (56), and the first two terms on the right in (60), 
which have the form 


(fx? De Vie; 
and scattering (or collective) terms such as (58), (59), 
and the last terms on the right of (60), which have the 
form 

fr Dx V(P)2. 


These two types of terms come from two types of 
terms in the Hamiltonian: the self-energy terms (68) 
come from terms 

DL fife, 


k,k’ 


(68) 
(69) 


(70) 


which are (aside from kinetic energy) the exchange-type 
self-energy and the B.C.S. reduced Hamiltonian. That 
is, the term (f’)x® in (68) comes from commuting /x® 
with one of the two /’s in (70) having k or k’=+K or 
+(K+Q), the remaining sum giving the self-energy 
sum of (68). Thus the reduced Hamiltonian gives all 
terms (68) correctly (aside from exchange self-energy, 
which was neglected in B.C.S. as well as Bogoliubov, 
as a weak-coupling assumption). On the other hand, 
the scattering terms (69) come from terms in the 


Hamiltonian 
LD fu?(fur®)*, 


k,k’ 


(71) 


and result from commuting fx®* (k’=+K_ or 
+(K+Q)) with fx° to give the zero-order fx°, the 
remaining k-sum being the sum in (69). 

Just as in the last section, there are two possible types 
of solutions: “‘individual-particle” and “collective.” 
Individual-particle (i.p.) solutions have only one or a 
few f° finite, so that terms of type (69) are of order 
1/N relative to terms (68). Thus the frequencies of all 
individual-particle modes are correctly given by pep, 
which is the basic reason behind the success of the 
B.C.S.-Bogoliubov theories. As Bogoliubov has shown, 
energies of type (70) may be rewritten in terms of self- 
energies of the transformed Fermions exo, ax:, and in 
that scheme the a’s act like independent particles. Thus 
also for independent-particle modes with Q#0 our 
scheme is fully equivalent to B.C.S.-Bogoliubov. On the 
other hand, the scattering as well as any collective modes 
require the inclusion (at least) of all terms of type (71). 

There is one last point to be made about the formal 
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structure of the theory. To understand the difficulty, 
let us take the simplest case of the unperturbed Fermi 
sea, and for definiteness take K<kr, |K+Q|>kr. We 
have equations for four excitations (we give also the 
corresponding excitation for the general case in terms 
of Bogoliubov operators) : 


px®: v=€xig—€x>0 © axiqo*axi", 


bx? ~ 
px®: 
5x2 : 


The »’s of course come in + pairs, and obviously (67) 
is satisfied for 6 and #. In the coupled theory, there will 
still be two conditions (67) on the ground state elimi- 
nating the new coupled version of b and . 

There is as yet no condition built into the theory to 
eliminate the nonphysical positive-frequency quantity 
6. The product wave function, of course, automatically 
satisfied 


geet ie (exiqt+ €x) <0 x1" @K+Q1, 
v= €x — €x4Q<0 axork+ai, 


v= €x+qt €x> 0 QK+Q0°@Ko. 


bx°¥,"=0, 


but we have no guarantee that th’s condition is main- 
tained throughout the motion, once coupling is intro- 
duced. This means that we have to prove the theorem 
that even in the presence of coupling the “unphysical 
modes” 

(72) 


(x,°),=aK+Q0*aKo 


are eigensolutions. We know this to be identically so as 
far as the self-energy terms (68) are concerned, but 
must prove the theorem in regard to the coupling terms. 

This is easily done. In terms of the a’s, the only 
finite zero-order quantities are 


(73) 


(axoaxo*)°=(axiex:*)*= 1. 


The collective terms come [see (71) ] from commutators 


(L(fx®)*,ax+q0*exo ])”; (74) 


but by simple enumeration we find that none of these 
commutators can result in quantities (73), so that 
(74)=0. Then there are no coupling terms in the 
equations of motion of ax;qo*axo, or for that matter the 
corresponding —y quantity ax;q:*ax:. This proves the 
theorem: the equations of motion are compatible with 
the requirement 


* 
@K+Q0 @Ko 
(x4,°) u¥o= | 


V,=0, (75) 
aK+Q1°K1 
because 

(3, (x49) a J= (rE?) u(X4,%)u. (76) 
The analogous requirement in the spin theory was of 
course (43’), and that analogy shows us the nature of 
(75) as opposed to the similar (67). (75) is a linearized 
version of a kinematical condition, automatically satis- 
fied by the equations of motion; we do not know the 
nonlinear equivalent, although it must exist. On the 
other hand, (67) is simply a defining condition for the 
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ground state, which is not satisfied even in infinitesi- 
mally excited states, and also differs in that it defines 
a true change in the wave function from the simple 
product result. Equation (75) says kinematically that 
the motion involves only the simultaneous excitation of 
pairs; while (67) expresses the dynamical extent to 
which this occurs in the ground state. (75) will be a 
useful result in finding the solution of our equations. 

Now let us briefly note the second limiting case: that 
(48)—(60) reduce to the R.P.A. theory of Coulomb 
correlation in the normal case in which 6,°=6,%*=0. 
The Sawada-Brout theory corresponds to keeping only 
(49) and (50) [(55) and (58)], and to including the 
effect of exchange only by perturbation theory. As 
Sawada shows, in terms of diagrams this amounts to 
summing, besides exchange diagrams to second order, 
all diagrams of the form of Fig. 2(a). 

Our theory in its complete form, including the 
screened exchange terms (51)—(52) [(56) and (59) ], is 
an equation-of-motion equivalent of the diagram 
method of Hubbard, which is more accurate than 
Sawada-Brout. 

This method sums automatically also all the diagrams 
of the form of Fig. 2(b), in which the interaction lines 
for the exchange scatterings themselves imply complete 
sums of terms like Fig. 2(a). A more complete dis- 
cussion of the relationship of this,method to other 
treatments of Coulomb correlation and other many- 
body problems** will be given in a later publication. 


V. PARTIAL SOLUTION OF EQUATIONS 
OF MOTION 


In this section we shall attempt a discussion of the 
solutions, and particularly the collective ones, of the 
equations of motion (49)-(60). As we pointed out in 
the last section, the individual-particle modes will 
automatically agree with the B.C.S.-Bogoliubov theory ; 
we shall, however, verify that also. Let us first write 
down the equations, making use of the following 
abbreviations, and neglecting the exchange terms 
(which have the effect fundamentally of simply altering 
slightly the kinetic energy and the direct scattering 
terms, without changing their character) throughout : 


wxg=€x+q—€x, Oxq=exiqt «x, 
—Ix=)x V (K,k)d.=>ox V (K,k)d,*, 


NxQ=Nkiq—NxK, 2xQ=1—nx—Nx,Q. 

Here we have chosen, with no loss in generality, b,=6,* 
(the domain wall in the +. direction). Jx is then half 
of the x component of Hx, and is defined to be positive 


26 Note the presence in Eqs. (60) of terms like 
(1—nx —n_x-Q)bx2, 


by means of which the scattering of excited pairs of electrons or 
holes in the presence of the Fermi sea may be calculated. Thus 
these equations reduce to the Bethe-Goldstone ones for the case 
of the normal Fermi sea. 


SUPERCONDUCTIVITY 


awww, ~=COULOMB 
q INTERACTION 


f ELECTRON 


Fic. 2. Perturbation-theoretic diagrams summed by the 
random-phase method. Plain arcs represent electrons and holes, 
wavy lines Coulomb interactions (“longitudinal photons’’); the 
momentum and momentum transfer, respectively, are given next 
to the lines. (a) Typical chain-type diagrams summed by the 
Sawada et al.-Brout equations. (b) More general diagrams 
summed by full method. Use of dielectric constant screening 
causes exchange interactions (like that labeled s) to imply full 
sums of diagrams like 2(a). 


(V is negative). With (77), we get 

[5px] = wKapK?— V pp°nxag— Tx+qbx°+/xbx2 
+x ze Vbx2—dxi9 Lx Vb,8, 

[5C, 6x? ]= —wxgpx?+ V np%xQ— 1 xbx°+1xqbx? 
+bxi9 >. V6b,.2—bx > Vb,28, (78b) 


[5,bx2 ]= —Qxghx?— V pp?(bx+bx4Q)— I xp? 
—Ix+qpx?— xq Dox Vbx2, 


[5C,bx?]=Oxqbx?+ V pp? (bx+bx+9) 
+ (Tx+qhx?+J xox?) +2x9 Dx Vbx®. (78d) 
Here we have V=V(K,k) for brevity, and Vp=Vp(Q). 
The time-reversal feature of (78) may be seen by 
noticing that if we take j.°= (p,°)*, b= (6)*, (78b) is 
(78a) and (78d) is (78c). Interpreting [3C,f] as if, this 
means that (78) connects the real parts with time 


(78a) 


(78c) 
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derivatives of imaginary parts and vice versa; thus it 
is basically an equation in (d/d#)*. Our method of 
solution will be to derive the two second-order equations 
for the (say) imaginary parts. For instance, we write 
down 
(5, px®+ px? ]=wxe(p— p)x°— (/x+/x+Q) 
X (b— b)x°— (bx +bx49) Ex V(b—5)x2, (79) 
and 
[3, [R, (p— p)x® | ]=oxalX, (o+/)x® | 
—2V pnxal X02 ]— (Ix4q—1x)[5¢, (6+6) x2] 
+ (bx—bdx.9)[%, >. V (b+6),2). 
In (80) we substitute from (79) and the corresponding 
equation for b+, except in the last sum, which is most 
conveniently left in its present form: 
[5C,[3C,wx?] ]= Pwe?=[wxg?+ (x+q—/x)* wx? 
—_ 2(€exiqlx— ex] x+Q)¥x°— 2 V pnxall® 
—[wxe(bx+bx19)+2xq(/x—Ix+9) ] Du Vox2 
+ (bx—bxiq)Bx®. 


Here we have made some further abbreviations: 
Vu? =by2— by2; we? =px2— x2; 
By? = [R, > V (db, 2+ 6,2 )] < 
12 = [ 3C,p? ]J= do wxquwe®. 


(80) 


(81) 


This last equality is the all-important sum rule.® 
The equation for yx® is obtained similarly : 
vyx? = [Oxg?+ (/xt+/x+9)* lyx® 
> 2([xexie- TxiQex)Wx?— 2V p(bx+bx4Q)IT2 
+ [Oxezxngt (/k+/ x+Q)(bx+bx+Q) ] 
xd. V vx2— cxqBx®. (83) 
First note that, because 


NKQ bx—bdxig 





bx+bxi9 2KQ 
wxg(bx+6x+9)—2xq(/x+q—/x) 
OQxezxgt ([k+/]x+9) (bx+bx40) 





the collective parts of the two Eqs. (81) and (83) are 
simply proportional. This is the result of the condition 
(74)-(75): one solution factors from the secular 
equation. 

Second, we derive the spectrum of the individual- 
particle solutions. This too we know must come out 
right, but we shall do it as a check on our reasoning. 
Leaving out the collective terms, the secular equation is 


0 Ox? + (Ix+Ix+9)’- y 


| —2(Ixexiq—/x+9¢€x) 


—2(Txex+q—Tx+aex) | 
wxa’+ ([xyq—/x)’-v i 


which indeed has the solutions 


(vx?)?=[ (ex?+J x2)! (exyq?+/ iq’)! P, (85) 
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of which those with the — sign are exact solutions 
because of (76), but must be discarded because of (75). 

Now we shall go on to discuss collective solutions. 
To avoid complications we make some assumptions 
which are valid in the weak-coupling limit or in the 
“cutoff” theory of B.C.S. in which V is a constant. In 
some cases we assume small Q, the case we study 
primarily (for large Q the overwhelming majority of 
pair excitations of momentum Q are obviously un- 
affected by superconductivity). 

We assume /x=/ independent of K, as it will nearly 
be if e<wp. yx® will be small except within eo of the 
Fermi surface; then we can assume 


> V (K,k)y.2= A® independent of K. (86) 


We shall find that the most important collective 
modes have y even; in that case 


(3, Dx V(b+6)x? EY — Vx VOxqyx?= Be 


is also zero. However, for the sake of completeness we 
shall retain B®, also assuming it to be a constant with 
varying K. Then the Eqs. (81) and (83) become 


(87) 


(?— wxKQ’ ww, = — 2wxel yx? — 2) "pnxall® 
—wxq(bx+bx,Qq)AP+ (bx— bx.) BY, (81’) 
and 
[v?— (Qxq?+4/*) ]yx® = — 2wxglwx® 
—2V p(bx+bx,q) 2+ [Qxazxg 
+21 (bx+bx+q) JAP 2xQB°. 


To take advantage of (84), let us define 


(83’) 


‘ WKQ (bx—bx+Q) 
x= 2V plI°-+— (bx+bx4q)A°—-—— 


NKQ NKQ 


B2. (88) 


Then (81’) and (83’) may be rewritten 
(v?—wxq*)wx?+ 2wxal yx? = — nxgPK®, 
[y— (Qxq?+4/*) lyx?+ 2wxalwx? 

= — (bg +bx+.Q)Px®. 


(89) 


We may solve by multiplying the first by 2wxg/, the 
second by (v?—wxg’), and subtracting, or vice versa. 
In that case we get 
{{’— (Qa? +4/?) Lv’ —wxq |—4oxq?/"} vx 
= —[ (?—wxa’)— 2nxquxal (bk +bx+q)" } 
x (bx +bx4Q)Px®. 
With the collective terms (the right-hand side) left out, 


this equation must have the solutions (85), and so the 
left-hand side must simply be 


[v?— (vx®)? Lv — (vx?),? lyx®, 


where yx® is the physical (positive-sign) root of (85) 
and (vx°),, the unphysical, negative-sign one. The only 
way, then, to satisfy the requirement (76) is for 
[v?—(v_®),?] to be a factor on both sides; canceling 
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this factor out, we obtain 


[v?— (vx®)* \yx2® = — (be +bx+Q)Px2. (90) 


By a similar procedure we can also arrive at 


[?— (vx®)? wx? = — nxgPx®. (91) 


[So far we have not used our simplifying assumptions 
in any essential way, and (90) and (91) could be used 
to obtain complete spectra of collective modes if the 
resulting integral equations could be solved. ] 

From (90), (91), and the definition (88) of @, we can 
form the sums II, A, and B, and arrive at the integral 
equations which determine the frequencies: 


2= (Pox wuqnnal (vx%)?— v* J} 2V pIT? 
+{Dix ong? (but bra) [(rn2)?— P YAP 
= {Ex wxQ (bu — dur a)l (ru2)?— PTY BE. 


AW={>°>, V (byt dura) (vx2)?— FY 2V pIl® 
+{¥>% Vang (but bxsQ)*xe T (vy,2)?— y | 1y Ae 
—{>. V (by? — bx4.Q7) xq T (vy,2)?— v?} '} BY, (93) 


B= —(Fy VOrq(bet dura) (1x2)*—}}2V ple 
— {doc VeoxgQea (bit bn4Q)?txQ™ 
XL (n2)2— FACED, Vg 
X (bx? — bx+.Q7) xq T (vy,2)?— vt Ty BY, 


(92) 


(94) 


(92)-(94) are a set of three simultaneous linear 
equations in II, A, and B. Symmetry about the sphere 
\k+(Q/2)| =k» makes the cross-terms coupling B to 
A and II vanish. Thus there are, as in the Q=0 case, 
two independent types of collective solutions: the odd 
ones involving B®, corresponding to 6H, in (33) finite 
(limg.oB? «6H,), and the even ones, with finite A® 
and IT® (like the 6H, solutions). The odd solutions obey 
(94), which by use of (84) is 


1 => s (-— V )Qxqzxel (vx.2)?— vt} i, 


As in the Q=0 case, all solutions lie in or close to the 
continuum, and approach as Q — 0 the corresponding 
solution of (34)—(35). 

As for the “even” solutions, our assumptions have 
been equivalent to the V=constant assumption which 
eliminates any higher bound states for Q=0. These 
higher states may also exist for 00, for physical V’s, 
but we shall ignore them, simply observing that 9, d, 
etc. states, or if you like, transverse and more com- 
plicated collective waves, may exist but will be near 
the continuum, and their energies will approach the 
corresponding Q=0 energies as 0 — 0. 

This leaves the coupled Eqs. (92)—(93) to determine 
the physically important longitudinal collective modes. 
The dispersion equation is a determinant 


(95) 


|1-2Vof | 
| 2Vph 


=0, (96) 
1—g| 
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where after some algebra we define 

f=Lx oxqnnal (rx?) PF", 

g= Dx (—V) vn? cos*[ 3 (Ox—Ox+Q) JL (v2)? — v? J 
h=>>% (—V) (Ou tbuyQ)[ (x2? — PP, 

1= Dox nq? (Oa +buyQ) VP — (v2)? F. 


The collective modes have entirely different behavior 
depending on whether we consider the charged or 
neutral cases. In the charged case, Vp is singular and 
large, II is the important variable, and f determines 
the frequencies; in the neutral case A® (a variable 
which closely resembles the “rotation” of Sec. III) is 
the important variable and g mostly determines the 
frequency. We shall analyze the two cases separately. 


Case I. Neutral Fermi Gas 


This case is defined by Vp=const as 0-0 (we 
might as well let Vp=V, the ordinary interaction). 
Since fx Q?, 1—2V pf=1 in the long-wave limit except 
very near a »%°; in a principal-value sense, f is small 
everywhere. This limit of small Q is the interesting 
region, since in reference 6 we proved that in this case 
states with 0 — 0 lie at the bottom of the energy gap; 
thus we use a perturbation procedure suited to this case. 
Since also /« Q*, in all terms except 1—g we can make 
approximations; in particular, we neglect f and get 


1—g=2VIh. (98) 


In the limit Q=0, this has, aside from the individual- 
particle solutions, only the v=0 collective mode which 
we discussed in Sec. III; g=1, v=0 leads to precisely 
the equilibrium condition for the ground state. Our 
task here is to get the dispersion of this mode to lowest 
order in Q. For this purpose it is adequate to expand h 
and / to lowest nonvanishing order in Q? and v*, and g 
to first order: 

K&D. (—V) sind, (vy°)? = 27 © (—V) (2); 
I>~- dy WKQ” sind, (vx?) 
=—4kePOm >, sind: (v,°); 
g1+r >. (-—V) (>) 
+ {yx (— V) (1,2) cos*{ 4 (O0x1Q—49x) | 
—4$[S xe (—V) (7+ Dx (— V) (rn @”) ry}. 
The calculation of this last difference follows: 
{ }=Le(—V)I-“(sinOy+sinOx4@)—'[cos*(4 (Ox4@—Ox)) 
XsinO, sinOx,q— } (sindx+sinOx.9)* } 
= —> x (— V)(47)- '(sinOy+sinO_ +9) 7 
x (sinO, COsO, aaa sin6, +Q cos6, )? 
S— Px (— Vang? (n°). 
Thus the dispersion of this mode is given by 
1—[1+r? Dx (—V) (oe) — Die (— VV) (ve") Fong?) 
= 2Vv[— 27 D>. (- V) (x) 0s WkQ” sin, (vx°)~* ], 


(99) 





ee 


P= forPL1+4IV Dx sindy (1°)? 
= }or0?(1—4N (0)| VJ. 


Apparently the “phonon” velocity 3~!vp is strictly a 
kinematical “ideal gas” effect, the V(0)V correction 
being a result of the coupling to the direct interaction 
in the present weak coupling case. The kinematical 
term has been obtained in a different way by 
Bogoliubov.” 


(100) 


Case II. Charged Fermi Gas 


In this case 


Vv(Q)=2ne0-, (101) 


and in the important Q— 0 limit, the cross-coupling 
2V plh as well as the term involving f are rather large 
constants unless » is large. First let us satisfy ourselves 
that there are no low-lying collective modes. For such 
modes v could be neglected in estimating / and h; we 
calculated in Case I that JhA(v=0)=J-°N?(0) V(wxq?) so 
we find 
2V plh(v=0)w,77N (0) V>1. 


Thus the collective mode with v=0 near 1—g=0 
disappears without trace; we can only hope for a 
solution at very large v. We expect such a solution to 
lie near wy; we shall find there that now /, h, and g are 
small and in them we assume y=w,. What we then seek 
are the corrections to w, of lowest order in the energy 
gap ¢9=2/. 

Near wp, g is small, if we assume that the exchange- 
phonon interaction, when averaged over attractive and 
repulsive regions, is small compared to the direct 
interaction. In any case 1—g is only coupled in by small 
terms, so we can neglect g and write 


1—2V pf=2V pik. 
Near v=wy, 0=0, we have 
2V plh= —2V v(d x wxQ’wy ® sind,) 
X (Xx! V | wp sind,) 
= —2V pwr”) mop “42?| V |. 


(102) 


(103) 

The correction to f may be calculated as follows: 
fv? Vik wxqnnq—wp Yk wxqa (v2), 

so that 


2Vof= wy? — (wuQ?)av2 V pw, * 
XP ic mequug? (v4.2)? 


= wv 2+ 2V plwrg?) mop 4P| V |. (104) 


We see that the corrections in (103) and (104) cancel, 
leaving the plasma frequency as Q—0 unchanged, 
even to the very small terms which we are calculating. 
It seems likely that the dispersion of the plasma mode 
is also unchanged, since w, must be the same also for 


large Q. 
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Thus, in conclusion, the predictions of reference 6 
are in large part borne out: that the charged Fermi gas 
has no low-lying collective modes because of the strong 
plasma effect, while the neutral gas has a low-lying 
branch. The present weak-coupling theory gives no 
correction to the plasma mode, and derives a phonon- 
like mode for the neutral case with a small interaction 
correction. The presence of the interaction correction 
represents a definite improvement of the present 
method. 
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APPENDIX I. INCLUSION OF DIRECT 
INTERACTIONS WITH PHONONS 


In the actual physical superconductor there always 
remain a group of excitations in the energy gap: namely, 
the lattice phonons. According to our discussion of Sec. 
II, it should be feasible to study the effect of super- 
conductivity on the phonons by introducing explicitly 
only the direct electron-phonon interaction; if the 
phonons are not seriously perturbed by the difference 
between normal and superconducting states, then their 
contribution to the dielectric constant, and thus to the 
superconducting interaction V, can be studied as though 
the electron wave function were normal. 

Clearly it is only important to include phonons in 
the physical, charged case ; the neutral case is of possible 
physical interest only in such problems as He’ or the 
nucleus, where there is no lattice. 

The inclusion of phonons simply involves including 
among the excitations of momentum Q the coordinate 
and momentum gq and pa, and the terms of (12) and 
(13) involving these: 


(Hpn+K,)°= (pop_at fe’qag-a) 


— (qqo~®v9'+g-p%0g"*). (Al) 


The equations of motion for the new variables lead 
rather simply to 


[5,[5C, pq ]J= fo’ Pat 2ive* 12. (A2) 
Now we must calculate the effect of 3C; in (A1) on the 
various electron coordinates. The results are 
[5C,,px® |= —qave'(nx—nx+Q), 
[5C;,px? |= qqre(mx—x+Q), 
[5C,,bx? ]=qqre'(bx+bx+9), 
[5¢,,bx?]= —qqrg'(bx+bx+q). 
The extra terms (A3) lead to an extra term on the right 
of Eqs. (81) and (82) for w and y: 
[3i+5pn, [IC;, wx? ]]= 2ipgre‘nxa, 
[5C;+Hpn, (Ci, x2] ]= 2ipqve'(bx+bx+a). 
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Thus the effect of including the phonons appears 
(appropriately, since the phonons are collective 
variables) entirely as an extra term in the collective 
part &x® of Eqs. (90) and (91); we must define a new 
$x° which is given by 


(6x—bx4q) 
act 


NKQ 


ry WKQ 
P,2 == 2) pll?@+ —(bx+bx +9) A2—- 
nNKQ 


—2ive'pa, (AS) 
while pq is related to II® by (A2). 

Again we find that symmetry about the Fermi 
surface allows us to decouple B® from the rest of the 
equations, so we may assume B® zero. Then we are 
left with a three-by-three set of equations for II°, A®&, 
and p® instead of the two-by-two determinant (96). 
The calculation is so similar that one needs only to 
write down the final determinant : 


2ivg'* 0 
1-2Vpf 1 |=9, 
2Vph 1g 


| fée- yp 
2ive'f 
|— 2ivg'h 


(A6) 


where the symbols /, g, #, and / are the same as they 
were in (97). 

The result for the normal metal would be the limiting 
case of (A6) in which A and / are zero, decoupling A®, 
and ».° — wxq in f. Then the secular equation is 
4| v9'| 

1%Q | (A7) 


» 
Ynoorm > 


This is exactly the same as the secular equation [his 
(7a) ] of Wentzel,'* if we note that our f is his f,; our 
vg‘, his u,; our Vp, his A,. Using (14) and (11), we find 


= we?+ (4aneZ?M-)- 
1-2Vpf 


Swe?+ 3(m/M)Z0/7Q", (A8) 
using the fact that f—2N (0). This is a well-known 
result in this approximation.’ 

Now we shall study the effect of superconductivity 
on the phonons. Adding ive'Vp™ times the second 
column to the first simplifies the determinant to 


I 2ive"* 
ivg'/Vp 1—2Vpf 
0 2V ph 


0 | 
l \=9, 
l—g 


| fe? ——2|09'|*Vp 


which, expanded, is 
P—wg?=2|9'|*V p> nf 1 —2Vp[ f+lh f (1—g) }}-. 


In this form the analogy with (A8) is clear: we have 
simply replaced the damping factor (1—2Vpf)“ by 
{1—2V p[_ f+/h/(1—g) ]}}“. In the normal case, f is a 
constant and the singularity in Vp makes the second 
term the large one; now f«Q? and if the phonon fre- 


(A9) 
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quency is to remain similar /h/(1—g) must have the 
correct value. Fortunately, in the “neutral case” 
calculations of Sec. V we have the values of /, 4, and 
(1—g) in the appropriate limit, and we get 


lh y 
—=—2n(a)( 1+ ). 
jg (wxQ”) Av 


Since phonon frequencies are quite small relative to 
wxq, this agrees well with the normal value (A8). The 
velocity change caused by superconductivity, given by 
the last term, is of order m/M or ~10~. Whether this 
is physical depends on whether our calculation is really 
accurate for these very small terms. 

Note added in proof—Dr. A. W. Overhauser has 
pointed out to me that an effect agreeing with this 
correction in order of magnitude and sign was measured 
on Sn and Pb by B. Welber and S. L. Quimby, Acta 
Metallurgica 6, 351 (1958). 


(A10) 


APPENDIX II. TOTAL ENERGY CALCULATIONS 


As Wentzel has pointed out, in the simple Sawada- 
Brout method the energy change caused by the inter- 
actions is given simply by the change in zero-point 
energy summed over all the excitations. Unfortunately, 
even the inclusion of phonon and photon exchange 
effects complicates this simple prescription very much. 
We shall show briefly here how the energy might be 
calculated on our method, but since it is relatively 
unimportant physically—representing only a small 
change from the B.C.S. result—we shall not make any 
attempt at evaluating it. This appendix is included 
primarily just to show that the equation of motion 
method is a complete and satisfactory substitute for 
the diagram method, for the energy as well as for the 
excitation spectrum which it exhibits so naturally. 
Since this is the purpose, we confine the calculation to 
the case of an ordinary space potential : 


V=Ya V(Q)p%*%, 


and then the potential energy (the kinetic can be 
obtained by the trick of integrating with respect to 


on 


e7)8 is 


(All) 


P.E.= dog V(Q) (p%Wo0,p% Wo). 


The essential point of the method is to expand p® in 
terms of the eigenexcitations x, (64) (we shall work 
entirely with momentum Q alone, so we omit the Q 
index where possible hereafter) which we expand 
[instead of (64) ] for convenience in Bogoliubov form: 


(A12) 


%y= Die (Avncres Qo*arr* + Hy nreyQiako), (A13) 


— o.2 
Z»=) (Ur kOK+.Q0 Qk1 —NvkOk+Q10K0). 


We also shall need the inverse transformation 


4 Q0°OK1* = >> (Lert +My X_,), (A14) 


Ak+Q10ko = > (my »X»—1y,X_»). 
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Simply by substitution of (A14) in (A13) we get 
> « (nvulice tM rk My) =5yy". 

Let us define two quantities which relate p and x,, 
and which could if necessary be written out in terms of 
the expansion coefficients : 

U,= (4, Wo0,pVo)= (Wo, (x,*p— px,*) Vo) ; 
>» V%=p. 
Then clearly the term in the energy (A12) for mo- 
mentum (Q) is 


(A15) 


(A16) 


(A17) 


V(Q)> U.Y,. 


[U, is zero for v<0 by (67). ] 

We find that the equations of motion, together with 
(A15), give us a relationship for U,Y,. Suppose, for 
example, that we assume that (90) and (91) are the 
correct equations of motion. A little manipulation leads 


us to the following equations for the a’s: 
VOKk+Q0*AK1* _ Vn 20K4.Q0°AkI + (1 2v) fi (k)®,2, (A18a) 


VAk+Q10k0= — V4, 20k 4Q10K0— (1 2v) fi: (k)®,2, (A18b) 


where /,(k) is the complicated but known function 
fi (k) = cos 4 (0x+q—49x) |[bu+ big | 
+sin[4 (6x+9—9x) lng. 


Note added in proof.—G. Rickaysen has pointed out 
to me that Eqs. (A18) are in error, and that only their 
consequence 


[v?— (4.2)? } (ax+Qo*anr* — ax+qraxo) = fi (k) P28 


(A19) 


is valid. The principle of the energy calculation is not 
affected by this error, and also (A24) is still correct. 

Now we can derive equations both for the \’s and 
the /’s from (A18). We take the average value in the 
ground state of the commutator of x,* first with (A18a) 
and then (A18b). This gives 


Avi (v— vx®) = (2v) fr (k) (x V0,Px Wo), 


(A20) 
My (V+ Py?) = (2v) "fi (k) (x, Wo,P.2Vo). 
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Second, we expand (A18) by means of (A14). Then if 
$,°=>°, Pry, (A21) 


we have 


(v— v2 gy = (2v)* fi (kK) Gar = — (vy) yy. 


The only remaining task is to study ®,°. To show 
what might be done with this let us take the simple case 
of Sawada-Brout, where 


©,2=2V (Q)T12. 


(A22) 


Since 
(a Wo, TI°¥ 9) = vl Pv 
(A20) becomes 


Ave = fi(k) (v—rx2)-U,V (Q), 

Hen= — fi(k)(v+r%2)—U,V (Q), 
while, using (A16) and the definition of IT°, 

¢x»=2Vr¥,, 
so that (A22) becomes 
hyw=VY,(y— 2), 
my, = — VY, (v+ 42). 

Then (A15) gives us our desired relation for U,Y,: 


Fs > VO) fr(WLo~— y,2%)” 
— (vt+»,2) J=1. 


Eventually this leads to exactly the simple result of 
Sawada, when we insert the correct value of /,(k). 

In the more general case ®,° does not consist of II 
alone. In any soluble case, however, it consists of a 
finite number of sums like A®° and B® which we must 
perforce consider as constants, and the solution of the 
problem involves finding a linear equation set like 
(92)—(94) connecting the parts of ®. If this is so we can 
solve (92)—(94) for the A®, B°, and any further such 
sums in terms of II®; then the only change in the theory 
is a redefinition of the k- and »v-dependent quantity 
fi(k), which will have to contain factors coming from 
the solution for ® in terms of II. 


(A24) 
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Symmetry of Magnetic Structures: Magnetic Structure of Chalcopyrite* 
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The transformation properties of magnetic moments under symmetry and antisymmetry operations 
lead to 1421 possible space groups for ferromagnetic and antiferromagnetic crystal structures. A systematic 
procedure for magnetic structure determination is proposed, which takes into account the restrictions 
imposed on spin directions by space groups. This method is applied to chalcopyrite, CuFeSs, which is found 
to be antiferromagnetic at room temperature: the chemical structure is that proposed by Pauling and 
Brockway, the space group /42d holds for the magnetic structure, in which the two iron (and possibly 
also the two copper) atoms tetrahedrally bonded to a common sulfur atom have antiparallel spins directed 
along the c axis. A value of 3.85 ug is found for the iron moment (0+0.20 us for copper). The possible 
existence of a second chalcopyrite modification in nature, suggested by conflicting results on material 
of Japanese origin, is ruled out, as specimens from both Ugo, Japan and Joplin, Missouri are found to 


have the same structure. 


SYMMETRY CONSIDERATIONS 


N the last few years Russian crystallographers and 

mathematicians! have worked out the extension of 
the 230 symmetry space groups to include the opera- 
tions of antisymmetry. They enumerated 1651 groups, 
which they call the Shubnikov groups: 230 uncolored, 
1191 black-and-white, and 230 gray. The possible use- 
fulness of these groups in the study of magnetic crystal 
structures has been mentioned.? Dzyaloshinsky*® has 
applied point groups of extended symmetry‘ to study 
the magnetic structures of CrO3 and a-Fe,Q3. As far as 
we know, no actual application of space groups to 
magnetic structure determinations has been published 
with the exception of an abstract,’ which discussed the 
application of symmetry space groups to Cr2O; and to 
chalcopyrite. 

Structures possessing aligned, but not necessarily 
collinear, magnetic moments may be described in terms 
of the 230 uncolored and the 1191 black-and-white 
space groups; the 230 gray groups are applicable to 
paramagnetic crystals. The change of color that char- 
acterizes an operation of antisymmetry is here replaced 
by the reversal, R, of spin direction to be combined 
with the corresponding symmetry operation. The 
operation, “identity combined with R,” is allowed only 
in the 230 gray groups; it does not occur in black-and- 


* Research performed under the auspices of the U. S. Atomic 
Energy Commission. 

{ Permanent address: The Johns Hopkins University, Balti- 
more, Maryland. 

1A. M. Zamorzaev, dissertation, Leningrad, 1953 (unpublished) ; 
Belov, Neronova, and Smirnova, Trudy Inst. Krist. Akad. Nauk 
S.S.S.R. 11, 33 (1955); Kristallografiya 2, 315 (1957). 

2A. L. Mackay, Acta Cryst. 10, 543 (1957). 

$I. Dzyaloshinsky, J. Phys. Chem. Solids 4, 241 (1958). 

*B. A. Tavger and V. M. Zaitsev, J. Exptl. Theoret. Phys. 
U.S.S.R. 30, 564 (1956) [translation: Soviet Phys. JETP 3, 
430 (1956) ]. 

5’ Donnay, Corliss, Hastings, and Donnay, Abstracts of the 
American Crystallographic Association Meeting, Pittsburgh, 
Pennsylvania, November 6-8, 1957 (unpublished). 


white groups. The transformation properties of mag- 
netic moments differ from those of black and white 
objects so that the positions available in a given space 
group may be different for the two cases. Thus, a 
magnetic atom can be placed on a twofold an‘iaxis 
provided its spin is perpendicular to the antiaxis, 
although such an atom in the corresponding black-and- 
white space group would be gray. (Not every gray 
atom can be interpreted as an atom with zero spin.) 

The effects of symmetry and antisymmetry opera- 
tions on magnetic moments are summarized in Fig. 1. 
Following Belov’s convention! an element of antisym- 
metry will be designated by a primed symbol. A mag- 
netic atom can be placed on any rotation axis, provided 
its spin is directed along the axis, but only on an antiaxis 
2’, in which case the spin must be perpendicular to the 
antiaxis. Screw axes and screw antiaxes are not subject 
to such restrictions. A magnetic atom cannot be placed 
on an anticenter or at the inversion point of an antiaxis 
of rotatory inversion. A magnetic atom can be placed 
on such an axis, though not at the inversion point, 
provided its moment is parallel to the axis. Note that 
the antiaxis 3’, of order 6, leads to three atoms with 
zero spin when it operates on a magnetic atom, so that 
3’ cannot be included as a possible antielement of 
magnetic groups. (The same restriction applies to black- 
and-white groups.) Only magnetic atoms in general 
positions can carry spins that are neither parallel nor 
perpendicular to symmetry directions. Such atoms will 
produce generalized ferromagnetic or antiferromagnetic 
structures, which may contain noncollinear spins. 

The problem of placing magnetic moments in a 
ferromagnetic or antiferromagnetic crystal structure 
previously determined by x-rays can be attacked in two 
ways. One can proceed without utilizing the fact that 
magnetic moments are subject to either symmetry or 
antisymmetry operations and assume arbitrary spin 
directions consistent with the macroscopic magnetic 
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Fic. 1, Effects of sym- 
metry and antisymmetry 
operations on magnetic mo- 
ments. A symmetry opera- 
tion of the first kind trans- 
forms a magnetic moment 
as if it were a polar vector; 
an operation of the second 
kind reverses the sense of 
the vector. An antisym- 
metry operation requires an 
additional reversal of sense. 
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SYMMETRY OF MAGNETIC STRUCTURES 


state. It follows (Fig. 1) that all symmetry elements 
present in the chemical cell are lost, except in the 
fortuitous case where the spin happens to be exactly 
parallel or perpendicular to a symmetry direction. The 
resulting space group of the crystal becomes P1. Al- 
though the deviations of atomic coordinates from the 
special values assigned to them in the chemical structure 
may be so slight as to be undetectable by x-ray diffrac- 
tion, we must nevertheless rewrite the coordinates so as 
to indicate that they refer to general onefold positions in 
space group P1. For example, a magnetic atom which 
appeared to be on a special position in the chemical 
structure, at }, }, {, say, will now have to be considered 
as lying at 0.254+-Ax, 0.254 Ay, 0.25+Az. For a cell 
that contains V atoms, 3N positional parameters must 
be refined, quite apart from the directional parameters 
of the magnetic moments. This procedure is unsatis- 
factory for complex structures and may even present 
difficulties in simple structures. 

Alternatively one may recognize that magnetic 
moments are subject to symmetry and antisymmetry 
operations. It is then possible to follow a systematic 
procedure in the determination of magnetic structures 
by starting with a spin distribution that obeys the 
highest possible symmetry (minimum number of param- 
eters) compatible with the chemical space group and 
neutron diffraction data. The latter, when differing 
from the x-ray data, are used to determine the size of 
the magnetic cell, its symmetry, and its diffraction 
aspect. In determining the lattice type it should be 
noted that the Shubnikov groups are based upon 36 
lattices: the 14 classical Bravais types and 22 additional 
lattices containing both translations and antitransla- 
tions. The latter always lead to a cell which is a multiple 
of the x-ray cell and produce additional lattice extinc- 
tions depending on the mode of anticentering. Anti- 
centering of an edge (P,) requires the corresponding 
index to be odd; anticentering of one face (P¢) in- 
troduces the condition that the sum of the appropriate 
pair of indices be odd; anticentering of the cell (P7) 
requires the sum (h+k+/) to be odd. (These indices 
refer, of course, to the magnetic cell.) The extinction 
rules needed to derive the remainder of the diffraction 
aspect are not necessarily the same for magnetic reflec- 
tions as for nuclear (or x-ray) reflections, since in the 
case of the former they depend on the relation of spin 
directions to symmetry directions. 

An an example, consider a magnetic atom in general 
position in the monoclinic space group P2,/m. The x-ray 
and nuclear reflections ORO with k odd are absent. A pair 
of magnetic moments related by a twofold screw axis 
gives rise to scattered intensity® proportional to 


| F|?=2(1-bx1- %2)— (€- eke: x2)’, 


6 This formula is derived from the general expression for mag- 
netic scattering { Corliss, Hastings, and Brockman, Phys. Rev. 90, 
1013 (1953) ]: | F\?= |K|?— (e- K)?, where K=Lxyet™* (heithysties) | 
by substitution of the coordinates xyz and 2, y+4, 2. 
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where the + and — signs refer to the conditions k even 
and k odd, and where x; and x2 are unit vectors in the 
direction of the moments and e is the scattering vector. 
For the case of OO reflections and moments perpen- 
dicular to the symmetry axis, we have e-%,=0, e- x= 0, 
%1= — %2. This requires that magnetic reflections vanish 
only for k even. If, however, the spins are parallel to the 
symmetry axis, x=, and e-x,=e-%,=1 and F*=0 
for both & even and k odd. Thus, in this case the extinc- 
tion (OkO=0 for k odd) produced by the screw axis is 
obscured by the more general restriction imposed by 
the special nature of magnetic scattering; namely, the 
magnetic intensity vanishes when the moments are 
directed parallel to the scattering vector. 

The chemical space group, or its most symmetrical 
subgroup, compatible with the magnetic diffraction 
aspect, is the first space group to try. A look at the 
point symmetries of sites in this space group, as listed 
in the International Tables for X-ray Crystallography, 
tells us whether the atoms presumed to be responsible 
for the magnetic effect, are indeed in positions that can 
be occupied by magnetic moments. (Only sites whose 
point symmetry is a subgroup of /m, the symmetry 
of the axial vector, can accommodate magnetic atoms.°) 
The spin must be directed along the symmetry direc- 
tion. Thus, provided the magnitudes of the magnetic 
moments are known, only one or a few magnetic struc- 
tures have to be tested in the chemical space group. 

If the agreement of structure factors is not satis- 
factory, the next step is to try the antigroups derivable 
from the chemical space groups! and permitted by the 
magnetic diffraction aspect. (There are as yet no Jnter- 
national Tables available for these groups, so that they 
must be worked out individually.) Only after all these 
possibilities have been ruled out does one proceed to 
the next lower space group permitted by the diffraction 
aspect. Additional positional parameters are thus intro- 
duced that may be varied to improve the agreement 
within the limits of accuracy of the x-ray structure 
determination. We have successfully applied this pro- 
cedure to the cases of CrN and CuF eS». The latter is 
discussed below. 

In many cases the crystal structure is known only 
above a magnetic transition and is therefore almost 
certain to differ in detail from the structure of the 
magnetic phase in which one is interested. When the 
material is available only in powder form, it is often 
impossible to determine with certainty any change in 
the lattice and space group of the chemical structure, 
but the appearance of magnetic reflections may clearly 
necessitate the enlargement of the cell. In such a case 
one must consider two possibilities. (1) The chemical 
cell has remained unchanged and the magnetic space 
group is based on an antilattice; this space group will 
be chosen so as to admit atomic positions close to those 
found above the transition. (2) The chemical cell has 
become enlarged and is equal to the magnetic cell, so 
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that the magnetic space group is based on a classical 


Bravais lattice. 


EVIDENCE FOR ANTIFERROMAGNETISM 
IN CHALCOPYRITE 


Previous studies of antiferromagnetic compounds in- 
volving tetrahedral coordination of magnetic atoms 
about an anion have shown that the local magnetic 
structure is consistent with an indirect exchange 
coupling mechanism. Additional examples of such 
structures were sought in order to study the effect of 
tetrahedral bonding and covalency on the interaction 
of magnetic atoms. The appearance of antiferromag- 
netism in the zincblende and wurtzite forms of MnS 
suggested that chalcopyrite, CuFeS:, might also prove 
to be antiferromagnetic. 

Measurements of the magnetic susceptibility were 
carried out by the Gouy method. Between 77°K and 
room temperature the susceptibility was found to be 
low, with a small positive temperature coefficient. Above 
room temperature the susceptibility increased more 
rapidly with increase in temperature, but was not com- 
pletely reversible. The dependence on thermal history 
may have been caused by chemical reaction with im- 
purities present in the sample.’ While the evidence for 
antiferromagnetism obtained from these measurements 
is not entirely conclusive, confirmation was obtained 
from the presence of strong additional reflections in the 
neutron diffraction powder patterns. This evidence will 
be detailed in the discussion of diffraction data obtained 
by neutrons and x-rays. 


CHEMICAL STRUCTURE OF CHALCOPYRITE 


The crystal structure of chalcopyrite CuFeS, was first 
determined in 1917 by Burdick and Ellis.* It was the 
first structure to be determined in the U.S.A. and the 
first structure of a “complex sulfide.” The crystal used 
came from French Creek, Pennsylvania; it was studied 
with Pd radiation and gave the cell dimensions: 
a=5.228 kx), c=5.15 kx, c/a=0.985. On the basis of 
the seventeen reflections studied, the structure was 
reported to be of the ZnS (zincblende) type: 


At (0, 0,0; 3, $,0)+ 


in which z was assumed to be 4. The value of z was 


changed to 0.21 by Gross and Gross,’ who used data 
from Laue patterns. 

In 1932 Pauling and Brockway,” using Mo radiation, 

7G. Kullerud (private communication). 

§C, L. Burdick and J. H. Ellis, Proc. Natl. Acad. Sci. U. S. 3, 
644 (1917); J. Am. Chem. Soc. 39, 2518 (1917). 

®R. Gross and N. Gross, Neues Jahrb. Mineral. 48, 113 (1923). 

1. Pauling and L. O. Brockway, Z, Krist. 82, 188 (1932), 
hereafter referred to as PB. 
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studied a crystal from Joplin, Missouri, by Laue and 
oscillation techniques. The Laue diagrams showed that 
the c length had to be doubled : a= 5.24 kx, c= 10.30 kx, 
c/a=1.97. The space group 142d was uniquely deter- 
mined from the diffraction aspect [**d (hkl only with 
sum even ; Ail only with half-sum even) and the morpho- 
logical point group 42m. The atoms were placed as 
follows: 
At (0, 0,0; 3, 4, 4)+ 

4 Cu: 0, 0,0; 0, 3,4; 

4 Fe: 0,0, 3; 0, 3, 3; 

SSK ZLELLE LEE: 
with x=0.73+0.01. The PB structure! (Fig. 2) differs 
from that of Burdick and Ellis in the arrangement of 
copper and iron atoms; it also displaces the sulfur atoms 
slightly from the centers of the metal tetrahedra toward 
the Fe—Fe edge (Cu—S=2.322+-0.03 A, Fe—S=2.20 
+0.03 A). 


Fic. 2. The crystal structure of 
CuFeS; (Pauling and Brockway). 


O Cu 
@ Fe 


In 1934, K6zu and Takané” studied chalcopyrite from 
the Arakawa mine, Ugo Province, Japan. They used 
CuK and MoK radiations te take Laue, oscillation, 
and rotation patterns. The structure reported was the 
same as that of Burdick and Ellis, with a=5.28 kx, 
c=5.22 kx, c/a=0.989, space group C42m, and the 
sulfur parameter z “between 0.25 and 0.26.” They state 
explicitly that they could not confirm the PB structure. 

In 1944 Boon" re-examined the structure on chal- 
copyrite from an undisclosed locality. He used CoK 


4 The PB structure is here referred to a new set of coordinate 
axes that_can be obtained from the PB axes by the transformation 
matrix 010/100/001. The new axes enable us to use the atomic 
positions as listed in the Jnternational Tables. The sulfur parameter 
x=0.73 is related to the PB parameter u=0.27 by x= —u. In our 
calculations we set u=}+e so that ¢ indicates the displacement of 
a sulfur atom from the center of its metal coordination tetrahedron. 
The value «=0.02 of the PB structure was confirmed by our 
neutron diffraction work. The matrix 010/100/001 expresses the 
PB axes in terms of our axes. 

2S. Kézu and K. Takané, Proc. Imp. Acad. Tokyo 10, 498 
(1934). 

18 J. W. Boon, Rec. trav. chim, 63, 69 (1944), 
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radiation in order to increase the effective difference in 
the scattering powers of copper and iron, thereby en- 
hancing the intensities of those reflections to which 
copper and iron atoms contribute with opposite phases. 
He confirmed the PB structure. 

The conflicting data in the literature left open the 
possibility that two polymorphic forms of chalcopyrite 
might be found in nature, especially since Cheriton" 
had claimed the existence of a cubic synthetic high- 
temperature modification. (The latter has since been 
confirmed, with a=5.264+0.003 A, by single-crystal 
work on CuFeS, synthesized at 600°C and quenched to 
room temperature.'®) X-ray data were therefore ob- 
tained on crystals from both localities. A hand specimen 
from Joplin, Missouri (U. S. National Museum No. 
R740) was kindly given to us by Dr. George Switzer; 
the Japanese specimen came from Ugo Province. The 
cell dimensions, determined from c-axis rotation (CoK 
radiation) and precession patterns (MoK radiation) 
are: a=5,24+0.01 A, c=10.34+0.03 A for the Joplin 
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Fic. 3. Neutron diffraction pattern of CuF eS». 


crystal and @=5.32+0.01, c=10.45+0.03 A for the 
Ugo crystal, in good agreement with the values pre- 
viously reported for these localities. Both crystals have 
diffraction aspect 7**d and show no significant differ- 
ences in relative intensities of corresponding reflections. 
We thus conclude that both localities yield the same 
form of CuFeS:, the only form found in nature so far, 
and that the chalcopyrite structure described by 
Pauling and Brockway is indeed the correct one. 


NEUTRON DIFFRACTION DATA 


Powder patterns were obtained for the Japanese 
sample of chalcopyrite, which was ground to 200 mesh 
and packed in a cylindrical aluminum sample holder, 
14 inches in diameter. A typical pattern, taken at room 
temperature at a wavelength of 1.064A is shown in 


44C, G. Cheriton, thesis, Harvard University, Cambridge, 
Massachusetts, 1953 (unpublished). 

18 G. Donnay and G. Kullerud, Carnegie Institution of Washing- 
ton Year Book (Carnegie Institution of Washington, D. C., 1957- 
1958). 
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TABLE I. Chalcopyrite from Ugo, Japan. Neutron 
diffraction data (powder method). 


Admixed 


Total Jobs materials Chalcopyrite 


987 011 
676 110 
(111) per 

5199 112 
013 

2 (002) pyr 
1105 020, 004 

(111 Jal 

(021) pyr 
022, 121 

(112) sa 

114 

(200) ai 
123, 015 

(022) pyr 
220, 024 

(221) pyr 
222, 031 


130 
132, 116, 033, 125 
(113) py: 


(222) oye 
224 


Fig. 3. The indexing shown is based upon the chemical 
cell. Extraneous peaks, besides the aluminum peaks, 
were recognized as coming from FeS: (pyrite). Marcasite 
was considered and ruled out. The amount of admixed 
pyrite was determined from a chemical analysis per- 
formed by R. Stoenner : S= 35.68, Cu= 33.54, Fe = 30.91, 
(total 100.13), which leads to the molecular composition 
0.95 CuFeS.,+0.05 FeS,. The observed integrated in- 
tensities were corrected for pyrite and aluminum im- 
purity lines as indicated in Table I. 


TABLE IT. Comparison of calculated and observed structure 
factors Fy,: (single-crystal method). 


Fobs 
Crystal II 
(Joplin, Missouri) 


Crystal I 
Feaic* (Ugo, Japan) 
220 237 224 
342 351 348 
141 155 157 
184 187 
220 7 354 390 
330° 0 
440 311 
112 393 K 379 
224 ‘ 175 
336 241 
448 * K 288 
222» 
444 
114° 
228 
116 298 
2.2 12 159 
1.1.10 254 
1.1.14 231 246 
226° 3 3 
332 260 235 
3.3.10 232 209 


* Differences in cell dimensions for the two crystals do not significantly 
alter the calculated F's. 
> Purely magnetic reflection. 





DONNAY, CORLISS, 


TABLE III. Comparison of calculated and observed 
intensities 74x: (powder method). 








| F Jeale? 
Nuclear Magnetic 


1.3 36.4 
39.8 


kIobs 
(k =0.035) 
34.5 
23.7 
171.6 
5.5 
35.4 


Total 


37.7 
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Single-crystal neutron data were obtained from the 
same two crystals on which x-ray work was done. Their 
size was average for neutron work (1—2 mm in largest 
dimension) but too large for x-ray study so that only a 
corner of each crystal had been placed in the x-ray 
beam. The crystals were mounted with [110] vertical 
so that the recorded zone includes all the purely 
magnetic reflections (dhl with half-sum odd). Data were 
obtained at room temperature with a neutron wave- 
length of 1.07 A (Table II). Enough reflections were 
recorded with the Joplin crystal to ascertain satis- 
factory agreement between the data from the two 
crystals. No reflections within the observable radius 
happen to be structurally absent. It will be shown 
below that all magnetic reflections 00/, /=4n+2, have 
zero F value because of the direction of the magnetic 
moment. 

The tetragonal symmetry of the magnetic structure 
was checked by mounting the Joplin crystal with [001 ] 
vertical and comparing intensities of reflections hk0, 
khO, hkO, and khO. They were the same within experi- 
mental limits of accuracy. 


INTERPRETATION OF NEUTRON DIFFRACTION 
DATA: THE MAGNETIC STRUCTURE 


The symmetry of the magnetic structure remains 
tetragonal as checked by neutron diffraction; all the 
magnetic reflections can be indexed keeping the cell of 
the chemical structure; only those Ak/ magnetic reflec- 
tions are observed for which (A++/) is even, and 
only those hhl magnetic reflections for which (4+3/) 
is odd (Tables II and ITI), so that the diffraction aspect 
I**d of the chemical structure is retained for the 
magnetic structure. (Note that the AAl nuclear reflec- 
tions obey the x-ray criterion “present only for (4+4/) 
even.”) Of the two symmetry space groups compatible 
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with aspect /**d, namely 142d and [4md, the latter is 
ruled out because it is not isomorphic with point 
group 42m, known from morphology, and also because 
its only fourfold position, which has point symmetry mm2, 
cannot receive a magnetic atom. The antisymmetry 
space groups compatible with aspect /**d are!®: ]4'2'd 
(No. 335), which is ruled out because a magnetic atom 
cannot be placed at the inversion point of an antiaxis 
4’, and [4’m'd (No. 241), which is ruled out both by 
morphology and because no available positions can 
accommodate the sulfur atoms. The magnetic space 
group is thus established as /42d. 

The Pauling and Brockway structure has only one 
parameter, that of the nonmagnetic sulfur atoms; it 
was redetermined to fit the nuclear reflections. As 
regards the magnetic moments, the point symmetry 4 
of the metal sites requires a spin direction parallel with 
the 4 axis. The glide planes demand that the moments 
on the four sites occupied by metal atoms of one kind 
be of the same magnitude and compensate (two must 
point up, two down). The space group does not tell us 
which metal carries a magnetic moment: either iron 
alone, or copper alone, or both, will give antiferro- 
magnetism. The configuration of iron moments relative 
to the symmetry elements of 742d is shown in Fig. 4. 


CALCULATIONS 


The intensities of the nuclear reflections were com- 
puted for various values of the sulfur parameter, from 








Fic. 4. Relationship of iron moments to symmetry elements of 
space group 142d. Moments, indicated schematically as current 
loops, are located at the inversion points of the 4 axes and are 
directed along the c axis. z coordinates give the fractional distances 
of atoms above the plane of projection. Notation for symmetry 
elements is that of the /nternational Tables of Crystallography. 


16Numbers are those of Belov, Neronova. and Smirnova 
[Kristallografiya 2, 315 (1957) ]. 





SYMMETRY OF MAGNETIC STRUCTURES 


e=0 (sulfur atom exactly at the midpoint of the 
tetrahedron) to e=0.040 in steps of 0.005. The best 
value of ¢ confirms the PB structure (e=0.020). 

The magnetic intensities were first calculated on the 
assumption that only iron carries a moment. Various 
values of the iron moment ur, were considered, from 
5.0 ue to 3.5%; the best one being 3.85 uz. Several 
f curves were tried and the best agreement was ob- 
tained with that for Fe** on octahedral sites in ZnFe.O,, 
previously published.” Integrated intensities were cor- 
rected for temperature using the value B= 1.20. 

For the single-crystal data, calculated and observed 
structure factors F(hhl) are compared in Table II; the 
residual R= >>| | Fovs| — | Feate! |/30!Fovs| is 0.044 for 
the 34 hhl reflections. A comparison of calculated and 
observed intensities for the powder data is given in 
Table III; the residual, calculated for the intensities 
rather than the structure factors, is 0.040 for the 13 
observed reflections 

If a moment is placed on the copper, two possibilities 
are open for a given arrangement of iron moments: 
either the copper moment is positive at 0, 0,0; 3, 3, 3 
(and consequently negative at 0, 3, }; 4, 0, 2) or these 
signs are reversed. In either case the agreement between 
calculated and observed values cannot be improved so 
that, within the limits of accuracy of our neutron 
diffraction data, it is impossible to prove the existence 
of a copper moment. On the other hand, the agreement 
will not be appreciably impaired by the addition of a 


copper moment provided the latter is 0.2 wg or less. 


DISCUSSION OF THE MAGNETIC STRUCTURE 


The atoms in CuFeS, form a network in which each 
metal atom is connected through approximately tetra- 
hedral linkages to four sulfur atoms and in which each 
sulfur atom is similarly bonded to a pair of iron atoms 
and a pair of copper atoms. The antiferromagnetic 
structure consists of an arrangement in which the two 
iron atoms connected to a common sulfur atom have 
oppositely directed moments. If we admit the possi- 
bility of a small moment (<0.2 ug) for the copper, the 
same magnetic arrangement is obtained for the copper 
substructure. In its magnetic structure CuFeS, closely 
resembles the zincblende form of MnS. If, in the latter 
structure, we delete those magnetic moments corre- 
sponding to the copper sites in CuFeS:, we obtain the 
antiferromagnetic structure observed for CuFeS:. This 
relationship is shown in Fig. 5. In MnS each sulfur is 


tetrahedrally bonded to four metal atoms which are 


pairwise antiparallel, and one cannot say @ priori 


17 Brockhouse, Corliss, and Hastings, Phys. Rev. 98, 1721 
(1955). See Fig. 7. 
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Fic. 5. Magnetic structures of (a) CuFeS:z and (b) the zincblende 
form of MnS. Sulfur atoms have been omitted and the relative 
orientations of magnetic moments have been designated by + and 
— signs. In (a) the copper atoms are represented by the solid 
circles. The magnetic moments are directed along the c axis. 


whether the indirect exchange interaction between a 
pair of metal atoms is ferromagnetic or antiferromag- 
netic. The evidence provided by the magnetic structure 
of CuFeS,: strongly suggests that this interaction is 
antiferromagnetic. 

Since the results of the structure analysis indicate 
that the moment for copper is zero or at most 0.2 wa, one 
is led to assume valence one for copper and valence three 
for iron. These values are consistent with a simple 
covalent model in which each atom in the structure is 
bonded to its nearest neighbors by means of four sp* 
hybrid orbitals. The observed iron moment however is 
3.85 uz, which is less than the 5 uz to be expected for 
trivalent iron and which therefore cannot be explained 
by this simple model. The bonding scheme is un- 
doubtedly more complex. Qualitatively we may explain 
the discrepancy in the iron moment by postulating 
further participation of the 3d electrons of iron in the 
covalent bonding. This would be expected to decrease 
the iron moment and at the same time to strengthen 
the iron-sulfur bonds. This idea is supported by the 
fact that the sulfur atoms are displaced from the 
centers of the metal tetrahedra towards the iron atom 
pairs. 
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Quenching of Positronium Lifetimes by Molecular Iodine* 


C. R. HatcHert anp W. E. MILLett 
The University of Texas, Austin, Texas 
(Received August 4, 1958) 


Measurements of the mean life of the rz component for decay in solutions of iodine in normal heptane give 
a value of 10~'? cm? for the cross section of molecular iodine for annihilating *S positronium on collision. 
This effect is attributed to an enhancement of “pickoff” annihilation resulting from either a tendency to 
form positronium iodide or the high polarizability of molecular iodine. In quenching rz from 2.4910 
sec to 1.32 10~ sec the intensity 7; of the long component was observed to vary over a range from 40% 
to 27%; however, the errors in J, are so large for the shorter lifetimes that it is impossible to tell from the 
data whether or not /2 is influenced by the presence of iodine. 


INTRODUCTION 


WO basic mechanisms which would cause quench- 
ing of the *S positronium lifetime in condensed 
materials have been suggested, “flipping” by spin 
exchange from the *S to the 4S state’ and “pick-off” 
annihilation with an electron bound to a neighboring 
atom.”? The formation of positronium compounds has 
been mentioned as a possibility**; however, this can 
be regarded as a type of “pick-off” process. 

The quenching of *S positronium in gases was studied 
by measuring three-gamma count rates and lifetimes 
as a function of gas pressure. Large cross sections, 
estimated to be around 10~!* cm?, were found for NO, 
Cl:, and Bry. The quenching action of NO was attribu- 
ted to spin exchange while the formation of positronium 
compounds was postulated for the halogens.’ 

The cross section of diphenyl picryl hydrazyl (DPH) 
for quenching the 72 component in benzene was deter- 
mined by the investigation of two-gamma count rates® 
and lifetimes* for decay in solutions of DPH in benzene, 
the latter method yielding a value of ¢= 1.2 10~"’ cm’. 
Recent angular correlation studies indicate that this 
quenching is not due to spin exchange as was supposed, 
but is due instead to enhanced “pick-off’* which is 
probably caused by the formation of positronium com- 
pounds. Paramagnetic ions such as Mn*+ have a much 
smaller cross section,’ c10-* cm’, and apparently 
lead to genuine spin exchange.‘ 

It is the purpose of the present investigation to 
determine the cross section of iodine for quenching the 
t2 component. The method used consists of measuring 
t2 for various concentrations of iodine in normal hep- 


* This research was supported in part by the U. S. Air Force 
Office of Scientific Research of the Air Research and Development 
Command and in part by the University of Texas Research 
Institute. 

t Now at the University of California Radiation Laboratory, 
Livermore, California. 

1R. E. Bell and R. L. Graham, Phys. Rev. 90, 644 (1953). 

2 R. L. Garwin, Phys. Rev. 91, 157 (1953); M. Dresden, Phys. 
Rev. 93, 1413 (1954). 

3M. Deutsch, Progr. Nuclear Phys. 3, 151 (1953). 

4 Robert de Zafra, Bull. Am. Phys. Soc. Ser. II, 3, 229 (1958). 

5 T. A. Pond, Phys. Rev. 93, 478 (1954). 

®S. Berko and A. J. Zuchelli, Phys. Rev. 102, 724 (1956). 

( 7S. Berko and F. L. Hereford, Revs. Modern Phys. 28, 303 
1956). 


tane. If changes in the lifetime can be attributed 
entirely to the presence of molecular iodine, then 
ho(V)—A2(0)= Nov and dd2(N)/dN=ov, where dz is 
the annihilation rate, V the number of iodine mole- 
cules/cm', o the cross section, and v the velocity of the 
positronium atom. 


EXPERIMENTAL DETAILS 


In measurements of this type, it is desirable that 
there be no interaction between the solute and solvent. 
Benzene was rejected for use as a solvent since part of 
the iodine molecules in solution become loosely attached 
to benzene molecules. Heptane was chosen because data 
on the solubility of iodine in heptane were readily avail- 
able, iodine does not interact with heptane, and heptane 
has a suitable rz component. The solutions were made 
up by mixing convenient volumes of saturated iodine 
in heptane solution and pure heptane. 

The sample to be studied was contained in a rectangu- 
lar tank milled out of cast Lucite. The source of 
positrons, Na”, was deposited between two thin sheets 
of mica which were sealed at the edges and fixed to 
Lucite washers with shellac. This source holder slipped 
into two slots on the inside of the Lucite tank so that 
the source was held at the center of the sample. To 
complete the assembly a top was sealed on with vinylite 
cement. 

The delayed-coincidence apparatus used in these 
measurements was described earlier* and has undergone 
only slight modification in the meantime. Liquid 
scintillators were replaced with crystals of diphenyl 
acetylene and a 3-mysec fast-coincidence resolving time 
is now used instead of the former 2 musec in order to 
obtain a higher counting rate. With this arrangement, 
it takes about four hours to study a sample, i.e., to 
accumulate two complete sets of data. Evaporation 
during this time was less than 5%. 

The correction for annihilation in the sample holder 
and calculations of the mean life and intensity of the 
long component have been discussed in a previous 
paper® and therefore will only be outlined here. The 
correction factor for annihilation in the mica films was 


§ Hatcher, Millett, and Brown, Phys. Rev. 111, 12 (1958). 
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Fic. 1. The complete 
delayed coincidence 
curve for normal hep- 
tane and _ exponential 
tails for solutions of 
iodine in heptane. The 
numbers refer to the 
molecular percent of 
iodine in solution. 
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determined by measuring Teflon with the mica source 
and again with Na™ deposited directly on the Teflon. 
The fraction annihilating in the mica was found to be 
(13.4+4)%. The mean life and intensity of the long 
component are calculated from a least-squares fit of 
the exponential tail. A resolution curve was obtained 
by using the gamma rays of Co®. 


RESULTS AND DISCUSSION 


The strong dependence of rz on the concentration of 
iodine can be seen in Fig. 1. The long component 
appears to be essentially quenched out for 0.35 mole % 
iodine in heptane solution, and there is a noticeable 
reduction in 72 for only 0.020 mole %, or when there is 
one iodine molecule in 5000 molecules of solution. The 
results from an analysis of the delayed coincidence 
curves are summarized in Table I. It will be seen that 
the intensity of the long component varies over a wide 
range of values. There appears to be a slight trend for 
Is to be reduced as N is increased ; however, the errors 
in Z, are so large for the shorter lifetimes that it is 
impossible to say for certain whether or not J, changes 
at all. The weighted mean /2 was found to be 38.1%. 


In Fig. 2 the decay rate of the long component is 
plotted as a function of V, the number of iodine 
molecules/cm*. The slope, determined from a weighted 
least-squares fit, gives a value of ov=9.7XK10-" cm? 
sec", This is the same value reported for ov for the 
quenching of the rz component in benzene by dipheny| 
picryl hydrazyl.® If J; does not change for the concen- 
trations measured, then the slope of the dashed curve 
drawn through the three points for which /,40% 
(11.0 10-"! cm’ sec!) should be a better value of ov 
than the one obtained from the least-squares fit. The 
probable error is about 10-" cm® sec~!. The cross 


TABLE I. Results for positrons annihilating in solutions 
of iodine in heptane. 





N(10!8 cm=4) 72(10~* sec) A2(10° sec™) 





0.402+0.016 
0.492+0.024 
0.570+0.033 
0.612+0.038 
0.758+0.057 


0.0 2.49+0.1 
0.822 2.03+0.1 
1.77 1.75+0.1 
2.47 1.63+0.1 

1.32+0.1 





* M% is the mole % iodine in the solution. /2% is the intensity of the 
tT: component. 
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Fic. 2. A least-squares fit of A: versus N yields a value of ov=9.7 
X10 cm? sec. The dashed curve is discussed in the text. 


section is obtained by assuming that the positronium 
atoms move with thermal velocities. Taking the same 
value of » that has been used before,® it is found that 
o=10~" cm’. 

The forces between positronium and molecular 
iodine which cause quenching of the *S positronium 
lifetime are thought to arise from either the tendency 
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of a positronium atom and an iodine molecule to form 
a bound system or the high polarizability of the iodine 
molecule, or both. More experimental work will 
probably be necessary before it can be said which of 
these factors is more important. The fact that NaCl in 
water alters the lifetime only slightly’ seems to be 
evidence in favor of chemical forces between positron- 
ium and molecular iodine. The negative chlorine ion 
should have little inclination to undergo a chemical 
reaction with positronium since its outside shell is 
filled. On the other hand, it should be quite polarizable. 
It is possible that the Cl- ion could be partially shielded 
from the positronium due to hydration effects, which 
would not be the case for Cl, or Is. 

A preliminary study carried on in this laboratory of 
water and a saturated solution of NaI in water in- 
dicates only slight differences in rz and J. Thus, the 
present results seem to suggest that the quenching of 
*§ positronium by molecular iodine is due primarily to 
chemical binding, although forces due to the polariz- 
ability of iodine cannot be ruled out. Investigation of 
the quenching of other halogens by both lifetime 
and angular correlation measurements should prove 
enlightening. 
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Values of w for protons in A, Nz, COs, dry air, and “‘tissue-equivalent” gas were measured as 26.66+0.26, 
36.68+0.34, 34.3740.33, 35.18+0.42, and 30.03+0.29 ev/ion pair, respectively. A 2-Mev positive-ion 
accelerator was used as the source of protons. The energy of the protons was determined with a precision 
gaussmeter that was calibrated by the Li(p,n) and T(p,m) threshold reactions. These protons were scattered 
from a gold foil into a parallel plate ionization chamber. The fast-electron pulses were collected on one 
electrode, amplified, and counted. The positive-ion charge was collected on the other electrode and measured 
by means of a standard capacitor that was connected between the input and feedback terminals of a 


vibrating-reed electrometer. 


INTRODUCTION 


HE object of this experiment was to determine 

values of w for protons in A, No, COs, dry air, 
and “‘tissue-equivalent” gas in the energy range below 
2 Mev. Values of w for “‘tissue-equivalent” gas are of 
special importance because of their application to 
neutron dosimetry. Although the literature is volu- 
minous on the subject of w, very little of this informa- 
tion pertains to protons. Several early measurements!” 
of w were made for protons in nitrogen and these data 
were corrected theoretically to w for air. Bakker and 
Segré’ determined values of w for very high-energy 
protons (340 Mev). Recently, Lowry and Miller* 
reported values of w for 25 to 250-kev protons in 
nitrogen and argon. Since the latter authors used a 
different experimental technique than the present one, 
the experiment described in this paper should sub- 
stantiate their results. 


EXPERIMENTAL 


A 2-Mev positive ion accelerator was used as the 
source of protons. The protons were accelerated and 
allowed to enter between the pole faces of a magnet 
which deflected them through an angle of 25°. A 
precision gaussmeter was used to determine the strength 
of the magnetic field. The radio-frequency oscillator of 
the gaussmeter was calibrated with a radio receiver 
which in turn was calibrated by frequencies from radio 
station WWV. The energy of the protons was deter- 
mined from the relationship E~kf?. The constant k 
was determined by the use of the Li(p,m) and T (p,m) 
neutron threshold reactions. The difference in the 
values of & at 1.019 Mev and 1.8812 Mev was found to 
be 0.4%. Since this experiment was performed at 1.826 
Mev, the value of the constant, k, that was found from 
the Li(p,m) experiment was used. 


* This work describes in part, work done under a contract 
between General Electric Company and the U. S. Atomic Energy 
Commission. 
~ + 1C. Gerthsen, Ann. Physik 5, 657 (1930). 
2 W. Jentschke, Physik. Z. 41, 524 (1940). 
§C, J. Bakker and E. Segré, Phys. Rev. 81, 489 (1951). 
*R, A. Lowry and G. H. Miller, Phys. Rev. 109, 826 (1958). 


After being deflected by the magnet, the protons 
were scattered by a gold foil (Fig. 1) that was placed 
at 45° to the primary proton beam. Most of the protons 
passed through the gold foil and were collected on a 
Faraday cup that was externally connected to a current 
integrator. The protons that were scattered at 90° were 
collimated and allowed to pass through a 1-mg/cm? 
nickel foil into the parallel plate ionization chamber 
that is shown in Fig. 2. The probability of multiple 
scattering’ of a 1.826-Mev proton by a 1-mg/cm? 
nickel foil into a solid angle of 15° is 0.99. This implies 
that the number of protons striking the walls of the 
chamber was negligible. A Frisch grid was used in 
front of the high-voltage electrode to provide uniform 
pulse height and to increase the signal-to-noise ratio. 

For argon gas, the positive-ion charge, Q, was 
collected on one electrode. This charge was measured 
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Fic. 2. The parallel plate ionization chamber. 


in a modified Townsend balance circuit with a vibrating- 
reed electrometer ss the null instrument. The fast- 
electron pulses, V, were collected on the high-voltage 
electrode, amplified, and counted. For COs, No, air, 
and “tissue-equivalent” gas, the charge collected by 
the vibrating-reed electrometer per unit Faraday cup 
current was measured in the appropriate gas and the 
counts per unit Faraday cup current were measured in 
argon. 


RESULTS 


The values of w were determined from Eq. (1) and 
are listed in Table I. 


LARSON 


TABLE I. Values of w for 1.826-Mev protons. 








Gas w(ev/ion pair) 


A 26.66+0.26 
N2 36.68+0.34 
CO: 34.37+0.33 
Dry air 35.18+0.42 
“Tissue-equivalent” gas 30.03+0.29 








w(ev/ion pair) 
1.692 10 E(Mev/proton) N (protons) 





(1 

Q(ionization charge) » 
The errors quoted in Table I include both the statistical 
and systematic errors. These data were corrected for 
the energy lost be recoil in the gold foil, for the energy 
losses in the gold and nickel foils, for a small leakage 
resistance across the standard condenser, and for the 
counting losses due to the finite resolving time of the 
counting apparatus. The energy corrections were made 
with the use of stopping power data that are sum- 
marized in the literature.® 

The only gas purification used was to flush the gas 
through the chamber until the ionization charge per 
unit integrated charge readings became constant. An 
analysis of the gases used in this experiment showed 
that A, Ne, and CO: were better than 99.9% pure and 
that the ‘“‘tissue-equivalent” gas was composed of 
30.01% COs, 1.74% Na, 67.92% CH,, and 0.33% CoH, 
(percentages by partial pressure). 

As a final check on the experiment, a plutonium 
alpha particle source was placed in the center of the 
positive ion charge collecting electrode. This source 
was evaporated on a tantalum backing. After making 
the necessary corrections for backscatter,’ a value of 
w for argon of 26.5 ev/ion pair was obtained from Eq. 
(1). This is in good agreement with the literature.* 

*S. K. Allison and S. D, Warshaw, Revs. Modern Phys. 25, 779 
OTD. Rossi and H. H. Staub, Jonization Chambers and Counters 


(McGraw-Hill Book Company, Inc., New York, 1949), p. 240. 
® W. P. Jesse and J. Sadauskis, Phys. Rev. 90, 1120 (1953). 
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Radio-Frequency Spectra of Hydrogen Deuteride in Strong Magnetic Fields* 


W. E. Quinn, J. M. Baker, J. T. LaTourretre,f AND N. F. RAMSEY 
Harvard University, Cambridge, Massachusetts 
(Received August 18, 1958) 


Molecular beam observations have been made of the radio- 
frequency spectra corresponding to reorientations of the deuteron, 
proton, and rotational magnetic moments in the HD molecule. 
For HD in the zeroth vibrational and first rotational state, these 
observations were made in magnetic fields of approximately 
1700, 3400, and 4800 gauss. The results are found to be consistent 
with the theory of heteronuclear diatomic molecules. The direct 
result of these experiments is the determination of the Hamil- 
tonian interaction constants: (1l—o,y:)b/va equals 0.773527 
+0.000016, cp is 85 600418 eps, ca equals 13 122+11 cps, d; is 
17 761412 cps, dz equals 22 454+6 cps, and f/H? is (—26.90 
+0.40) X10~* cps gauss~*. From these values of the interaction 
constants are derived the following physical quantities: the HD 
rotational magnetic moment #?9(4,/J), equals 0.663211 0.000014 
nuclear magneton, the quadrupole moment Q of the deuteron is 


(2.738+0.014) X10-*7 cm?*, the rotational magnetic field H,’ at 
the proton is 19.879+0.006 gauss and H,’ at the deuteron is 
20.020+0.028 gauss, the internuclear spacing in the zeroth vibra- 
tional and first rotational state is such that #?9(R~*),~! equals 
(0.74604+0.00010) X10~-® cm, and the dependence of the dia- 
magnetic susceptibility on molecular orientation (&i1—&) is 
— (3.56+0.20) X10-*' erg gauss? molecule. Combining these 
values with Ramsey’s theory on zero-point vibration and cen- 
trifugal stretching in molecules gives the high-frequency con- 
tribution to the molecular susceptibility, #°o(£"‘), = (1.675+0.005) 
X10-" erg gauss~* molecule™!; the quadrupole moment of the 
electron distribution relative to the internuclear axis, #"9(Q,); 
= (0.324+0.010) X 10~* cm?; and the high-frequency contribution 
to the magnetic shielding constant for HD, 


HD) (gbf), = (—0.594+0.030) K 107°. 





I. INTRODUCTION 


HE adaptation of an electron-bombardment de- 
tection system! to molecular beams has made 

possible a precision study of the radio-frequency spectra 
of the hydrogen deuteride molecule in the relatively 
long Harvard molecular beam apparatus.’ The original 
HD molecular beam studies were preformed by Kellogg, 
Rabi, Ramsey, and Zacharias’ with observations of the 
proton and deuteron nuclear spectra in the first rota- 
tional and zeroth vibrational state in moderately 
strong magnetic fields. From measurements on the HD 
rotational spectrum, Ramsey* determined the rota- 
tional magnetic moment and the diamagnetic inter- 
action parameter, and checked the values of the Hamil- 
tonian interaction constants as determined in the initial 
experiments. The considerably higher precision of the 
present results arises from a longer homogeneous field 
magnet,” use of the separated oscillatory field method,’ 
the employment of improved frequency-measuring 
equipment, and the use of an electron-bombardment 
detector with associated modulation techniques.' Also, 
a ninth-order perturbation calculation® has been used 
to determine the energy levels and aid in the analysis 
of the measurements. In addition to the energy inter- 
actions considered in the original experiments, the 
interpretation of the results include the magnetic 

* This work was supported in part by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy Com- 
mission. 

+ A National Science Foundation Predoctoral Fellow. 

‘Quinn, Pery, Baker, Lewis, Ramsey, and LaTourrette, Rev. 
Sci. Instr. 29, 935 (1958). 

? Kolsky, Phipps, Ramsey, and Silsbee, Phys. Rev. 87, 395 
(1952). 

3 Kellogg, Rabi, Ramsey, and Zacharias, Phys. Rev. 57, 677 
(1940); hereafter referred to as KRRZ. 

4N. F. Ramsey, Phys. Rev. 58, 226 (1940). 

5N. F. Ramsey, Phys. Rev. 78, 695 (1950), and Molecular 


Beams (Oxford University Press, New York, 1956), p. 124 ff. 
®N. F. Ramsey and H. R. Lewis, Phys. Rev. 108, 1246 (1957). 


shielding’ within the molecule and the electron-coupled 
nuclear spin-spin® interaction. 

The present investigation includes measurements on 
the proton nuclear spectrum, the deuteron nuclear 
spectrum, and the rotational spectrum in the first rota- 
tional state of HD in magnetic fields ranging from 
1700 to 5000 gauss. From these measurements of 
transition frequencies, values of the Hamiltonian inter- 
action constants and several related physical quantities 
are determined.’ Non-molecular-beam magnetic reso- 
nance experiments on gaseous HD have provided little 
information on these interaction constants because the 
frequent molecular collisions average together the 
spectral lines which can be individually observed by the 
molecular-beam resonance method. 

The heteronuclear HD molecule was studied in this 
experiment because of the significant information which 
can be inferred from the experimental results. In addi- 
tion to the considerably higher precision determination 
of the various HD molecular interaction constants, the 
present experiment provides an excellent test of the 
validity of the detailed physical theory® of diatomic 
molecules. In particular, this investigation allows a 
study of the important question as to whether all the 
existing interactions have been included in the theory 
for a heteronuclear molecule."° Since HD is the simplest 
of heteronuclear molecules it serves to test the theory 
which has successfully been used to interpret the experi- 
mental results from measurements on the homonuclear 
H, and D» molecules. In fact the HD interaction 


™N. F. Ramsey, Phys. Rev. 78, 699 (1950). 

8 N. F. Ramsey, Phys. Rev. 85, 60 (1952), and 91, 303 (1953). 

®* Cohen, DuMond, Layton, and Rollett, Revs. Modern Phys. 
27, 363 (1955); the values of the fundamental constants in this 
paper are used throughout. 

Quinn, Baker, LaTourrette, and Ramsey, Bull. Am. Phys. 
Soc. Ser. IT, 2, 200 (1957). 
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constants and spectra were predicted theoretically using 
the latter results. 


II. APPARATUS AND METHOD 


The basic features of the molecular-beam apparatus 
employed in these experiments are essentially those 
described previously.? In addition to subsequent modi- 
fications and improvements,!'—* an electron-bombard- 
ment detector was developed and used for the detection 
of the noncondensable HD beam. This short-time- 
constant detection system and associated components 
have been described elsewhere.! The advantages of the 
electron-bombardment detector over a Stern-Pirani 
detector are illustrated by the fact that attempts were 
made over many months to detect the same HD reso- 
nances in the same apparatus with a Stern-Pirani 
detector with no success whatsoever, while the present 
detector makes observation of the HD resonances rela- 
tively easy. A phase modulation of the radio-frequency 
perturbing field facilitated the resonance observations. 
This detection arrangement aided the various opti- 
mizing adjustments on the apparatus. 

With the source at liquid nitrogen temperature, the 
maximum possible number of molecules contributing to 
a HD resonance in the first rotational state is 3% of 
the total HD beam when the effect of the velocity dis- 
tribution among the molecules is taken into account. 
An additional decrease of this resonance amplitude 
occurs in the rotational and deuteron nuclear spectra 
due to the simultaneous existence of the small rotational 
and deuteron magnetic moments in the HD molecule 
with the larger proton moment. Since the force ex- 
perienced by a molecule in the inhomogeneous fields of 
the polarizing and analyzing magnets is F=u(0H/dz), 
the HD configuration of angular moments requires a 
compromise adjustment of these fields. These deflecting 
and refocusing fields were adjusted experimentally to 
a value large enough such that most of the molecules 
which have the small rotational moment reoriented in 
the homogeneous field are deflected out of the beam, 
and small enough so the deflections of the molecules, 
which may be large because of the contribution from 
the large proton moment, do not destroy the beam. 

The resonance transitions were observed by main- 
taining the homogeneous C field at a constant value 
and varying the perturbing oscillator frequency in a 
slow and uniform sweep as the resonance curve was 
traced out on a recorder. A 0° to 180° phase modulation® 
was used in conjunction with the separated oscillatory 
field method for all data taking. The relative initial 
phases of the separated radio-frequency fields were 
monitored in accordance with the symmetry of the line 


1 Harrick, Barnes, Bray, and Ramsey, Phys. Rev. 90, 260 
(1953). 

12H. R. Lewis, Ph.D. thesis, Harvard University, 1955 (un- 
published). 

#8 W. E. Quinn, Ph.D. thesis, Harvard University, 1956 (un- 
published). 
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shiape. In all data taking, each resonance line was 
swept both directions in frequency to nullify any time- 
constant distortion. 


Ill. THE HAMILTONIAN 


Theoretically, the heteronuclear HD molecule is 
essentially a 3 angular momentum problem in which 
the proton spin i,, deuteron spin ig, and rotational 
angular momentum J interact with an external magnetic 
field H, with themselves in pairs, as well as in a mutual 
interaction between all three. The Hamiltonian which 
describes these interactions for the heteronuclear 
diatomic HD molecule in an external magnetic field H 
is given by 


3/h= —[1—0,(J) Japip-H/H—[1—o4(J) Jaig-H/H 
~[1—0)(J) Wo) -H/H—cyip-I—caia-J 


(3(ip-J) (ia J) 





+ 
(2J—1)(2J+3) 
+9 (aS) (ip-J)— ip ta] 





(3(ta-J)?+3 (ta J) —i7F)] 


+ 2 
(2J —1)(2J+3) 


3(3-W)Y/e—F] 





~ 3(2J—1)(2-+3) 
—gtdi,- ig. (1) 


The symbols in Eq. (1) have been defined and discussed 
previously.® In a strong magnetic field, the terms repre- 
senting the respective interactions of the proton, 
deuteron, and rotational angular momenta with the 
external field make the major contribution to the 
Hamiltonian. The remaining intramolecular interac- 
tions have been treated as a perturbation in the evalu- 
ation of the energy levels in an m,;, m,, ma represen- 
tation for the HD molecule in the first rotational state 
J=1., 

The quantities in the Hamiltonian which we are 
most interested in evaluating are the following: 4, 
which gives the molecule’s rotational magnetic moment ; 
the spin-rotational interaction constants c, and Ca, 
which are a measure of the magnetic fields at the proton 
and deuteron arising from the molecule’s rotational 
motion ; the spin-spin magnetic interaction constant d,, 
which gives the internuclear spacing; the quadrupole 
interaction constant d,; and the diamagnetic interaction 
constant f which relates the dependence of the diamag- 
netic susceptility on molecular orientation. The inter- 
action constants a, and a, are accurately known since 
they are a measure of the proton and deuteron magnetic 
moments, respectively. The known experimental value" 


“ T. F. Wimett, Phys. Rev. 91, 476 (1953). 
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: TABLE I. Radio-frequencies (cps) at which resonances will occur for changes of orientation of the deuteron spin in HD molecules 
in the first rotational state (J =1) for strong magnetic fields H. Each term of this table must be multiplied by the power of H listed 
at the top of each column. The value of H should be in kilogauss. 
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of the relatively small electron-coupled spin-spin inter- 
action constant 6 is used in analyzing our data. 

In the rotational state J=0, all orientations of the 
HD molecule are equally probable with the result that 
the interactions of interest average to zero; the Hamil- 
tonian reduces to the first two and last terms. Con- 
sequently, the first rotational state /=1 is the case of 
greatest experimental interest. With the source at 
liquid nitrogen temperature, approximately 37% of the 
HD molecules populate the first rotational state while 
most of the remainder exist in the state J/=0. 


IV. HD TRANSITIONS IN A STRONG 
MAGNETIC FIELD 


In the high-field limit, the selection rules allow 33 
transitions between the 18 equally populated HD 
energy levels of the first rotational state. These form 


three spectral groups: (1) the proton nuclear spectrum 
with Amy=Am,=0, Am,=+1 consisting of 9 transi- 
tions clustered about the Larmor frequency of the 
proton; (2) the deuteron nuclear spectrum with 12 
transitions in the vicinity of the deuteron Larmor fre- 
quency with Am,;=Am,=0, Ama=+1; (3) the rota- 
tional spectrum consisting of 12 transitions grouped 
about the Larmor frequency of the rotational magnetic 
moment with Amy=+1, Am,=Am,=0. The theo- 
retical expressions® for the energy levels combined with 
the selection rules predict the transition frequencies 
in a magnetic field H. 


V. HD DEUTERON NUCLEAR SPECTRUM 


The deuteron nuclear spectrum consists of the 12 
transitions for which Amy=Am,=0, Amg=+1. The 
expressions for the deuteron transition frequencies are 
given in Table I. These are given by the separation of 
the appropriate energy levels of Tables II and III of 
reference 6. The notation BA signifies the frequency of 
the transition between the energy levels B and A. 

The deuteron spin-rotational interaction constant Ca, 
the spin-spin interaction constant d,, and the deuteron 
quadrupole interaction constant d: are determined 
from observations of the deuteron spectrum. The theo- 
retical expressions for the deuteron transitions, Table I, 
are combined in such a way that these interaction 
constants are determined in terms of the transition 
frequencies, which are the experimental observables. 


Table I indicates that certain pairs of transitions have 
odd-order terms which have the same magnitude but 
different sign, and higher even-order terms which are 
the same for both. Differences between these paired 
lines provide 6 linear relations between the desired 
interaction constants and the transition frequencies 
with higher odd-order field-dependent terms, 


2ca—d,— 3d,= BA — RO— A(BA—ROQ)+6=a,, 
2c4—d,+3d,=CB—OP—A(CB—OQP)+5=a», 
2ca+d,—3d,= ED—ON — A(ED—ON)—5=a;, 
2cd-+-d,+3d,=FE—NM—A(FE—NM)—8=a,, (5) 
2d+6d2=HG—LK—A(HG—LK)+é=a5, (6) 
2d;— 6d2=I1H—-KJ—A(IH—KJ)+6=a5. (7) 


(2) 
(3) 
(4) 


The quantity A(BA— RQ), for example, is the con- 
tribution to the transition frequency difference, 
BA —RQ, from the second- and higher-order perturba- 
tion terms listed in Table I. These equations are valid 
up to the eleventh-order perturbation terms since all 
even-order term contributions to the quantities A 
vanish. 

The method of least squares is applied to this set of 
6 linear equations to obtain the desired solutions for 
the 3 interaction constants, 


Ca= (0, +42+43+4,)/8, 
d= (- @,— d2+43+44+4(a5+<¢) ]/20, 
d,= (- @,+42—43+4a,+4(a5— as) | ‘60, 


where the symbols a, are defined in Eqs. (2)—(7). 

The complete 12-line deuteron nuclear spectrum was 
observed twice in two separate runs. From the nature 
of the Eqs. (2)-(7), it was advantageous to observe 
the paired transitions consecutively in order to obtain 
their resonant frequencies at nearly the same value of 
the magnetic field. The paired lines are corrected to an 
intermediate common magnetic field with the assump- 
tion that any magnetic field drift is linear in time. The 
magnetic field in which these resonant frequencies 
occurred was conveniently monitored by observing the 
HD deuteron resonance in the rotational state J =0, 


H=va/(ya(1—ca) ]. (11) 


(8) 
(9) 
(10) 
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TABLE IT. Data used in the evaluation of ca, d;, and dz from the 
deuteron nuclear spectrum. 
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3378.622 
3423.410 
3378.518 
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+111 372448 


ED—ON 3423.752 


FE—NM 3378.363 
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—23 322420 
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3377.768 —98 803 


3401.104 —98 794 


—99 261+20 


HG—LK 3408.291 —98 716 


HG—LK 3423.752 —98 772 


IH—KJ 3422.250 +170 454 


IH—KJ 3375.335 +170 492 
+170 260+12 
TH—KJ 3408.563 


3423.895 


+170 436 


IH—KJ +170 457 


— 242 








Each observation consisted of a minimum of two 
resonance curves since each resonance was swept in 
both frequency directions to minimize the effect of any 
time-constant distortion. Two frequency determina- 
tions were made from each resonance curve: (1) The 
intersection of two lines drawn tangent to the sides of 
the resonance curve gave one determination. (2) The 
mean of the half-amplitude point gave a second deter- 
mination. The first determination was interpolated 
between the two frequency markers nearest to the 
intersection which were generally separated by 100 cps 
while the second frequency was interpolated between 
frequency markers near the half-amplitude points 
which were separated by approximately 350 cps, 

The resonant frequencies are determined within an 
accuracy of +20 cps from the resonance curves with 


LaTOURRETTE, AND 


RAMSEY 


350-cps line widths. However, there are two sources of 
error. During these experiments, the homogeneous mag- 
netic field exhibited a nearly linear downward drift of 
approximately 0.1 gauss/hour. One hour is about the 


.time required to observe an unknown resonance line 


and to monitor the field before and after. The second 
source of error results from the uncertainty in the rela- 
tive phase between the rf end coils. In the separated 
field method, the resonance line shape is dependent on 
this relative phase. Since the correct phase is determined 
by minimizing the asymmetry of the line, with a low 
signal-to-noise ratio it is difficult to ascertain the proper 
relative phase. However, the J=0 deuteron resonance 
lies in the J=1 deuteron nuclear spectrum and was 
used to determine the optimum phase. A Tektronix 
545 oscilloscope with a dual beam input was used to 
reset this same relative phase after retuning for each 
resonance line 

The useful data from the deuteron nuclear spectrum 
are displayed in Table II. Inscrting the averaged a, 
values into Eqs. (8)-(10) gives the values for the 
interaction constants listed in Table VII in the rows 
designated by the runs D1 and D2. 


VI. HD PROTON NUCLEAR SPECTRUM 


The proton nuclear spectrum consists of 9 transitions 
clustered about the Larmor frequency of the proton as 
allowed by Am;=Am,a=0, Am,=+1. Table III gives 
the proton transition frequencies for arbitrarily strong 
magnetic fields. These frequencies are the separations 
of the appropriate energy levels of Tables II and III of 
reference 6. 

The proton spin-rotational interaction constant cp 
and the spin-spin magnetic interaction constant d; are 
obtained from the measurements on the proton 
spectrum. Differences between pairs of transitions in 
Table III such that the even-order terms vanish, 
provide 4 linear equations between the desired inter- 
action constants and the experimentally observable 
transition frequencies plus higher odd-order field- 
dependent terms. 


2¢»—2d;= DA—RO—A(DA—RO)+25= hi, 

2c)  =EB-QN-A(EB-QN) =h,, 

2¢p+2d;= FC—PM—A(FC—PM)—26=khs, 
4d,=JG—LI—A(JG— LI) +25= ku. 


(12) 
(13) 
(14) 
(15) 


TABLE III. Radio-frequencies (cps) at which resonances will occur for changes of orientation of the proton spin in HD molecules 
in the first rotational state (J=1) for strong magnetic fields H. Each term of this table must be multiplied by the power of H listed 


at the top of its column. The value of Z is in kilogauss. 
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The quantity A(DA— RO), for example, is the contri- 
bution to the transition frequency difference, DA — RO, 
from the second- and higher-order perturbation terms 
listed in Table III. These equations are valid up to 
eleventh-order perturbation terms since all even-order 
term contributions to the quantities A vanish. 

Applying the method of least squares to the resulting 
set of 4 linear equations to obtain the desired solutions 
for the interaction constants c, and d; gives 


Cp>= (Ri tko+hk3)/6, (16) 
di = (2kat+h3— hk) #2. (17) 


where the symbols k, are defined in Eqs. (12)—(15). 

The complete 9-line proton nuclear spectrum was 
observed in three separate runs in a magnetic field of 
approximately 1700 gauss. The observational procedure 
was identical to that described in Sec. V. The magnetic 
field in which these resonances occurred was monitored 
by observing the HD proton resonance in the rotational 
state J=0, 
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H=v,/[yp(1—o,)]. (18) 


The useful data from the proton nuclear spectrum are 
given in Table IV. Substituting the values of the quan- 
tities k, into Eqs. (16) and (17) yields the values of 
the proton spin-rotational interaction constant c, and 
the spin-spin interaction constant d, listed in Table VII 
in the rows designated by the runs P1, P2, and P3. 


VII. HD ROTATIONAL SPECTRUM (J=1) 


The 12-line rotational spectrum arises from reorien- 
tations of the molecular rotational angular momentum. 
The energy expressions® are subtracted subject to the 
selection rules Am,= Amz=0, Am,;=+1 to obtain the 
relations for the transition frequencies given in Table V. 

In addition to the rotational magnetic moment inter- 
action constant 6, the intramolecular interaction 
constants are determined from the measurements on 
the rotational spectrum including the diamagnetic 
interaction constant f. As in the case of the nuclear 
spectra, taking the difference between certain paired 
expressions for the transition frequencies eliminates the 
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TABLE IV. Data used in the evaluation of ¢, and d, from the 
proton nuclear spectrum. 
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LF/MG 
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even-order perturbation terms. This procedure gives 6 
linear equations which relate the 5 intramolecular inter- 
action constants to transition frequency differences : 


Cot 2ca— 3d\— 3d2+2f 
=GA—RL—A(GA—RL)=),, 
Cp +6d2+2f 
=HB—QK—A(HB—OK)=}y, 
Cp— 2cat+3d1—3d24+2f 
=IC—PJ—A(IC—PJ)=bs, 
Cot 2cat+3d,— 3d2+ 2f 
=JD—OI-—A(JD—O])=8,, 
+6d2,+2/ 
=KE—NH-A(KE—NH)=5,, 
— Cp— 2ca— 3d, — 3d.4+-2f 
= LF—MG—A(LF— MG)=)g. (24) 


The quantity A(GA—RL), for example, is the con- 
tribution to the transition frequency difference, 


(19) 
(20) 
(21) 
(22) 


—Cy 


(23) 


GA—RL, from the higher-order perturbation terms 
listed in Table V. 

Application of the method of least squares to those 
equations results in the solutions 


(25) 
(26) 
(27) 


Cp= (bi +b2+b;—b,—bs—be)/6, 
Ca= (b,—03+b4—},)/8, 

d= (— by +b3+b4—b¢)/12, 

d2= (— by; +2b2—b3— 54+ 2b5— be) /36, (28) 
f= (bi: +b2+b3+b44+b54+0¢)/12. (29) 


In order to determine the rotational magnetic 
moment interaction constant 5, certain paired transi- 
tions are summed in such a way that the odd-order 
perturbation contributions vanish. The magnetic field 
is eliminated from the zero-order terms by dividing 
each transition sum by the observed deuteron resonance 
frequency ve=(1—oa)aa which is obtained from the 
molecules in the J=0 state and used to monitor the 
magnetic field. From Table V, 

(1—o71)bea4r1/va= [GA+RL—A(GA+RL) |/2va 
— (¢0—o4)(uptua)/(1—ca)pa, (30) 
(1 ams ornbLrsm c/Va= [LF+MG— A(LF+MG) ]/2v4 
+ (ai0—o41)(uptHa)/(1—ca)ma, (31) 
(1—o071)bsp4.01/va=[JD+OI—A(JD+O%) ]/2v4 
+ (o:0— 41) (up—ma)/(1—oa)ua, 
(1 - obresps/Va= [1C+PJ— AUIC+PJ) ]/2va 
— (oi0—%1)(Hp—wa)/(1—oa)ua, (33) 
(1—oy1)bu By ox/Va= [HB+QK — A (HB+QK) }/2va 
—(c0—oi1)Mp/(1—oa)ua, (34) 
(1—on)bxesnwu/va=(_KE+NH—A(KE+NH4) }/2v4 
+ (ci0—@a)up/(1—oa)ua. (35) 


(32) 
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The quantity A(GA+RL), for example, is the con- 
tribution to the sum of transition frequencies, GA+RL, 
from the second- and higher-order perturbation terms 
listed in Table V. 

The terms involving the quantity (¢40— 0 i(41))/(1— a) 


TABLE VI. Data used in the evaluation of (1—0,)b/va, Ca, ¢p, di, de, 
and f from the rotational spectrum. 


lransition 

frequency 

difference bn 
(cps) (cps) 


} Xtran- 
sition 
frequency 


Transi- 
tions 


vd 
involved Run (cps) 


GARL Ri 
LFMG Ri 
KENH Ri 
HBQK Ri 
JDOI RI 
ICPJ RI 
GARL R2 
LFMG R2 
KE NH 
HBOK 
JDOI 

IC PJ 

GA RL 

LF MG 

KE NH 
HBOK 
JDOI 

IC PJ 

GA RL 

LF MG 

KE NH 
HBOQK 
JDO 

IC PJ 

GA RL 

LF MG 
KENH 
HBOK 
JDOI 


2 248 422 125 269 
0.7735242 
2248524 1736 400 97469 —98 343 


2248957 1734577 ~—220078 —220939 
0.7735236 

-49 680 —49 769 

60 681 


179 366 


2248829 1734968 


1 732 848 61 227 


0.7735212 


2 248 816 


2248656 1739224 179 118 


1 728073 125 050 125 269 
1 727 372 
1 724 818 


1 725 392 


2 237 050 
0.7735186 
—98 368 


2 236 891 -97 484 


2 236 409 —220042 —220913 
0.7735174 
2 236 487 —49 649 —49 739 


2 236598 1723 380 61 241 60 689 
0.7735239 


1 730 008 


2 455 479 
0.7735498 
2 455 223 


2 236 752 179 094 179 345 


3 176 433 124 487 124 596 
3176 576 


3 176 858 


—98 624 —99 058 


2 453 779 —221128 -—221 559 
0.7735427 


2 454 193 


2 452 873 
0.7735090 


—50 479 —50 517 
60 368 


178 696 


3176 749 
3177 169 60 089 


3177013 2457 308 178 817 


124 500 124 609 
—99 151 


—221 576 


3175952 2455 081 


0.7735344 


3176120 2454796 —98 717 


3176380 2453471 —221 144 
3 176 250 
3 176 884 
3 176 568 
3175 706 
3175 882 
3176 275 
3 176 070 
3 176 871 
IC PJ 3 176 598 
GA RL 1107 744 
LF MG 1 107 508 
IC PJ 1 107 468 
JDOI 1 107 488 
OK HB 1 107 488 
NH KE 1 107 447 
GA RL 1 107 543 
LF MG 1 107 548 
IC PJ 1 107 598 
JDOI 1 107 674 
OK HB 1 107 670 
NH KE 107 550 


0.7735374 
2 453 699 


2 452 618 
0.7735322 
2 457 146 


2 454912 
0.7735399 
2 454 626 


2 453 397 
0.7735439 
2 453 592 


2 452 698 
0.7735362 
2 457 104 


—50 438 
60 043 
178 752 
124 670 
—99 074 
—221 608 
—50 392 
60 036 
178 664 
125 775 
—97 945 
179 810 
61 130 
—49 284 
—220 490 
125 682 
—97 855 
179 708 
60 974 
—49 252 
—220 410 


—50 400 
60 322 
178 631 
124 561 
—98 640 
—221 176 
—50 354 
60 315 
178 543 
124911 
—94 148 
178 654 
63 126 
—48 599 
—216 907 
124 818 
—94 058 
178 553 
62 969 
—48 567 
—216 827 


852 170 
0.7735210 
850 406 
855 989 
0.7735262 
843 651 
847 994 
0.7735118 
846 302 
851 957 
850 371 
856 026 
843 710 
848 078 


846 344 


0.7734657 


0.7734583 


0.7734676 
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TABLE VII. Values of Hamiltonian interaction constants as determined from the HD radio-frequency siniannis in shamans sengnete fields. 











Magnetic 
field 
H (gauss) 


Run (1 —os1)b/va 


(cps) gauss~ 





3378 
3424 
3440 
3422 
4860 
4860 
4859 
1694 
1695 
1708 
1701 
1705 
Average value 
Theoretically pre- 
dicted value 


85 578 
85 578 
85 571 
85 601 
85 598 
85 601 
85 572 
85 618 
85 608 
85 622 


85 600+ 18 
85 650 


0.7735230 
0.7735200 
0.7735338 
0.7735347 
0.7735400 
0.7735197 


0.773527 +0.000016 


0.77347 +-0.00007 13 148 


13 122+11 


— 26.30 10~$ 
— 26.45 x 10-6 
— 26.92 X 10-6 
— 27.38 10~® 
—27.19X 10-* 


17 757 
17 767 
17 766 


17 761412 
17 767 


—22 454+6 (—26.90+0.40) X 10-* 


—22 448 —27.6X10~° 








arise from nuclear shielding and are not accurately 
known. However, averaging pair values of (1l—oy1)b/va 
obtained independently from different transition fre- 
quency sums cancels these unwanted terms. 

The considerations and procedures discussed in Sec. 
V apply equally well to the measurements on the rota- 
tional spectrum. As discussed in Sec. II, observation of 
the HD rotational spectrum is difficult because of the 
small rotational moment coexisting with the appre- 
ciably larger proton moment. The difficulty is clearly 
illustrated by the observation that the intensity of the 
GA and RL rotational resonance lines, where the con- 
tributing molecules have all three magnetic moments 
aligned, are approximately one-fourth the intensity of 
the OJ and JD rotational lines, where the rotational 
and deuteron moments are aligned opposite to the 
proton moment. 

The 12-line rotational spectrum was observed at 
three different magnetic field strengths of about 1700, 
3400, and 4800 gauss. The resonance transitions paired 
in Eqs. (30)—(35) were observed consecutively and 
corrected to a common intermediate magnetic field 
under the assumption that any magnetic field drift was 
linear in time. The data from the rotational measure- 
ments used in evaluating the intramolecular interaction 
constants are given in Table VI. Utilizing Eqs. (25)- 
(29) and (30)—(35), the interaction constants are deter- 
mined and listed in Table VII in the rows designated by 
R’s. The data from the rotational spectrum which are 
used in determining the rotational magnetic moment 
interaction constant 6 are listed in Table VI along with 
the experimental values of (1—o71)b/va. 


VIll. ANALYSIS OF RESULTS 


The values determined for the Hamiltonian inter- 
action constants from the respective runs are listed in 
Table VII. In the averaging, the deuteron results are 
weighted doubly since they are the averaged results of 
two runs. The weighted average is obtained by averag- 
ing the respective results from the same spectra at 
approximately identical magnetic fields, followed by an 


average of these quantities weighted inversely as their 
deviations. These results agree with the earlier results 
of KRRZ*“ to well within the large experimental error 
of the early experiments. Table VII also compares these 
results for the HD interaction constants with the 
values predicted theoretically from precision measure- 
ments*4.!®16 on the homonuclear molecules Hz and Dz. 
The agreement between the present determinations and 
the predicted values verify the theory®’ for hetero- and 
homonuclear diatomic molecules. Table VIII gives the 
HD interaction constants and derived quantities. 


A. HD Rotational Magnetic Moment 


Since the electronic state of the HD molecule is !3, 
the nonrotating molecule does not possess an electronic 
magnetic dipole moment. However, the rotation of the 
molecule induces a rotational magnetic moment due to 


TABLE VIII. i. Rapestmentel results and derived eee for HD. 


Quantity Result 


(1—oy1)b/va 
p= BD (Qu pH p'/h)s 
bee BD (ua a’/h)s 
= AD o(4upua/SAR®), 
os HD (e2¢Q/2h)1 —22 454+6 cps 
aie Tall £)/2h), — (26.90+0.40) X 10-* cps gauss~? 
iD +0.663211+0.000014 nm 
wo ao! /Bolys/Jautt 1,00139+0.00009 
Pous/J) muda /2P?o(us/J) wun’ 1.00135+0.00013 
Q (2.738+-0.019) X 10-2? cm? 
HD)(H,’), 19.879-+0.006 gauss 
HD)(Ha’), 20.020+0.028 gauss 
(0.74604+0.00010) x 10-* cm 
1.3340.60 
(—0.594+0.030) x 10-5 
(2.622+0.032) x 10-5 
3.80+0.12 
(1.675+0.005) X 10-*' erg gauss~? 
molecule 
(—3.56+0.10) X10-" erg gauss 
molecule! 
(0.324+0.020) X 10~!* cm? 


+-0.773527 +.0.000016 
85 600+ 18 cps 
13 122+11 cps 
17 761+12 cps 





d Ing®!/d InR 
HD (gh), 


AD 9(E41—£o)1 


HPQ.) 








18N, J. Harrick and N. F. Ramsey, Phys. Rev. 88, 228 (1952). 
6 Barnes, Bray, and Ramsey, Phys. Rev. 94, 893 (1954). 
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the circulating protons and electrons. This rotational 
magnetic moment is obtained from the definition® of 


the Hamiltonian interaction constant 8, 
b=psH/Sh, 


through the use of the experimentally measured quan- 
tity (l—o71)b/va, 


(36) 


d 
BD (uy 7/J),:=———aL (1-071) b/ va]. 


—~Os1 


(37) 


Using the best value of (1—oy:)b/va from Table VIII 
and neglecting the small unknown quantity os; gives® 


BD (uy 7/J),= +0.663211+0.000014 nm. (38) 
Here use has been made of the value 
a= (2.62+0.04) x 10-5 


found from the theory of Ramsey” and measurements 
on the Hz and Dz» nuclear spectra." 

A theoretical value of the HD rotational magnetic 
moment can be calculated from the expression!” 


¥o(us/J)i=(M/2px')L1+4 *((DP—a@?)/R’): 


~16(me?/e)R,F, *((R/R.));], (39) 


where Z;=Z2=1 has been substituted in Eq. (8) of 
reference 17. If the permanent electric dipole moment of 
HD is assumed to be negligible, the quantity (D?— d*)/R? 
can be neglected. The quantity *o((R/R,)'*); is cal- 
culated from Eq. (21) of reference 17 after determina- 
tion of the exponent in Eq. (66). The quantity F, is 
obtained from the two simultaneous equations which 
result when the measured values of the rotational mag- 
netic moments!-!*!€ of the isotropic Hz and D2 mole- 
cules are inserted’ in Eq. (39), 


F,=+34.892+0.070 nm cm‘. 


The parameter R, is determined in Eq. (62). The 
insertion of the numerical values for the parameters in 
Eq. (39) gives 


(2D (u/J)1) theor= 0.66316+0.00007 nm, 


(40) 


(41) 


in agreement with the experimental value of Eq. (38). 
It is of interest to compare the rotational magnetic 
moments of HD with those of H: and Dz: 


AD (uy/J) wap’ 
—_————= 1.00139+-0.00009, 


Hou y/J) Hy’ 
Pops/J)pDe! 
AD (uy/J) wun’ 


These product ratios of rotational magnetic moments 
and reduced masses ux’ show that the rotational mag- 
netic moments of H», De, and HD are not inversely 


17N. F. Ramsey, Phys. Rev. 87, 1075 (1952). 


(42) 


= 1.00135-0.00013. (43) 
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proportional to the reduced nuclear masses as would 
be expected on a simple theory. These results are in 
agreement with the previous comparison’® of the rota- 
tional magnetic moments of Hz and Ds. A small portion 
of this variation may be attributed to the fact that the 
electrons contribute in part to the moment of inertia 
of the molecule, in which case the proper comparison 
ratio is intermediate between the reduced nuclear mass 
ratio and the reduced atomic mass ratio. However, 
even if reduced atomic masses are used, Eqs. (42) and 
(43) give 1.00130 and 1.00117, respectively. This devi- 
ation from the simple theory is attributed!’ to the 
effects of zero-point vibrations and centrifugal stretch- 
ings in the molecules as indicated in Eq. (39). 


B. Quadrupole Moment of the Deuteron 


To obtain the deuteron quadrupole moment Q from 
the quadrupole interaction constant d, requires the 
gradient of the electric field along the internuclear 
axis, since by definition® 


d.= —egQ/10h, (44) 


with g= 0?V*/dz?. Newell'® has calculated the electric 
field gradient for HD and finds 


q’ =q/2e=0.1745a0%, (45) 


with an error of +0.7%. Here 


g= &V*/da0?= (1.1338-+0.0066) 


X10" statvolts cm. (46) 


From the best value of d2, Table VIII, and Eqs. (44) 
(46) 


Q= (—10h/eq)d2= (2.7384-0.019) KX 10-*7 cm*. (47) 
The stated error results from the uncertainty in the 
calculated g, which is known only to an accuracy of 1 
part in 200 compared to the experimental accuracy of 
1 part in 6000 for the product gQ. 

This result for the deuteron quadrupole moment is 
in excellent agreement with the result obtained from 
D. measurements,’ though the latter is slightly more 
difficult to evaluate since for a homogeneous diatomic 
molecule the quadrupole interaction cannot be dis- 
tinguished from the spin-rotational interaction. 


C. Rotational Magnetic Fields at 
the Nuclei in HD 


The magnetic fields at the position of the deuteron 
and proton produced by the rotational motion of the 
molecule can be determined from the spin-rotationa! 
interaction constants ca and Cc», respectively. These 
interaction parameters are defined® by 


c= ui /ish, (48) 


18 G. F. Newell, Phys. Rev. 78, 711 (1950). 
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where H,’ is the magnetic field in question. However, 
Ramsey” has shown there is also a contribution, ¢;a, 
to the spin-rotational interaction of a nucleus in a 
molecule analogous to the spin-orbital interaction in an 
atom such that 

(49) 


C= CwtGa. 
This nuclear acceleration contribution is given by” 


HD (¢; ‘1 => 2ay ie(he e”) (unp’ ‘M;) (1— e/ 2M icvy;) 


X {B.w.+Bel—(aR,)?—(aR.)+5]}. (50) 


Substitution of numerical quantities, including the 
values of the molecular constants from Herzberg,” 
yields 

HD (¢g4))=37 cps, (51) 

HDo(c,4)1=957 cps. (52) 
After subtracting the acceleration contribution from ¢,, 
the best values for the quantities c;w are obtained as 
(53) 
(54) 


Caw = 13 O85+ 1 1 9 
Cow = 84 643418. 


These values may be substituted into Eq. (48) to 
determine the rotational magnetic fields at the respec- 
tive nuclei in the zeroth vibrational and first rotational 
state of the HD molecule, 

HD Ha’), = (h/wa)caw = (20.020+0,028) gauss, 


HD (H,y'):= (h/ 2up)Cpw = (19.879+0.006) gauss. 


(55) 
(56) 


The difference between these two values is possibly 
due to the different masses of the proton and deuteron 
and to their consequently different vibrational veloci- 
ties. It might be noted that if the above nuclear 
acceleration correction is ignored, the values of 
HD (H4'), and "(H,’), are in closer agreement, being 
20.077 and 20.104 gauss, respectively. 


D. HD Internuclear Distance 


The interaction constant d,, 


dy = (4/5h)upuaRe 2? (R/R.))1— D0, (57) 


corresponds' to the direct spin-spin magnetic interaction 
between the two nuclei with a small contribution from 
the tensor portion of the electron-coupled spin-spin 
interaction.2! R is the internuclear distance, R, is the 
equilibrium internuclear-spacing for a nonvibrating and 
nonrotating molecule, and dop=d,, is the diagonal com- 
ponent along the internuclear line p of the traceless 
second-rank tensor for the electron-coupled nuclear 
spin-spin interaction.2! Numerical calculations of the 
latter interaction for HD indicate that this tensor 


# N. F. Ramsey, Phys. Rev. 90, 232 (1953). 

% G. Herzberg, Spectra of Diatomic Molecules (D. Van Nostrand 
Company, Inc., Princeton, New Jersey, 1950), second edition, 

532 


p. 532. 
21N. F. Ramsey, Phys. Rev. 91, 303 (1953). 
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Fic. 1. aR, as a function of d). 


portion contributes less than 1 cps out of the observed" 
43 cps for the electron-coupled nuclear spin-spin 
interaction constant. Therefore, the contribution of a 
nonmagnetic interaction to d,, Eq. (37), is the order 
of 0.2 cps which is negligible. 

From Eq. (57), the reciprocal cube of the internuclear 
distance in the zeroth vibrational and first rotational 
state is obtained, 


R, 3 HDX (R R.) 3), 


= (2.4083-0.0009) x 10% cm-*, (58) 


or, taking the cube root, the internuclear distance is 


(#P(1/R*),)~'= (0.74604+0.00010) K 10-8 cm. (59) 


The interaction constant d, can be used to evaluate 
the quantity @R,, where R, is the equilibrium inter- 
nuclear spacing for a molecule in the absence of rotation 
and zero-point vibration and @ determines the asym- 
metry in the Morse potential.” Ramsey" has expressed 
the spin-spin magnetic interaction in terms of the 
parameter aR,, 


(Sh 4)d,=upual 8rcunn’ Boo h}} 
X (14+ 3B./w.+ (B./w.)*[ (9/4) (aR)? 


— (17/2)(aR,)+99/8—12J(J+1)]}. (60) 


This quadratic equation for aR, with the insertion of 
Herzberg’s values of the numerical constants and our 
value of d; gives 


HD,(aR,), = 1.3340.60. (61) 


2 P.M. Morse, Phys. Rev. 34, 57 (1929). 
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The rather large uncertainty arises because of the rapid 
decrease of aR, with d, as shown in Fig. 1. This deter- 
mination of aR, with its rather large uncertainty is in 
agreement with the value aR,= 1.608 which was deter- 
mined'* by making the Morse potential agree with the 
leading terms of the Dunham power series expansion™ 
of the potential. 

The quantity R, is also calculated from the experi- 
mentally determined spin-spin magnetic interaction 
constant, Eq. (57), where #°o(R/R,)~), is obtained from 
Eq. (21) of reference 17, 


R.= (0.7415+0.0004) X 10-* cm. (62) 


This is in good agreement with the value of R,=0.7414 


<10-* cm as calculated from Herzberg’s constants” 
determined from band spectra. 


E. HD Molecular Susceptibility 


The high-frequency term of the HD molecular sus- 
ceptibility in the zeroth vibrational and first rotational 
state can be related to the rotational magnetic moment 
[Eq. (14) of reference 17], 


HD (ght), = (e2/12me2)R2 #P¢(R/R.)")1/2P((R/R.)), 
X[1— (Qunn’/M) BP dus/J)i J. (63) 


This relation is based on the assumption introduced by 
Newell'* that the high-frequency terms in the theory 
of diatomic molecules vary with internuclear spacing R 
as R*. The quantity #o((R/R.):)1/# Pd (R/R.)c): can 
be calculated from Eq. (21) of reference 17 after deter- 
mination of the exponent /. This exponent is determined 
from the relation 


Ho((R/R.)**):/2? A (R/R.)*): 
1—(uHe'/wuv’) Bous/J)1/8P(us/J)1 
(M/2puv’) ®?dus/J)i—1 


which is a specific case of Eq. (23) of reference 17. 
Utilizing the measurements'® of the Hy, rotational 
moment with our HD measurements yields the experi- 
mental value 


(BP (R/Re)**)1/Ba (R/Re)*)1)— 1 


= —0,0104_o o020*?-™, 





(65) 


where the asymmetry in the probable error arises from 
the uncertainty in the extent to which the electron 
contributes to the moment of inertia. This result com- 
bined with the theoretical plot® of the left-hand side of 
Eq. (65) versus the exponent (i—2) determines the 
value 

1= 3.80_0.12*°-, (66) 


which is in good agreement with previous determina- 


% J. L. Dunham, Phys. Rev. 41, 713, 721 (1932), and 49, 797 
(1936). 
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tions.'® R, in Eq. (63) has been calculated from the 
experimentally determined spin-spin magnetic inter- 
action constant in Eq. (62). Substitution of these 
parameter values into Eq. (63) yields the high-fre- 
quency term of the HD molecular susceptibility in the 
zeroth vibrational and first rotational state, 


HD9(Eh), = (1.675+0.005) 
X 10-*' erg gauss~? molecule, 


(67) 
or in terms of molar susceptibility 


HD oy), = (0.1009+0,0003) 


X10~-* erg gauss mole. (68) 


F. HD Diamagnetic Interaction 


For molecules in the first rotational state, the dia- 
magnetic interaction parameter f is related® to the 
diamagnetic susceptibilities £,; and &) by 


€41— f= 2hf, IP, (69) 


where the subscripts +1 and 0 refer to the value of 
the rotational magnetic quantum number my in the 
state J=1. Since f increases as the square of the mag- 
netic field, the susceptibility dependence upon orien- 
tation is best determined by experiments in strong 
magnetic fields. This dependence of the diamagnetic 
susceptibility on molecular orientation is calculated 
using the best average value of f/H? from the 3400- 
and 4800-gauss measurements on the rotational 
spectrum in Table VIII. 


&41—fo= — (3.56+0.10) 
X10! erg gauss~? molecule. (70) 
G. Quadrupole Moment of the HD 
Electron Distribution 
Ramsey™ has shown that (4:—£o) and &‘ can be 
combined to give a measure of the quadrupole moment 
of the electron distribution in a molecule. For the HD 
molecule in the first rotational and zeroth vibrational 
state, this quadrupole moment is given by 


BP KQ-)1= — (20me?/e*)[ (E41 Eo) —$ BP oe"), ], 


relative to the internuclear axis. Utilizing the values of 
the parameters determined in Eqs. (67) and (70) gives 


(72) 


(71) 


HP (Q,)1= (0.324-+0.010) X 10—* cm?, 


The mean square distance # (r?), of an electron 
from the centroid'’ of the electron distribution of the 
HD molecule is given'?® by 


BPP) = BPD re?) = (3mc*/e*) 
KBP AE —x/LI], 


4 N. F. Ramsey, Phys. Rev. 78, 221 (1950). 
% N. F. Ramsey, Science 117, 470 (1953). 


(73) 
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where x is the ordinary diamagnetic susceptibility. The 
complete diamagnetic susceptibility has not been deter- 
mined for the HD molecule. However, Havens®’ has 
measured the diamagnetic susceptibility of H:: 


(x)He= — 4.0051+0.0016X 10-6 erg/gauss*. (74) 


For the purpose of illustrating the nature of the cal- 
culation that can validly be made when HD suscepti- 
bility data exist, the somewhat inconsistent assumption 
will be made below that the susceptibility of the HD 
molecule is not appreciably different from that for Ho. 
With this assumption, Eq. (73) can be evaluated using 
the value of #?(g°9, from Eq. (67) and this He value 
for x, 


HD (p2), = (0.7256+0.0025)X 10-6 cm*. — (75) 


This value of #o(r?); and the value of Q,, combined 
with the symmetry result that (?)=(ye), give the 
principal second moments of the electron distribution: 


H Doze), = AT HD or?) +0, /N) 
= (0.3165+0.0095) X 10—'® cm?, 


HD (x2), _ HDo(y¢?), = 4[2 HD(r?),—O, /N] 


= (0.1879+0.0056) X10-'* cm*. (76) 


One should note that the results given in Eqs. (75) and 
(76) are chiefly illustrative since they involve the 
assumption that Xyp* XH», since HD diamagnetic sus- 
ceptibility is not known. 
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H. Magnetic Shielding Constant of HD 


When an external magnetic field H is applied to a 
molecule, the electrons acquire an induced diamagnetic 
circulation which produces at the position of the nucleus 
a magnetic field —oH which partially cancels the 
initially applied field, where o is the magnetic shielding 
constant. The average over-all molecular orientations 
of this magnetic shielding parameter can be expressed?’ 
as 

o=o'+o"!, (77) 
where o” is essentially the Lamb’* diamagnetic cor- 
rection and o"! is the high-frequency contribution’ cor- 
responding to the second-order paramagnetism. For the 
diatomic HD molecule o*‘ can be determined from the 
corrected spin-rotational interaction constant through 
the relation [Eq. (15) of reference 17 ] 


HD (ght), = — (2/6me) Run uw 
BP (R/R.)™)s/BPK(R/Re)”): 
X {2unuR- 2K (R/R.)): 


aa (2eunv’/My;) HD ciw)1}. (78) 


The ratio #°9((R/R,)™);/#?0(R/R.)™): can be cal- 
culated from Eq. (21) of reference 17 after deter- 
mination of the exponent m. This exponent is deter- 


mined by a comparison of theoretical and experimental 
values of "o((R/R.)”™):/#P( (R/R.)”™):. The relation” 


1—¥o((R/R.)*)1/ BP (R/R))s 





Ho (R/R,)"-*),/#P (R/R,)"*),=1—-— 


j-- [2unwR-“ HD (R/R.)) vy¥inpM /2eunv Cin p)? 


+4 
[2unuR* AD (R/R.)):yinvM /2munv’'Cinv |— 1 


provides an experimental determination of the desired 
ratio. This relation is based on the assumption that the 
entire difference between the spin-rotational interaction 
constants c; for H, and HD is due to the differences in 
rotational angular velocities, in nuclear magnetic 
moments, in zero-point vibrations, in centrifugal 
stretching, and in nuclear acceleration effects, and 
that the electronic contribution to the fields at the 
nuclei varies with internuclear spacing as (R/R,)”. 
Inserting the results from Eqs. (53), (54), and (58) for 
the HD parameters with previous H, results" in Eq. 
(79) yields the experimental value 


BD)((R/R.)”~*):/"o((R/Re)”*): = 1.0010.003. (80) 


This theoretical plot® of the left-hand member of Eq. 
(79) versus m then determines m to be either between 
—2.6 and —0.7 or between —0.4 and 2.4. The am- 


%6 G. G. Havens, Phys. Rev. 43, 992 (1933). 


1— (wie ciHyyinp/“uD CinDYin2) 





(79) 


biguity and the large uncertainty arise from the fact 
that the theoretical curve ® passes through a maximum 
at m=2. By a previous argument! based on the vari- 
ation of c; with R it is probable that m> —1. Therefore, 


m= +1.7 9.97. (81) 


Disregarding the rather large uncertainty, this value is 
in good agreement with m determined" from 


Do (R/R.)™)1/8o( (R/Re)”™™)). 


Using the results of Eqs. (53), (54), (58), (62), and 
(81) in Eq. (78) gives the high-frequency contribution 
to the magnetic shielding constants, 


HD o(gg"*), = (—0.591+0.030) X 10-5, 
HD(g,"*), = (—0.596-4-0.030) X 10-5, 


(82) 
(83) 


#7 G. F. Newell, Phys. Rev. 80, 476 (1950). 
38 W. E. Lamb, Phys. Rev. 60, 817 (1941). 
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Newell?’ has calculated the spherically symmetrical 
contribution ¢” to the magnetic shielding constant for 
H:. Extrapolating his result to HD through considera- 
tions based on the relative internuclear distances for the 
two molecules combined with an average of Eqs. (82) 
and (83) yields the following average shielding constant 
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112, 
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for the HD molecule: 


BD Ko) = (€/3mc?) BP de re) — BP oo), 
= (3.216+0.010) X10 
— (0.594+0.030) x 107° 


= (2.622+0.032) X10. (84) 
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Infrared and Optical Masers 


A. L. ScHAWLOW AND C. H. Townes* 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received August 26, 1958) 


The extension of maser techniques to the infrared and optical region is considered. It is shown that by using 
a resonant cavity of centimeter dimensions, having many resonant modes, maser oscillation at these wave 
lengths can be achieved by pumping with reasonable amounts of incoherent light. For wavelengths much 
shorter than those of the ultraviolet region, maser-type amplification appears to be quite impractical. 
Although use of a multimode cavity is suggested, a single mode may be selected by making only the end 
walls highly reflecting, and defining a suitably small angular aperture. Then extremely monochromatic and 
coherent light is produced. The design principles are illustrated by reference to a system using potassium 


vapor. 


INTRODUCTION 


MPLIFIERS and oscillators using atomic and 

molecular processes, as do the various varieties 
of masers,'~ may in principle be extended far beyond 
the range of frequencies which have been generated 
electronically, and into the infrared, the optical region, 
or beyond. Such techniques give the attractive promise 
of coherent amplification at these high frequencies and 
of generation of very monochromatic radiation. In the 
infrared region in particular, the generation of reason- 
ably intense and monochromatic radiation would allow 
the possibility of spectroscopy at very much higher 
resolution than is now possible. As one attempts to 
extend maser operation towards very short wavelengths, 
a number of new aspects and problems arise, which 
require a quantitative reorientation of theoretical 
discussions and considerable modification of the experi- 
mental techniques used. Our purpose is to discuss 
theoretical aspects of maser-like devices for wavelengths 
considerably shorter than one centimeter, to examine 
the short-wavelength limit for practical devices of this 
type, and to outline design considerations for an 
example of a maser oscillator for producing radiation 
in the infrared region. In the general discussion, 
roughly reasonable values of design parameters will be 
used. They will be justified later by more detailed 
examination of one particular atomic system. 
~ * Permanent address: Columbia University, New York, New 


York. 
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CHARACTERISTICS OF MASERS FOR 
MICROWAVE FREQUENCIES 

For comparison, we shall consider first the character- 
istics of masers operating in the normal microwave 
range. Here an unstable ensemble of atomic or molecular 
systems is introduced into a cavity which would 
normally have one resonant mode near the frequency 
which corresponds to radiative transitions of these 
systems. In some cases, such an ensemble may be 
located in a wave guide rather than in a cavity but 
again there would be characteristically one or a very 
few modes of propagation allowed by the wave guide in 
the frequency range of interest. The condition of 
oscillation for m atomic systems excited with random 
phase and located in a cavity of appropriate frequency 
may be written (see references 1 and 2) 

n>hV Av/(4ry*0.), (1) 
where # is more precisely the difference m,-m, in number 
of systems in the upper and lower states, V is the 
volume of the cavity, Av is the half-width of the 
atomic resonance at half-maximum intensity, assuming 
a Lorentzian line shape, uv is the matrix element involved 
in the transition, and Q, is the quality factor of the 
cavity. 

The energy emitted by such a maser oscillator is 
usually in an extremely monochromatic wave, since 
the energy produced by stimulated emission is very 
much larger than that due to spontaneous emission or 
to the normal background of thermal radiation. The 
frequency range over which appreciable energy is 
distributed is given approximately by! 


bv=4rkT (Av)?/P, (2) 
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where Ay is the half-width at half-maximum of the 
resonant response of a single atomic system, P is the 
total power emitted, & is Boltzmann’s constant, and T 
the absolute temperature of the cavity walls and wave 
guide. Since in all maser oscillators at microwave 
frequencies which have so far been considered, 
P>kTAv?, the radiation is largely emitted over a region 
very much smaller than Ay, or 6v<<Ap. 

As amplifiers of microwave or radio-frequency energy, 
masers have the capability of very high sensitivity, 
approaching in the limit the possibility of detecting 
one or a few quanta. This corresponds to a noise 
temperature of hiv/k, which for microwave frequencies 
is of the order of 1°K. 


USE OF MULTIMODE CAVITIES AT 
HIGH FREQUENCIES 

Consider now some of the modifications necessary 
to operate a maser at frequencies as high as that of 
infrared radiation. To maintain a single isolated mode 
in a cavity at infrared frequencies, the linear dimension 
of the cavity would need to be of the order of one 
wavelength which, at least in the higher frequency 
part of the infrared spectrum, would be too small to be 
practical. Hence, one is led to consider cavities which 
are large compared to a wavelength, and which may 
support a large number of modes within the frequency 
range of interest. For very short wavelengths, it is 
perhaps more usual to consider a plane wave reflected 
many times from the walls of such a cavity, rather 
than the field of a standing wave which would cor- 
respond to a mode. 

The condition for oscillation may be obtained by 
requiring that the power produced by stimulated 
emission is as great as that lost to the cavity walls or 
other types of absorption. That is, 


wWE\?hn EV 
(—)—2—-, (3) 

h } 4rAv 8ri 
where wv’ is the matrix element for the emissive transi- 
tion, E? is the mean square of the electric field. (For 
a multiresonant cavity, /? may be considered identical 
in all parts of the cavity.) m is the excess number of 
atoms in the upper state over those in the lower state, 
V is the volume of the cavity, / is the time constant for 
the rate of decay of the energy, Av is the half-width of 
the resonance at half maximum intensity, if a Lorentzian 
shape is assumed. The decay time ¢ may be written as 
2rv/Q, but is perhaps more naturally expressed in 
terms of the reflection coefficient a of the cavity walls. 


1=6V/(1—a)Ac, (4) 


where A is the wall area and ¢ the velocity of light. 
For a cube of dimension L, t= L/(1—a)c. The condition 


for oscillation from (3) is then 


3hV Av 


n> A 
Sr2y"t v 


Av h(1—a)Ac 


vy 169? 


Here u” has been replaced by yu*/3, since uw” is the 
square of the matrix element for the transition which, 
when averaged over all orientations of the system, is 
just one-third of the quantity yu? which is usually 
taken as the square of the matrix elment. 

In a gas at low pressure, most infrared or optical 
transitions will have a width Av determined by Doppler 
effects. Then the resonance half-width at half-maximum 


intensity is 
v f 2kT , 
av=-(— in) | 
c m 


where m is the molecular mass, & is Boltzmann’s 
constant, and 7 the temperature. Because of the 
Gaussian line shape in this case, expression (6) becomes 


(8) 


ae 16m2u2 (9 In2)? 


h(1—a)A s2kT\3 
o2—_—(- ). (9) 


2 “mM 


It may be noted that expression (9) for the number 
of excited systems required for oscillation is independent 
of the frequency. Furthermore, this number » is not 
impractically large. Assuming the cavity is a cube of 
1 cm dimension and that a=0.98, h.=5X10-'8 esu, 
T=400°K, and m= 100 amu, one obtains n=5X 108. 

The condition for oscillation, indicated in (5), may 
be conveniently related to the lifetime r of the state 
due to spontaneous emission of radiation by a transition 
between the two levels in question. This lifetime is 
given, by well-known theory, as 


t= 3he/(64r'vy?). (10) 


Now the rate of stimulated emission due to a single 
quantum in a single mode is just equal to the rate of 
spontaneous emission into the same single mode. 
Hence, 1/7 is this rate multiplied by the number of 
modes p which are effective in producing spontaneous 
emission. Assuming a single quantum present in a mode 
at the resonant frequency, the condition for instability 
can then be written 


nhv/pr>hv/t,, 


(11) 


This gives a simple expression which may sometimes 


n> pr/t. 
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be useful, and which is equivalent to (5), since 


(Av)*dy 
=f 0) , 
’ f Pew) (a0)? 


where p(v)dv is the number of modes between » and 
v+dy, which is well known to be 


p(v)dv=8rv’Vdv/c. 


(12) 





(13) 


From (12) and (13), one obtains for a Lorentzian line 


shape, 


p=8r'V Av/e. (14) 


Or, for a line broadened by Doppler effects, the cor- 
responding number of effective modes is 


p=8r'v’V Av/ (x In2)ic. (15) 


If 7 and # are inserted into (11) from expressions (10) 
and (14), respectively, it becomes identical with (5), 
as one must expect. 

The minimum power which must be supplied in 
order to maintain systems in excited states is 


P=nhv/r= phv/t. (16) 


This expression is independent of the lifetime or matrix 
element. However, if there are alternate modes of 
decay of each system, as by collisions or other transi- 
tions, the necessary power may be larger than that 
given by (16) and dependent on details of the system 
involved. Furthermore, some quantum of higher fre- 
quency than that emitted will normally be required to 
excite the system, which will increase the power some- 
what above the value given by (16). Assuming the 
case considered above, i.e., a cube of 1-cm dimension 
with a=0.98, A= 10* A, and broadening due to Doppler 
effect, (16) gives P=0.8X10-* watt. Supply of this 
much power in a spectral line does not seem to be 
extremely difficult. 

The power generated in the coherent oscillation of 
the maser may be extremely small, if the condition of 
instability is fulfilled in a very marginal way, and 
hence can be much less than the total power, which 
would be of the order of 10~ watt, radiated spontane- 
ously. However, if the number of excited systems 
exceeds the critical number appreciably, e.g., by a 
factor of two, then the power of stimulated radiation 
is given roughly by Av times the rate at which excited 
systems are supplied, assuming the excitation is not 
lost by some process not yet considered, such as by 
collisions. The electromagnetic field then builds up so 
that the stimulated emission may be appreciably 
greater than the total spontaneous emission. For values 
even slightly above the critical number, the stimulated 
power is of the order of the power nhv/r supplied, or 
hence of the order of one milliwatt under the conditions 
assumed above. 

The most obvious and apparently most convenient 
method for supplying excited atoms is excitation at a 
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higher frequency, as in optical pumping or a three-level 
maser system. The power supplied must, of course, be 
appreciably greater than the emitted power in expres- 
sion (9). There is no requirement that the pumping 
frequency be much higher than the frequency emitted, 
as long as the difference in frequency is much greater 
than kT /h, which can assure the possibility of negative 
temperatures. Since, for the high frequencies required, 
an incoherent source of pumping power must be used, 
a desirable operating frequency would be near the 
point where the maximum number of quanta are 
emitted by a given transition from a discharge or some 
other source of high effective temperature. This maxi- 
mum will occur somewhere near the maximum of the 
blackbody radiation at the effective temperature of 
such a source, or hence in the visible or ultraviolet 
region. The number of quanta required per second 
would probably be about one order of magnitude 
greater than the number emitted at the oscillating 
frequency, so that the input power required would be 
about ten times the output given by (16), or 10 milli- 
watts. This amount of energy in an individual spectro- 
scopic line is, fortunately, obtainable in electrical 
discharges. 

Very desirable features of a maser oscillator at 
infrared or optical frequencies would be a high order of 
monochromaticity and tunability. In the microwave 
range, a maser oscillator is almost inherently a very 
monochromatic device. However, a solid state maser 
can also normally be tuned over a rather large fractional 
variation in frequency. Both of these features are 
much more difficult to obtain in the infrared or optical 
regions. Frequencies of atomic or molecular resonances 
can in principle be tuned by Stark or Zeeman effects, 
as they would be in the radio-frequency or microwave 
range. However, such tuning is usually limited to a 
few wave numbers (or a few times 10000 Mc/sec), 
which represents a large fractional change in the 
microwave range and only a small fractional change 
in the optical region. Certain optical and infrared 
transitions of atoms in solids are strongly affected by 
neighboring atoms. This may be the result of Stark 
effects due to internal electric fields or, as in the case of 
antiferromagnetic resonances, internal magnetic fields 
may vary enough with temperature to provide tuning 
over a few tens of wave numbers. Hence variation of 
temperature or pressure can produce some tuning. 
However, it appears unreasonable to expect more than 
a small fractional amount of tuning in an infrared or 
optical maser using discrete levels. 


SPECTRUM OF A MASER OSCILLATOR 


Monochromaticity of a maser oscillator is very 
closely connected with noise properties of the device 
as an amplifier. Consider first a maser cavity for optical 
or infrared frequencies which supports a single isolated 
modeJAs in the microwave case, it is capable of 
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detecting, in the limit, one or a few quanta, correspond- 
ing to a noise temperature of hvy/k. However, at a 
wavelength of 10 000 A, this noise temperature is about 
14 000°K, and hence not remarkably low. Furthermore, 
other well-known photon detectors, such as a photo- 
electric tube, are capable of detecting a single quantum. 
At such frequencies, a maser has no great advantage 
over well-known techniques in detecting smal] numbers 
of quanta. It does offer the new possibility of coherent 
amplification. However, if many modes rather than a 
single one are present in the cavity, a rather large 
background of noise can occur, the noise temperature 
being proportional to the number of modes which are 
confused within the resonance width of the atomic or 
molecular system. A method for isolation of an indi- 
vidual mode which avoids this severe difficulty will be 
discussed below. 

Let us examine now the extent to which the normal 
line width of the emission spectrum of an atomic 
system will be narrowed by maser action, or hence how 
monochromatic the emission from an infrared or optical 
maser would be. Considerations were given above 
concerning the number of excited systems required to 
produce stimulated power which would be as large as 
spontaneous emission due to all modes of a multimode 
cavity which lie within the resonance width of the 
system. Assume for the moment that a single mode can 
be isolated. Spontaneous emission into this mode adds 
waves of random phase to the electromagnetic oscilla- 


tions, and hence produces a finite frequency width 
which may be obtained by analogy with expression (2) 
as 


Avose= (4rhv/P)(Av)?*, (17) 


where Ay is the half-width of the resonance at half- 
maximum intensity, and P the power in the oscillating 
field. Note that &7, the energy due to thermal agitation, 
has been replaced in expression (15) by Av, the energy 
in one quantum. Usually at these high frequencies, 
hv>>kT, and there is essentially no “thermal” noise. 
There remains, however, “zero-point fluctuations” 
which produce random noise through spontaneous 
emission, or an effective temperature of hy/k. 

For the case considered numerically above, 4rhvAv/P 
is near 10-* when P is given by expression (16), so 
that Avoge~10-*Av. This corresponds to a remarkably 
monochromatic emission. However, for a multimode 
cavity, this very monochromatic emission is super- 
imposed on a background of stimulated emission which 
has width Ay, and which, for the power P assumed, is 
of intensity equal to that of the stimulated emission. 
Only if the power is increased by some additional 
factor of about ten, or if the desired mode is separated 
from the large number of undesired ones, would the 
rather monochromatic radiation stand out clearly 
against the much wider frequency distribution of 
spontaneous emission. 

Another problem of masers using multimode cavities 
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which is perhaps not fundamental, but may involve 
considerable practical difficulty, is the possibility of 
oscillations being set up first in one mode, then in 
another—or perhaps of continual change of modes 
which would represent many sudden jumps in fre- 
quency. If the cavity dimensions, density distribution 
of gas and distribution of excited states remains 
precisely constant, it seems unlikely that oscillations 
will build up on more than one mode because of the 
usual nonlinearities which would allow the most 
favored mode to suppress oscillations in those which 
are less favored. However, if many nearby modes are 
present, a very small change in cavity dimensions or 
other characteristics may produce a shift of the oscilla- 
tions from one mode to another, with a concomitant 
variation in frequency. 
SELECTION OF MODES FOR AMPLIFICATION 

We shall consider now methods which deviate from 
those which are obvious extensions of the microwave or 
radio-frequency techniques for obtaining maser action. 
The large number of modes at infrared or optical fre- 
quencies which are present in any cavity of reasonable 
size poses problems because of the large amount of 
spontaneous emission which they imply. The number 
of modes per frequency interval per unit volume cannot 
very well be reduced for a cavity with dimension. 
which are very large compared to a wavelength. 
However, radiation from these various modes can be 
almost completely: isolated by using the directional 
properties of wave propagation when the wavelength 
is short compared with important dimensions of the 
region in which the wave is propagated. 

Consider first a rectangular cavity of length D and 
with two square end walls of dimension L which are 
slightly transparent, its other surfaces being perfectly 
reflecting. Transparency of the end walls provides 
coupling to external space by a continuously distributed 
excitation which corresponds to the distribution of 
field strength at these walls. The resulting radiation 
produces a diffraction pattern which can be easily 
calculated at a large distance from the cavity, and 
which is effectively separated from the diffraction 
pattern due to any other mode of the cavity at essen- 
tially the same frequency. 

The field distribution along the end wall, taken as 
the xy plane, may be proportional, for example, to 
sin(rrx/L) cos(rsy/L). The resonant wavelength is of 
the form 
2 


d ac ’ 
L(¢/D)?+ (r/L)?+ (s/L)*}! 


where g is the number of half-wavelengths along the z 
direction. If Z is not much smaller than D, and if 
g>>r or s, the resonant wavelength is approximately 


El) 1G) 





(18) 


(19) 
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which is primarily dependent on g and insensitive to 
r or s. The direction of radiation from the end walls, 
however, is critically dependent on r and s. The 
Fraunhofer diffraction pattern of the radiation has an 
intensity variation in the x direction given by 


mL sin6 xr 
I « (2xr)? sin'( +=)/ 
r 2 


2rL sind \? 2rL sind \? 
(~+-——) (9-7) , (20) 
A A 


where @ is the angle between the direction of observation 
and the perpendicular to the end walls. For a given 
value of r, the strongest diffraction maxima occur at 


sind=+r\/2L, 
and the first minima on either side of the maxima at 
sind=+rh/2L+X/L. 


Thus the maximum of the radiation from a mode 
designated by r+1 falls approximately at the half- 
intensity point of the diffraction pattern from the mode 
designated by 7, which is just sufficient for significant 
resolution of their individual beams of radiation. This 
provides a method for separately coupling into or out 
of one or a few individual modes in the multimode 
cavity. A practical experimental technique for selecting 
one or a few modes is to focus radiation from the end 
walls by means of a lens onto a black screen in the focal 
plane. A suitable small hole in the screen will accept 
only radiation from the desired mode or modes. 

There may, of course, be more than one mode which 
has similar values of r and s but different values of g, 
and which radiate in essentially identical directions. 
However, the frequencies of such modes are appreciably 
different, and may be sufficiently separated from each 
other by an appropriate choice of the distance D 
between plates. Thus if only one mode with a particular 
value of r and s is wanted within the range of response 
2Av of the material used to produce oscillations, D 
should be less than c/4Ayv. Or, if it is undesirable to 
adjust D precisely for a particular mode, and approxi- 
mately one mode of this type is wanted in the range 
2Av, one may choose 


D=c/4Ap. (21) 
For the conditions assumed above, the value of D given 
by (21) has the very practical magnitude of about 
10 cm. 

It is desirable not only to be able to select radiation 
from a single mode, but also to make all but one or a 
few modes of the multimode cavity lossy in order to 
suppress oscillations in unwanted modes. This again 
can be done by making use of directional properties. 
Loss may be introduced perhaps most simply by 
removing the perfectly reflecting walls of the cavity. 
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The “cavity” is then reduced to partially transparent 
end plates and nonexistent (or lossy) perfectly-matched 
side walls. 

Suppose now that one of the modes of such a cavity 
is excited by suddenly introducing the appropriate field 
distribution on one of the end walls. This will radiate a 
wave into the cavity having directional properties such 
as those indicated by the diffraction pattern (20). If 
r and s have their minimum values, the maximum 
energy occurs near 6=0, and the wave travels more 
or less straight back and forth between the two plates, 
except for a gradual spreading due to diffraction. If 
r or s are larger, the maximum energy occurs at an 
appreciable angle @, and the wave packet will wander 
off the reflecting plates and be lost, perhaps after a 
number of reflections. Those modes for which @ is large 
are highly damped and merge into a continuum, since 
energy radiated into them travels immediately to the 
walls and is lost from the cavity. However, modes for 
which @ is quite small may have relatively high Q and 
hence be essentially discrete. 

For estimates of damping, consider first two end 
plates of infinite extent, but excited only over a square 
area of dimension L by a distribution which corresponds 
to one of our original modes. The radiated wave will 
be reflected back and forth many times, gradually 
spreading out in the diffraction pattern indicated by 
(20). If a mode with small values of r and s is used, the 
wave undergoes reflection every time it travels a 
distance D, and the rate of loss of energy W is given by 
the equations 


dW /dt=—c(1—a)W/D, 


W= W gee -@) t/D, (22) 


The decay time / is then D/c(1—a) rather than that 
given by (4) for the multimode case, or the effective 
distance traveled is D/(1—a). 

Since the wavelength for modes with small r and s 
is given by (19), the frequency separation between 
modes with successive values of g is given by the usual 
Fabry-Perot condition 


bv=c/2D. (23) 


Thus 6y>>1/t and the modes with successive values of 
q are discrete if 1—a, the loss on reflection, is much 
less than unity. On the other hand, the various modes 
given by small values of r or s and the same value of 
q are nearly degenerate, since according to (19) their 
frequency difference is less than dy given in (23) by the 
factor r/g, which is of the order 10~ for a typical case. 
These modes must be separated purely by their direc- 
tional properties, rather than by their differences in 
frequency. ’ 

After traveling a distance D/(1—a), the radiation 
resulting from the excitation discussed above will have 
moved sideways in the x direction along the infinite 
parallel plates a distance of approximately Dé/(1—a), 
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where @ is the angle of one of the two large diffraction 
maxima given by (20). This distance is then 


x= Dhr/[2(1—a)L]. (24) 


Consider now the case of finite end plates of dimension 
L without their infinite extension which was assumed 
immediately above. After a number of reflections, the 
diffraction pattern would no longer be precisely that 
given by (20). However, expression (24) would still 
give a reasonable approximation to the distance of 
sideways motion, and if this distance is larger than the 
end-wall dimension L, the radiation will have been lost 
to the cavity; and the decay time for the mode in 
question is appreciably shorter than that indicated by 
(22). This condition occurs when 


Dyr/[2(1—a)LJZL, or r22(1—a)L2/Dr. (25) 


Thus to damp out modes with r210, when L=} cm, 
a=0,.98, and A=10~ cm, the separation D between 
plates needs to be as large as a few centimeters. By 
choosing L sufficiently small, it is possible to discrimin- 
ate by such losses between the lowest mode (r=1), 
and any higher modes. Too small a ratio L*/DA will, 
however, begin to appreciably add to the losses from 
the lowest mode, and hence is undesirable if the 
longest possible delay times are needed. 

The precise distribution of radiation intensity in the 
plane of the end walls which will give minimum loss, 
or which will occur during maser oscillation, cannot 
be very easily evaluated. It must, however, be some- 
what like the lowest mode, r=1, s=0. A normal and 
straightforward method for exciting a Fabry-Perot 
interferometer is to use a plane wave moving per- 
pendicular to the reflecting plates, and screened so 
that it illuminates uniformly all but the edge of the 
plates. Such a distribution may be expressed in terms 
of the nearly degenerate modes of the “cavity” with 
various r and s, and the considerable majority of its 
energy will be found in the lowest mode r=1, s=0, if 
it is polarized in the y direction. There is, of course, an 
exactly degenerate mode of the same type which is 
polarized in the x direction. Any much more compli- 
cated distribution than some approximation to uniform 
illumination or to the lowest mode r=1, s=0 of our 
rectangular cavity will produce a wider diffraction 
pattern which would be lost to a detector arranged to 
accept a very small angle @ near zero, and which 
would also be subject to greater losses when L?/D) is 
small. However, nonuniform distribution of excited 
atoms between the reflecting plates could compensate 
for the larger diffraction losses, and in some cases 
induce oscillations with rather complex distributions 
of energy. 

The above discussion in terms of modes of a rectangu- 
lar cavity illustrates relations between the arrangement 
using a Fabry-Perot interferometer and the usual 
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microwave resonant cavity.t An alternative approach 
which uses the approximation of geometrical optics 
more directly may also be helpful and clarifying. An 
atom radiating spontaneously in any direction has a 
decay time 7 given by expression (10). The probability 
per unit time of emission of a quantum within a given 
solid angle AQ is then 


(26) 


Hence if a sufficiently small solid angle is selected from 
the radiation, the amount of spontaneous emission can 
be made arbitrarily small. However, if essentially all 
the stimulated emission emitted from the end-wall of 
the interferometer is to be collected in a receiver or 
detector, allowance must be made for diffraction and a 
solid angle as large as about (A/L)* must be used, so 
that the rate of spontaneous emission into the detector 


1S 


(27) 


The rate of spontaneous emission (27) within the 
diffraction angle may be compared with the rate of 
induced transitions produced by one photon reflected 
back and forth in the volume LD. This rate is, as in (3), 
(u’E/h)?(4r Av), where F°L2D/8xr=hv. That is, since 
pt=p2/3, 

1 Sry? 


=- ; (28) 
t'’ = 3AvL?Dh 

If D is c/4Av as in expression (21), so that there is 
approximately one and only one interference maximum 
of the interferometer in a particular direction within 
the range 2Ay of emission, then (28) becomes 


1 32mu?y 
—= —, (29) 
t” =3keL? 


Except for a small numerical factor of the order of 
the accuracy of the approximations used here, 1/t’’ 
given by (29) may be seen to equal 1//’. That is, use of 
the limiting amount of directional selection reduces the 
background of spontaneous emission to the same rate 
as that of stimulated emission due to a single photon. 
This is similar to the situation of a single mode in a 
cavity at microwave frequencies. It affords the limit 
of sensitivity which can be obtained by the usual maser 
amplifier, and the smallest possible noise for such a 
system as an oscillator. 


t Note added in proof.—Use of two parallel plates for a maser 
operating at short wavelengths has also recently been suggested 
by A. M. Prokhorov [JETP 34, 1658 (1958) ] and by R. H. Dicke 
[U. S. Patent 2,851,652 (September 9, 1958) ]. These sources do 
not, however, discuss the reduction of excess modes or spontaneous 
emission. 
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Consider now the rate of loss of energy from a beam 
being reflected back and forth between the two end 
plates in the approximation of geometric optics. If the 
angle of deviation from the direction perpendicular to 
the plates is 6, then the additional rate of energy loss 
from a plane wave due to its spilling off the edges of 
the reflecting surfaces is 


dW’ /dit=— W/L. (30) 


Expression (30) assumes, to be precise, that the 
deviation is parallel to one edge of the end plate. Thus, 
when 6=(1—a)L/D, the decay time is one-half that 
for 2=0. Because of nonlinearities when oscillations set 
in, it may be seen from expression (3) that only those 
modes with the largest decay times will fulfill the con- 
dition for oscillation. The fraction ¢ of all modes of the 
“cavity” -which have decay times greater than one-half 
that of the maximum decay time is approximately 
(20)?/2x, or 


e=2(1—a)*L?/rD*. (31) 


Letting (l—a)=1/20, L=1 cm, and D=10 cm, one 
obtains «=1.6X10-°. This enormously reduces the 
number of modes which are likely to produce oscilla- 
tions. Since the total number of modes is, from (14), 
(8x°v*Av/C)L2D, this number which may produce 
oscillations is 


| M6r(1—a)**AvL! 
-. eD ; 


(32) 





Under the assumptions used above, p’ may be found 
to be approximately 10°, which is very much smaller 
than the total number of modes in the multimode 
cavity, but still may be an inconveniently large 
number. By using limiting values of the solid angle 
(26)? set by diffraction, the number of modes can be 
further reduced to approximately unity, as was seen 
above. 


FURTHER DISCUSSION OF PROPERTIES OF 
MASERS USING LARGE DIMENSIONS 


It is important to notice that in the parallel plate 
case a very large amount of spontaneous emission may 
be radiating in all directions, even though only the 
very small amount indicated above is accepted in the 
detector, or is confused with the amplified wave. This 
property is quite different from the normal case in the 
microwave or radio-frequency range, and requires a 
rather rapid rate of supply of excited systems in order 
to maintain enough for maser action. Furthermore, 
great care must be taken to avoid scattering of light 
from undesired modes into the one which is desired. 
The fraction of spontaneous light which is scattered 
into the detector must be typically as low as about 
10- or 10~’ in order to approach genuine isolation of a 
single mode. 

Admission of a signal into the region between the 
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two parallel plates is very similar to the process involved 
in a microwave cavity. The partially reflecting surfaces 
are analogous to coupling holes. If a monochromatic 
plane wave strikes the outside surface of one of the 
partially reflecting planes, energy will build up with the 
region between the planes, and the relations between 
input wave, energy in the “cavity”, and output waves 
are just analogous to those for a microwave impinging 
on an appropriate cavity with input and output 
coupling holes. 

Another interesting property of optical or infrared 
maser action which is associated with directional 
selection is that a beam of light may be passed through 
an ensemble of excited states with resulting amplifica- 
tion, but no important change in the wave front or 
phase. This amplification is just the inverse of an 
absorption, where it is well known that the wave front 
and phase are not distorted. Suppose, for example, 
that parallel light is focused by a lens. If an amplifying 
nedium of excited gas is interposed between the lens 
and its focal point, the image will be intensified, but 
not otherwise changed except for some more or less 
normal effects which may be attributed to the dielectric 
constant of the gas. The same situation can, in principle, 
occur for maser amplification of microwaves. However, 
at these lower frequencies the amplification per unit 
length is usually so small that an impractically large 
volume of excited material would be required for 
amplification of a wave in free space to be evident. 
There may be a considerable amount of spontaneous 
emission in all directions, but only a very small fraction 
of the total spontaneous emission will fall at the focal 
point of the lens and be superimposed as noise on the 
intensified image. Noise from spontaneous emission 
decreases, for example, with the inverse square of 
distance from the emitting material, whereas the 
intensity of the focused beam increases as one ap- 
proaches the focal point. 


A SPECIFIC EXAMPLE 


As an example of a particular system for an infrared 
maser, let us consider potassium. Atomic potassium 
is easily vaporized and has a simple spectrum as 
indicated by the energy levels shown in Fig. 1. Absorp- 


:tion transitions can occur from the 4s *S; ground state 


only to the various p levels. In particular, the atoms 
can be excited to the 5p ?P;,, by radiation of wavelength 
4047 A. Just the right exciting frequency can be ob- 
tained from another potassium lamp, whose light is 
filtered to remove the red radiation at 7700 A. These 
excited atoms will decay to the 5s or 3d states in about 
210-7 sec, or more slowly to the 4s ground state. 
However, if excited atoms are supplied fast enough, a 
sizable population can be maintained in the 5p state. 
The minimum number of excited atoms required for 
maser-type oscillation may be found from (6), if the 
dipole matrix element were known, or from (11) if the 
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lifetime were known. Although the wave functions 
necessary for obtaining the matrix elements have been 
calculated,®:* only estimates of the matrix element or 
lifetime can be made at present. The rate at which 
atoms must be supplied may, however, be obtained 
without detailed knowledge of the matrix elements by 
a small modification of expression (11). If r is the mean 
life for spontaneous radiation of the desired wavelength, 
and ¢ is the fraction of the all decay processes from the 
upper level which occur in this manner, then the actual 
mean life in the excited state is r’= gr. The number of 
atoms needed per second can be obtained from (11) as 


sp SV by V /kT\3 
== 8r(2x)_(—) > hoe 
tr’ gf (wln2)igi® pv gAtct \ m 


where A is the wavelength. Thus, if the fraction ¢ is 
known, no other detailed properties of the atomic 
transition are required to evaluate the rate at which 
excited atoms must be supplied. 

For the particular case of a gas (such as potassium 
vapor) at sufficiently low pressure that collisions are 
not too frequent, we can obtain ¢ from the relative 
intensities of the various radiative transitions out of 
the excited state. Observed relative intensities’ show 
that for potassium the 5p—3d transitions are about 4 
times more intense than the 5p—>5s transitions. Within 
the 5p-3d transitions it follows from elementary 
angular momentum theory that the 5p;—3d, is the 
most intense, accounting for 9/15 of the radiation 
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Fic. 1. Low-lying energy levels and transitions of 
atomic potassium. 


5 L. Biermann and K. Lubeck, Z. Astrophys. 25, 325 (1948). 

*D. S. Villars, J. Opt. Soc. Am. 42, 552 (1952). 

7 Viz., Tabulation in the Handbook of Chemistry and Physics, 
edited by D. Hodgman (Chemical Rubber Publishing Company, 
Cleveland, 1957), thirty-ninth edition. 
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emitted. Using the observed intensity ratio to allow 
for transitions to the 5s level, we conclude that about 
9/18=4 of those atoms excited to the 5p, level decay 
to the 3d; level. Decay to the 4s ground state is almost 
certainly less likely since we do know that this matrix 
element is not very large (f=0.010,° so that u=0.65 
X10-'* esu). Thus g=}4 for the transition 5p;—3d, 
at 31 391 A. 

Assume now two parallel plates of area 1 cm? and 
10 cm apart, having a reflectivity a of 0.98. The decay 
time / for radiation in the space between the plates is 
(10/3 10") X50 sec and V=10 cm‘. For potassium 
vapor of suitable pressure, 7=435°K and m= 39 amu. 
Hence, from (29), the number of excited atoms needed 
per second is dn/dt>2.5X 10". 

The energy needed per second is d/dt(nhv), where v 
is the frequency of the exciting radiation. Its value is 
1.2X10-* watt. This energy requirement is quite 
attainable. Incomplete absorption of the exciting radia- 
tion, reflection losses and multiplicity of the atomic 
states might raise this requirement somewhat. The 
absorption of the existing radiation is easily calculable 
and can be adjusted by controlling the density of the 


vapor: 
1 sin2\!ré 

n-—(—) —Nf, 
Avp\ mc 


where ko is the absorption coefficient at the peak of the 
line Avp is the (Doppler) line half-width, e is the 
electron charge, m is the electron mass, c is the velocity 
of light, V is the number of initial state atoms per cc, 
and f is the oscillator strength of the transition; i.e., 


(34) 


ko=1.25X10-2(Nf/Avp). 


For the exciting transition, 4046 A, in potassium, 
vo= 7.4210" cycles/sec and at 435°K, Avp=0.84X 10° 
cycles/sec. At this temperature the vapor pressure is 
10-* mm of mercury, so that in saturated vapor 
N=2.5X10"/cc. Since f=0.10 for the 4s;—-5p; transi- 
tion,® ko=3.72. This is high enough that the exciting 
radiation would be absorbed in a thin layer; if necessary 
it can be reduced by changing the pressure or 
temperature. 
The light power for excitation is proportional to 


V AD Ac 


=—_______ = , (35) 
t (1—aD/c) 1-—a 

where V is the volume of the cavity, ¢ is the decay time 
for light in the cavity, D is the length of the cavity, 
A is the cross-section area of the cavity, a is the reflec- 
tivity of the end plates, and c is the velocity of light. 
This is independent of length, so that for a given cross- 
sectional area the light density needed can be reduced 
by increasing the length. 
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LIGHT SOURCES FOR EXCITATION 


A small commercial potassium lamp (Osram) was 
operated with an input of 15 watts, 60 cycles, and its 
output was measured. In the red lines (7664-7699 A), 
the total light output was 28 mw from about 5 cc 
volume. At the same time, the total output in the 
violet lines (4044-4047 A) was 0.12 mw,*® so that the 
output in 4s—5p; was 0.08 mw. By increasing the 
current from 1.5 to 6 amp, with forced air cooling (the 
outer jacket being removed), the total violet output 
was increased to 0.6 mw. These outputs are somewhat 
short of the power level needed, but they may be 
considerably increased by adjusting discharge condi- 
tions to favor production of the violet line, and by 
using microwave excitation. With a long maser cell, 
the lamp area can be greatly increased. If necessary, 
very high peak light powers could be obtained in 
pulsed operation, although one would have to be careful 
not to broaden the line excessively. 

Another possibility for excitation is to find an 
accidental coincidence with a strong line of some other 
element. The 8 level of cesium is an example of this 
type, since it can be excited very well by a helium 
line. The 4047 A line of mercury is 5 cm~ from the 
potassium line, and is probably too far away to be 
useful even when pressure broadened and shifted. 

Different modes correspond to different directions of 
propagation, and we only want to produce one or a few 
modes. Thus the cavity need only have two good 
reflecting walls opposite each other. The side walls 
need not reflect at all, nor do they need to transmit 
infrared radiation. 

Unfortunately, most elements which have simple 
spectra, are quite reactive. Sapphire has good chemical 
inertness and excellent infrared transmission, being 
almost completely transparent as far as about 4 
microns wavelength.’ With such good transmission, 
the principal reflecting surfaces can be put outside the 
cell, and hence chosen for good reflectivity without 
regard to chemical inertness. Thus, one could use gold 
which has less than 2% absorption in this region, and 
attain a reflectivity of ~97% with 1% transmission. 
Even better reflectivity might be obtained with multi- 
ple dielectric layers of alternately high- and low- 
dielectric constant. The inner walls of the sapphire cell 
would reflect about 5% of the infrared light, and the 
thickness should be chosen so that the reflections from 
the two surfaces are in phase. The phase angle between 
reflections from the two surfaces depends on the thick- 
ness and the refractive index. Since sapphire is crystal- 
line and the index is different for ordinary and extra- 
ordinary rays, the thickness could be chosen to give 
constructive interference for one polarization, and 
destructive interference for the perpendicular polariza- 


“8We are indebted to R. J. Collins for making these 


measurements. 
°R. W. Kebler, Optical Properties of Synthetic Sapphire (Linde 
Company, New York). 
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tion. Thus, one could discriminate, if desired, between 
modes traveling in the same direction with different 
polarization. 

To select just one from among the very many modes 
possible within the line width, the stimulated emission 
of radiation with one chosen direction of propagation 
must be favored. Thus the cell should be made long in 
the desired direction and fitted with highly reflecting 
end plates. The desired wave then has a long path as 
it travels back and forth, and so has a good chance to 
pick up energy from the excited atoms. A large width 
decreases the angular discrimination, and increases the 
pumping power needed. 

For the potassium radiation at 3.14 10~ cm wave- 
length, and Av being the Doppler width at 435°K, i.e., 
Av /vo=1.2X10-*, the number of modes is 2.0 10° V 
from expression (15). If we consider a cavity 1 cm 
square by 10 cm long, this number is 2.010’, or 
3.2 10° modes per steradian (forward and backward 
directions are taken as equivalent for standing waves). 
The angular separation between modes is_ then 
(32 10°/2)-!=2.5X10- radian, where the 2 in the 
denominator removes the polarization degeneracy. The 
angular aperture accepted by this cavity is 1/10, but if 
the end plates had 98% reflectivity, the effective length 
would be increased by a factor of 50, and the angular 
aperture reduced to 2X10~* radian. Thus there wold 
be only 8 modes of each polarization within the effective 
aperture of the cell. Obviously this type of mode 
selection could be pushed further by making the cavity 
longer or narrower or more reflecting but this should not 
be necessary. Furthermore, the emission line does not 
have constant intensity over the width Ay, and _ the 
mode nearest the center frequency would be the first 
to oscillate at the threshold of emission. 


SOLID-STATE DEVICES 


There are a good many crystals, notably rare earth 
salts, which have spectra with sharp absorption lines, 
some of them having appeared also in fluorescence. In 
a solid, a concentration of atoms as large as 10" per cc 
may be obtained. The oscillator strengths of the sharp 
lines are characteristically low, perhaps 10~*. If the f 
value is low, radiative lifetimes are long, and in some 
cases lifetimes are as long as 10~* sec or even more. 

If the lifetime is primarily governed by radiation in 
the desired line, the pumping power required for the 
onset of stimulated oscillation is independent of the f 
value, as was shown above. For the atomic potassium 
level considered earlier, there are several alternative 
radiative decay paths (to the 4s and 3d states). In a 
solid there may also be rapid decay by nonradiative 
processes. If the storage time is long, because of a small 


f value, there is more time for competing processes to 


occur. Even lines which are sharp for solids are likely 
to be broader than those obtainable in gases. This 
larger width makes the attainment of maser oscillation 
more difficult, and it adds greatly to the difficulty of 
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selecting a single mode. However, there may very 
well be suitable transitions among the very many 
compounds. 

The problem of populating the upper state does not 
have as obvious a solution in the solid case as in the 
gas. Lamps do not exist which give just the right 
radiation for pumping. However, there may be even 
more elegant solutions. Thus it may be feasible to 
pump to a state above one which is metastable. Atoms 
will then decay to the metastable state (possibly by 
nonradiative processes involving the crystal lattice) 
and accumulate until there are enough for maser action. 
This kind of accumulation is most likely to occur when 
there is a substantial empty gap below the excited level. 


SUMMARY AND HIGH-FREQUENCY LIMITS 


The prospect is favorable for masers which produce 
oscillations in the infrared or optical regions. However, 
operation of this type of device at frequencies which 
are still very much higher seems difficult. It does not 
appear practical to surround an atomic system with 
cavity walls which would very much affect its rate of 
spontaneous emission at very short wavelengths. 
Hence any ensemble of excited systems which is capable 
of producing coherent amplification at very high fre- 
quencies must also be expected to emit the usual 
amount of spontaneous emission. The power in this 
spontaneous emission, from expressions (14) and (16), 
increases very rapidly with frequency—as v* if the 
width Ay is due to Doppler effects, or as v® if the width 
is produced by spontaneous emission. By choice of 
small matrix elements, Av can, in principle, be limited 
to that associated with Doppler effects, but the increase 
in spontaneously emitted power as fast as »* is 
unavoidable. 

For a wavelength \=10' A, it was seen above that 
spontaneous emission produced a few milliwatts of 
power in a maser system of dimensions near one centi- 
meter, assuming reflectivities which seem attainable 
at this wavelength. Thus in the ultraviolet region at 


OF TIGA £ 


MASERKS 1949 
A= 1000 A, one may expect spontaneous emissions of 
intensities near ten watts. This is so large that supply 
of this much power by excitation in some other spectral 
line becomes very difficult. Another decrease of a 
factor of 10 in \ would bring the spontaneous emission 
to the clearly prohibitive value of 100 kilowatts. These 
figures show that maser systems can be expected to 
operate successfully in the infrared, optical, and 
perhaps in the ultraviolet regions, but that, unless 
some radically new approach is found, they cannot be 
pushed to wavelengths much shorter than those in the 
ultraviolet region. 

For reasonably favorable maser design in the short 
wavelength regions, highly reflecting surfaces and means 
of efficient focusing of radiation must be used. If good 
reflecting surfaces are not available, the number of 
excited systems used must, from (6), be very much 
increased with a resulting increase in spontaneous 
emission and difficulty in supply of excited systems. If 
focusing is not possible, the directional selection of 
radiation can in principle be achieved by detection at 
a sufficiently large distance from the parallel plates. 
However, without focusing the directional selection is 
much more difficult, and the background of spontaneous 
emission may give serious interference as noise super- 
imposed on the desired radiation. 

Finally, it must be emphasized that, as masers are 
pushed to higher frequencies, the fractional range of 
tunability must be expected to decrease more or less 


inversely as the frequency. The absolute range of 
variation can be at least as large as the width of an 
individual spectral line, or as the few wave numbers 
shift which can be obtained by Zeeman effects. How- 
ever, continuous tuning over larger ranges of frequency 
will require materials with very special properties. 
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When highly enriched samples of Sm" and Sm" are irradiated with 14.8-Mev neutrons, activities having 
half-lives of 6.50.5 min and 2.5+0.5 min are observed. On the basis of yields and cross-bombardments, 
these are assigned to new isotopes Pm’ and Pm™ respectively. Cross-section measurements at 14.8 Mev 
for (n,2n), (n,p), and (m,a) reactions of samarium are reported, the experimental values being as follows: 
Sm! (n,2n), 1200+300 mb; Sm (n,2n), 1500+300 mb; Sm'(n,p), 3.740.2 mb; Sm™(n,p), 3.540.2 mb; 
Sm!(n,a), 1022 mb; and Sm"™(n,a), 943 mb. While the (,2n) cross sections are within an order-of- 
magnitude agreement with statistical evaporation theory, the experimental values for the (n,p) and (n,a) 
cross sections are several orders of magnitude larger than those calculated from statistical evaporation theory 


based on the compound nucleus model. 





INTRODUCTION 


EVKOVSKIT has called attention to the relative 
variation in (m,p) and (m,a) cross sections (for 
14-Mev neutrons) with mass number, A, at constant 
atomic number, Z. In the cases examined, many of 
which were taken from the results of Paul and Clarke,’ 
the relative cross sections for these reactions decrease by 
factors of 2, 4, or 8 as A increases, for a given Z. The few 
exceptions noted were attributed to errors arising from 
experimental difficulties. This variation in cross section 
is more pronounced in light elements. 

If, instead of considering reactions involving charged 
particles, one examines the variation with A of (n,2n) 
cross sections at 14 Mev, one again observes a variation 
at constant Z, but in this case the cross section usually 
increases with increasing A. In eight pairs of (m,2n) 
reactions listed by Paul and Clarke,’ five show a definite 
increase in cross section with increasing A ; Ag*’— Ag™, 
Br®—Br*, and Te”*— Te™ being the three exceptions. 
Later work*® has shown that Ag™ has a larger (,2n) 
cross section than Ag’, as predicted by theoretical 
calculations according to Blatt and Weisskopf.* 

In order to determine whether these trends in the 
(n,p), (max), and (m,2m) cross sections also are observed 
at higher Z, a number of nuclei in the region of closed 
shell W = 82 are being studied. The results for samarium 
are reported here. 


EXPERIMENTAL 


Cross sections for three samarium isotopes (144, 152, 
154) were measured for 14.8+0.9 Mev neutrons from 
the T(d,n)He‘ reaction on the University of Arkansas 
Cockcroft-Walton accelerator. Natural and enriched 


* Supported in part by the U. S. Atomic Energy Commission. 

t Phillips Petroleum Company predoctoral fellow, 1958-1959. 

1V. N. Levkovskii, J. Exptl. Theoret. Phys. U.S.S.R. 31, 360 
(1956) [translation: Soviet Phys. JETP 4, 291 (1957)]; J. Exptl. 
Theoret. Phys. U.S.S.R. 33, 1520 (1957) [translation : Soviet Phys. 
JETP 6, 1174 (1958) ]. 

2 E. B. Paul and R. L. Clarke, Can. J. Phys. 31, 267 (1953). 

3S. Yasumi, J. Phys. Soc. Japan 12, 443 (1957). 

4J. M. Blatt and v. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 


samarium oxides were bombarded at total fluxes of 
approximately 10" neutrons/second, and the radioactive 
products were identified by their known half-life or by 
means of cross bombardments, as discussed below. 
Natural Sm,0; (99+% pure) was pressed into flat 
tablets of known weight and area, and weighed thin 
copper monitor foils were placed in front and back of the 
tablets. This sandwich arrangement was then irradiated 
with 14.8-Mev neutrons for periods ranging from a few 
minutes to an hour. By absolute counting of 9.9-min 
Cu® in the copper foils, the mean flux through the 
sample was established, since the cross section for the 
Cu®(n,2n) reaction is accurately known’; a mean value 
from the literature of 519 millibarns was used in these 
calculations. The Sm,O; and Cu foils were counted 
under identical conditions of geometry in a methane- 
flow beta-proportional counter having a 0.9-mg/cm? 
aluminized Mylar end-window. Corrections for self- 
absorption and self-scattering were made using values 
extrapolated from Nervik and Stevenson® and Baker 
and Katz. All samples were counted under conditions 
of saturation backscattering. Corrections for air ab- 
sorption and scattering, scattering from the housing, 
counting efficiency, backscattering, and geometry were 
assumed to be identical for sample and monitor. The 
correction for average window absorption for the four 
beta groups of Sm'* (0.13, 0.645, 0.720, and 0.825 Mev’) 
was determined experimentally by running an absorp- 
tion curve with Mylar films up to several window 
thicknesses; an average transmission of 98% for Sm! 
radiations through the counter window was obtained. A 
typical decay curve from the bombardment of natural 
samarium is given in Fig. 1 from which the Sm™ and 
Sm!*4(7,2n) cross sections were derived. The 8.5-min 
activity arises from Sm! and the 45-hour half-life 


5 W. E. Nervik and P. C. Stevenson, Nucleonics 10, No. 3, 18 
(1952). 

® R. G. Baker and L. Katz, Nucleonics 11, No. 2, 14 (1953). 

7 Dubey, Mandeville, and Rothman, Phys. Rev. 103, 1430 
(1956). 
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Fic. 1. Gross beta 
decay from a typi- 
cal bombardment of 
natural Sm,O; with 
14.8-Mev neutrons 
for 10 minutes. The 
curve is resolved into 
two activities having 
half-lives of 8.5+0.3 
min, assigned to 
Sm'8, and 45+3 
hours, assigned to 
Sm"3. The latter ac- 
tivity is shown un- 
resolved (to conserve 
space) from negligi- 
ble amounts of inter- 
mediate half-lives in- 
duced through (n,p) 
and (n,a) reactions. 


° 
° 


COUNTS / MINUTE 
Oo 
° 





1 i 


PROMETHIUM 


ISOTOPES 


45:3 Hours, Sm'55 
From Sm'5* (n,2n) Reaction 





8.5: 0.3min, Sm'*? From 


P| Sm'** (n,.2n) Reaction 


1 i 4 1 i i 





30 40 


50 60 70 80 90 100 oO 


Time in Minutes After End Of Bombardment ——* 


corresponds to Sm", both of which are well-established.* 

When enriched Sm.O; (97.2% Sm'**) was bombarded 
and counted in the same manner, three activities were 
resolved as shown in Fig. 2. These are 6.5+0.5 min, 
1.6+0.3 hours, and 45+3 hours, the last being identified 
as Sm'® from the Sm!‘(,2m) reaction, the sample con- 
taining 1.8% Sm’. To insure the absence of any 
thermalized neutrons, the samples were wrapped in 
0.6-mm thick cadmium metal. The 1.6-hour half-life is 
assigned to Nd! from the Sm'®*(n,a) reaction. Half- 
lives of about 1.7 to 2.0 hours have been reported® for 
Nd!” which decays with emission of 1.5-Mev beta 
particles. The 6.5-min activity is assigned to Pm! 
from the Sm'*(n,p) reaction. 

Simultaneous bombardment of equal weights of 
natural and enriched Sm’? samples showed that the 
6.5-min half-life is not being confused with the 8.5-min 
half-life of Sm, since in the enriched sample, the 
amount of Sm“ present was down by a factor of 100, so 
that the 6.5-min activity, if due to Sm", should have 
been reduced by two orders of magnitude. However, the 
natural samarium sample was only 3 to 4 times more 
active than the enriched one. The possibility that the 
6.5-min activity might arise from an isomeric state in 
Sm!*! was ruled out by cross-bombardment of natural 
Eu,0;, in which an (m,p) reaction should produce some 
6.5-min activity if this were an isomer of Sm", but no 
such activity was observed. Furthermore, since the 
6.5-min half-life was not observed when 99.07% enriched 
Sm! was bombarded, it cannot be an isomer of Sm", 


8 Nuclear Data Cards (Natural Research Council, Washington 
25, D. C.), and Strominger, Hollander, and Seaborg, Revs. 
Modern Phys. 30, 585 (1958). 


for it would have appeared from an (,2m) reaction on 
Sm™., The 27-hour activity’ of Pm’ was not observed 
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Fic. 2. Gross beta decay from a representative 10-min bombard- 
ment of enriched (97%) Sm'® by 14.8-Mev neutrons. The curve 
is resolved into half-lives of 6.5+0.5 minutes, assigned to Pm!®, 
1.6+0.3 hours, assigned to Nd, and 45+3 hours, which is Sm! 
from an (,2m) reaction on the small amount of Sm! present 
and/or a small contribution from the Sm!'®(n,7) reaction. 


9 Rutledge, Cork, and Burson, Bull. Am. Phys. Soc. Ser. IT, 26, 
383(1951). 
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Fic. 3. Gross beta decay from a typical 10-min irradiation by 14.8-Mev neutrons of 99% enriched (Sm"™),O; 
(cadmium-wrapped sample) showing half-lives of 2.50.5 minutes, assigned to Pm'™, 17.3+.5.0 minutes, assigned 
to Nd!*!, and 45+3 hours, which is Sm'** from the (,2n) reaction. 


in any of the irradiations so that (m,np) reactions can be 
excluded. On the basis of these results, therefore, the 
6.5-min half-life has been assigned to Pm!*, from the 
(n,p) reaction on Sm'**. An aluminum absorption curve 
gave a rough estimate of the maximum beta-particle 
energy for Pm!* of 2.2+0.5 Mev. These results and the 
cross-section measurements are summarized in Table I. 

Bombardments of Sm,O; (enriched to 99% Sm***) 
gave rise to three resolvable activities as shown in Fig. 3. 
The 45-hour Sm-* was observed in high yield from the 
(n,2n) reaction. The 17.3+5.0 min activity is due 
mostly to Nd!*! from the (m,a) reaction with the possi- 
bility of some admixture of 23-min Sm’** from an (n,7) 
reaction. In the calculation of the (n,a@) cross section 


TABLE I. Summary of results for samarium reactions with 
14.8-Mev neutrons. 








Observed cross section (mb) 


Present Literature 
work values 


1200 +300* 
1500 +300 
3.74 0.2 
3.54 0.2 
10 + 2 
9+ 3 


Measured 
half-life 


8.5+0.3 min 
45 +3 hr 
6.5+0.5 min 
2.5+0.5 min 
1.6+0.3 hr 
17.3+5.0 min 


Radioactive 
product 


Sm! 
Sm'3 
Pm'# 
Pm! 
Nd® 
Ndi 


Reaction 


Sm™(n,2n) 
Sm!(n,2n) 
Sm!**(n,p) 
Sm!'*(n,p) 
Sm!2(n,a) 
Sm'*(n,) 





225>.¢ 


8.9> 








* Assuming Sm! positron decay is allowed and logio(AK/Ag+) =0. 

b See reference 2. 

¢ Presumably a typographical error, since reference 2 reports a calculated 
value of 2100 mb and a ratio of obs/calc of 1.07; the correct experimental 
value is believed to be 2250 mb. 

4 Assuming all activity is due to Nd'®. 


(Table I), it is assumed that all of the 17.3-min activity 
belongs to Nd'™. The 2.5+0.5 min half-life has been 
assigned to Pm! by the same arguments given for the 
assignment of 6.5 minutes to Pm!** above. Cross bom- 
bardments with Eu,O; and Sm’ eliminate the possi- 
bility of assignment to possible isomeric states in 
samarium. An aluminum absorption curve gave a 
maximum beta energy of 2.50.5 Mev for Pm'™. These 
data and the cross sections are summarized in Table I. 


DISCUSSION 


In Table II the observed cross sections are compared 
to values computed from theory as described by Blatt 
and Weisskopf.‘ The level densities used are based on a 
Fermi degenerate gas model and are given by 


w(E)=C exp(2a!F}), (1) 
where £ is the nuclear excitation energy and C and a 
are parameters which vary with mass number and 
which are derived empirically. For the calculations in 
Table II, C and a were taken from the Fast Neutron 
Data Project Report.” For C, the following relationship 
was assumed! ; 


a 12Ceven-even= 2.4C even-odd = Codd-odd- 

1 Feld, Feshbach, Goldberger, Goldstein, and Weisskopf, U. S. 
Atomic Energy Commission Report NYO-636, 1951 (unpub- 
lished). 

1G, Brown and H. Muirhead, Phil. Mag. 2, 473 (1957). 
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TABLE II. Comparison of observed and calculated cross sections. 


-} value Gon 
(Mev) (mb) 


a 
Reaction (Mev™) ( 


Fp/Fn 


Sm!“(n,2n)Sm'* 
Sm! (n.2n)Sm!5 
Sm!®(n,p)Pm!2 
Sm!*(n,p)Pm!# 
Sm!®(n,a)Nd' 
Sm! (na)Nd!5! 


® See reference 2. 


b Probably a typographical error; the correct value is believed to be 2250 mb in reference 2. 


¢ Assumed in calculations all activity due to Nd!®, 


The theoretical expression for the (,p) reaction cross 
section in the region of 14.8-Mev bombarding energy for 
intermediate'and heavy nuclei is‘ 


F, 
(F,+FatF,) 


where opn(£,) is the cross section for formation of a 
compound nucleus by a neutron of incident energy Ey. 
F,, Fy, and F, are functions proportional to the 
probabilities for neutron, proton, and alpha-particle 
emission, respectively.‘ A similar equation for the (n,a) 
cross section can also be written. Q values for the (n,p) 
and (n,a) reactions were calculated from Wapstra™ or 
from Riddell’s table of Levy’s empirical atomic masses." 

Theoretical estimations of (,2m) cross sections were 
obtained from the equation‘: 


E.—S, —E,—-S, 
o(nadn)= on) 1 (1+ — )exo(— — ‘) | (3) 
6 6 


Here the value of o., was taken from graphs given by 
Blatt and Weisskopf,‘ and Z,= 14.8 Mev, the incident 
neutron energy. S, is the energy required to separate a 
neutron from the target nucleus. The nuclear tempera- 
ture, 0, determines the Maxwellian energy distribution 
of the emitted neutrons. Values of @ were approximated 
from Blatt and Weisskopf.‘ 

The observed results for (,2m) reactions in the 
present work agree rather well with the theory and are 
consistent with the trends mentioned earlier. The fact 
that (¢0s/¢eaic) is less than unity might be explained, 
according to Blatt and Weisskopf,‘ if the first neutron 
leaves the compound nucleus before ‘‘thermal equi- 
librium” is established with the nucleus as a whole, and 
thus it might carry off more energy than would be 
expected from the Maxwellian distribution, leaving the 
residual nucleus less highly excited than expected with a 
consequent reduction of the probability for evaporation 
of a second neutron. 

On the other hand, the deviation between observed 
and calculated cross sections for reactions in which 

#2 A. H. Wapstra, Physica 21, 385 (1955). 


18 J. Riddell, Chalk River Project Report CRP-654 (AECL-339), 
1956 (unpublished). 
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Cross section (mb) 
literature 
Cale 


Cross section (mb) 
present work 


Calc 


1200 2280 

1500 2330 
3.7 0.133 27.8 
3.5 0.0472 74.3 
10 0.101 99 
9° 0.0545 165 


Obs 


(Gobs/@eale) 
0.526 
0.644 


Fa/Fn 


225%» 2100 


8.98 0.0064" 


? 


charged particles are emitted is much greater than in the 
case of (n,2n) reactions, and the ratio (¢0bs/@catc) iS 
larger than unity by several orders of magnitude. 

No reasonable adjustment of the parameters used in 
this theoretical calculation will bring the theoretical 
values into agreement with experiment. This effect was 
observed by Paul and Clarke® for heavy nuclei. These 
authors attributed the deviation to a direct interaction 
in which the incident neutron interacts strongly with 
one proton or with only a small part of the nucleus so 
that particle emission occurs before the energy can be 
distributed over the entire nucleus. 

The importance of direct interactions, in which no 
intermediate nucleus is formed, in explaining the large 
(n,p) cross sections has been considered by Brown and 
Muirhead," who assumed a Fermi gas model of the 
nucleus, and that nucleon-nucleon direct interactions 
can occur throughout the nuclear volume. The results 
from their calculations show, for example, in the case of 
the Ba"*(m,p) reaction a contribution from the com- 
pound nucleus process of 0.0 mb and a direct-interaction 
cross section of about 3 mb (experimental value?: 6 mb). 
For La! (n,p), they calculate a direct interaction cross 
section of 9 mb (experimental value?: 6 mb) and for 
TI (n,p), 3 mb (experimental value?: 3 mb}. Unfortu- 
nately the direct interaction model employed by Brown 
and Muirhead fails to account for the Levkovskii 
trends. This failure also has been pointed out by 
Poularikas and Fink" in the case of titanium (,p) 
cross sections at 14.8 Mev. 

It seems probable that some kind of direct-interaction 
mechanism must be assumed to explain the (»,p) cross 
section in samarium, as shown to be true for aluminum 
and nickel'®* in the middle-Z region, but whether this 
is true or not for the (#,a) process at high Z (Sm) 
remains an open question, since in the middle-Z region 
the (,a) reaction is known to proceed principally via 
the compound-nucleus mechanism.!7-!8 

44 A, Poularikas and R. W. Fink (to be published). 

net Pignanelli, Rytz, and Zurmuhle, Nuovo cimento 9, 280 

' 6 Brown, Morrison, Muirhead, and Morton, Phil. Mag. 2, 785 
yaa Takekoshi, Ogata, Tsuneoka, and Oki, Phys. Rev. 
106, 155 (1957). p 


18 Kumabe, Takekoshi, Ogata, Tsuneoka, and Oki, J. Phys. Soc. 
Japan 13, 129, 325 (1958). 
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New Germanium Isotope, Ge®*} 
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A new germanium isotope, Ge®, has been produced by the (a,3m) reaction on Zn™. The mass assignment 
was established through cross bombardments, “milking” experiments, and excitation function measure- 
ments. The half-life of Ge® is 1.5+0.2 minutes. It decays by positron emission to 15-minute Ga®*. The 
ground-state transition occurs in over 90% of the disintegrations and has a positron end-point energy of 
3.7+0.4 Mev and a log(/t) value of 4.8. Gamma rays of 0.67 Mev and 1.72 Mev have been observed with 


intensities of 0.03/8* and 0.02/8*, respectively. 


INTRODUCTION 


N the course of a study of the reactions of Zn™ with 
alpha particles,’ the (a,3m) reaction was investi- 
gated. The product of this reaction is Ge®, a previously 
unknown nuclide. Decay systematics indicated that the 
half-life of this nuclide should be of the order of a 
minute. The threshold of the (2,3) reaction on Zn™ was 
calculated to be about 33 Mev by use of measured and 
extrapolated decay energies and masses.’ The 41-Mev 
alpha particles obtained from the Brookhaven 60-in. 
cyclotron could therefore be used to produce Ge®. 

A new 1.5-minute germanium isotope, ascribed to 
Ge®, was found and is described in this study. The 
experiments performed to establish the identity of this 
new activity are reported in the next section. The beta 
and gamma radiations of Ge® are discussed in the 
following section. In conclusion, the decay scheme of 
Ge® is discussed. 


IDENTIFICATION OF Ge® 


The targets used in this experiment consisted of zinc, 
enriched to 93% in Zn®,* plated on gold foils. The use 
of natural zinc made the search for a short-lived activity 
considerably more difficult due to the very large yield 
of 20-minute Ge*’, formed primarily by the (a,3n) 
reaction on Zn®. Targets were irradiated in the external 
beam of the 60-in. cyclotron with 41-Mev alpha par- 
ticles for periods ranging from a few seconds to two 
minutes. Immediately after irradiation, the target was 


t Research performed under the auspices of the U. S. Atomic 
Energy Commission. 

1N. T. Porile, Bull. Am. Phys. Soc. Ser. II, 3, 382 (1958). 

2 Strominger, Hollander, and Seaborg, Revs. Modern Phys. 30, 
585 (1958): McGinnis, Kundu, Yamada, and Way, Nuclear Data 
Cards (National Research Council, Washington, D. C.); A. H. 
Wapstra, Physica 21, 385 (1955). 

* Obtained from Isotope Research and Production Division, 
Carbide and Carbon Chemicals Company, Oak Ridge, Tennessee. 


chemically processed to separate germanium. The 
plated zinc was dissolved off its gold backing in con- 
centrated HCl in the presence of Ge carrier. KCIO; 
was added to reoxidize the germanium to the +4 state, 
and GeCl, was distilled from the solution. Special pre- 
cautions were taken to prevent any droplets from 
spraying over in the course of the distillation. The 
distillate was transferred to a vial and counted in a 
sodium iodide well-counter. The activity of the sample 
was continuously recorded by means of a Brush 
recorder. The initial time of counting was approximately 
2.5 to 3 minutes after the end of irradiation. At this 
time the contribution of the 1.5-minute activity to the 
total counting rate was about 40%. 

The decay curves indicated the presence of 40-hour 
Ge®, 2.5-hour Ge®, 20-minute Ge*’, and a new 1.5- 
minute activity. In addition, the decay curves showed 
the presence of 78-hour Ga® and 9.4-hour Ga® formed 
from the decay of the corresponding germanium iso- 
topes. Analysis of six separate experiments, including 
two experiments in which only annihilation radiation 
was counted, gives a half-life of 1.50.2 minutes for the 
nuclide in question. 

The possibility that the 1.5-minute activity might 
be due to a gallium isotope, such as 2.5-minute Ga®, 
was ruled out in a separate experiment. A copper foil 
was irradiated under the same conditions, and ger- 
manium was separated by distillation. The very low 
counting rates showed that the decontamination from 
gallium was excellent, and no 1.5-minute activity was 
observed. 

The mass assignment was established by means of a 
“milking” experiment in which gallium was quickly 
separated from a germanium sample prepared by the 
above procedure. A second “milking” was performed 
about three minutes later. Analysis of the gallium decay 
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curves showed the presence of 15-minute Ga®. The ratio 
of activities of Ga® in the first and second “milkings” 
was consistent with a germanium parent having a 
half-life between 0.5 and 3 minutes. A more precise 
estimate of the parent half-life was impossible since the 
time required to separate gallium from germanium, 
either by distillation or anion exchange, was about two 
minutes. Analysis of the gallium decay curves indicated 
that there was no gallium activity with a half-life of less 
than 15 minutes. It is thus possible to set an upper limit 
of about 7% on the branching of Ge® to the 8-minute 
state of Ga® reported by Crasemann.‘ These experi- 
ments also confirm the fact that we are indeed dealing 
with a germanium activity rather than a short-lived 
gallium activity formed by the decay of a germanium 
parent. 

The mass assignment was confirmed by the excitation 
function for the production of the 1.5-minute activity 
from Zn*+a particles. Figure 1 shows this excitation 
function as well as excitation functions for the (a,m) and 
(a,2n) reactions on Zn™. The thresholds for the reactions 
of interest are indicated. The beam monitoring tech- 
niques used to obtain cross sections are described else- 
where.® The position of the excitation function relative 
to the (a,3m) and (a,4m) thresholds confirms the fact 
that we are dealing with an (a,3m) reaction. The mass 
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Fic. 1. Excitation functions and thresholds for the (a,), (a,2n), 
and (a,3m) reactions on Zn, The threshold for the (a,3n) reaction 
was determined by use of the experimentally determined decay 
energy of Ge®. 


4B. Crasemann, Phys. Rev. 93, 1034 (1954). 
5S. Amiel and N. T. Porile, Rev. Sci. Instr. (to be published). 
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identification is further substantiated by the enhance- 
ment in yield of Ge® obtained when zinc enriched in 
Zn*, rather than natural zinc, was used as the target. 


BETA AND GAMMA RADIATIONS 

The positron spectrum of Ge® was investigated with 
the aid of a 2X2-in. plastic scintillation counter con- 
nected to a 100-channel pulse-height analyzer. The 
samples were counted as liquids in thin glass vials, in 
order to minimize the interval between end of bombard- 
ment and start of counting. Even so, the contribution 
of Ge® to the first count taken was at most 25%. The 
self-absorption and self-scattering corrections were too 
important to permit a meaningful determination of the 
Kurie plot. The positron end point could be determined 
fairly reliably, however, by comparison with the spectra 
of other high-energy positron emitters present in the 
same sample. Figure 2 shows a typical set of beta-ray 
spectra corrected for background. The solid curve shows 
the initial spectrum, with Ge® accounting for approxi- 
mately 25% of the observed decays. The dashed-line 
spectrum was obtained about ten minutes later and 
consists primarily of the radiations of 20-minute Ge® 
with a positron end point of 2.9 Mev. The two spectra 
have been normalized to the same total number of 
counts for ease of comparison. The third curve shows 
the spectrum of a separated gallium sample counted in 
the same geometry and normalized to the same total 
number of counts. The spectrum is primarily due to 
9.4-hour Ga® with a 4.15-Mev positron end point. The 
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Fic. 3. Gamma-ray spectra; spectrum No. 1—Ge*, Ge®’, and 
longer lived Ge nuclides; spectrum No. 2—Ge* and longer lived 


Ge nuclides. 


end point obtained in this fashion is not very sensitive 
to the particular method of normalization used to make 
the various spectra comparable with each other. Three 
separate experiments were performed to determine the 
beta end point of Ge®. The best value is 3.70.4 Mev. 

The gamma-ray spectrum of Ge® was investigated 
both with a 1.5X1.5-in. NaI well-counter and a 4X 4-in. 
Nal scintillation counter, connected to a 100-channel 
pulse-height analyzer. A portion of a typical set of 
spectra, taken with the 4-in. counter, is shown in Fig. 3. 
The first spectrum was taken about 4.5 minutes after 
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Fic. 4. Triple-coincidence spectra; spectrum No. 1—Ge®, Ge*’, 
and longer lived Ge nuclides; spectrum No. 2—Ge® and longer 
lived Ge nuclides. 
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end of bombardment, and the second one about 5 
minutes later. The two spectra have been normalized 
so that the intensity of the 170-kev gamma ray of Ge® 
is the same in both cases. The contribution of Ge® to 
the 511-kev peak is readily seen. The spectra show the 
presence of a 1.72-Mev gamma ray in the decay of Ge®. 
The energy scale was determined by use of Na®” and 
Co® sources. An average of three experiments gives a 
value of (0.02+0.01)/8* for the relative intensity of 
this gamma ray. The relative intensity was determined 
by a comparison of the intensity of the 1.28-Mev and 
0.51-Mev peaks in the spectrum of Na”. The curves of 
Lazar et al.* were used to determine the relative counting 
efficiencies for 1.72-Mev and 1.28-Mev gamma rays. 
An upper limit of 0.01/8* can be set for the abundance 
of any other possible gamma ray with energy between 
0.8 and 2.0 Mev. Upper limits of 0.02/8+ for gamma 
rays with energies greater than 2 Mev, and of 0.07/¢* 
for gamma rays of less than 250 kev are estimated. 

In order to investigate the possible presence of gamma 
rays in the vicinity of 500 kev, a triple-coincidence 
experiment was performed. The sample was simul- 
taneously viewed by a 3X3-in. Nal crystal and two 
2X2-in. Nal crystals. The latter two detectors were 
collinear and the source was placed midway between 
them. The 3-in. crystal was set to detect all gamma rays 
and the 2-in. crystals were set to detect annihilation 
radiation, by means of single-channel pulse-height 
analyzers. A triple-coincidence requirement was im- 
posed so that only gamma rays in coincidence with two 
annihilation gammas would be detected. The spectrum 
of “triples” was analyzed by means of a 100-channel 
pulse-height analyzer. A more detailed description of 
this circuit will be given elsewhere.’ 

A typical set of triple-coincidence spectra is shown in 
Fig. 4. The first spectrum includes a 20% contribution 
from Ge® and the second spectrum gives the back- 
ground due to Ge® and longer-lived nuclides. The total 
counting rate for the 3-in. detector corresponding to the 
first spectrum was about 7X 10° counts/min. The two 
spectra have been normalized to give the same number 
of counts for the 170-kev gamma ray of Ge®’. A 670-kev 
gamma ray of Ge* was found in this experiment. An 
average of two experiments gives an intensity of 
(0.03+0.01)/8+. The energy and intensity were deter- 
mined as in the “singles” spectra. The presence of this 
gamma ray could not be established from the “singles” 
spectra because it has nearly the same energy as the 
170+510-kev addition peak. The triple-coincidence 
measurements also permit a lowering of the upper limit 
of undetected gamma rays below 1 Mev to 0.01/@*. 
The total intensity of undetected gamma rays is set at 
<0.05/8+ on the basis of decay curves for different 
portions of the gamma-ray spectrum. The low intensity 
of the 0.67- and 1.72-Mev gamma rays relative to the 


6 Lazar, Davis, and Bell, Nucleonics 14, No. 4, 52 (1956). 
7D. Harmer and M. L. Perlman (to be published). 
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intense background of Ge*’ made gamma-gamma and 
beta-gamma coincidence experiments unfeasible with 
the available target material The use of more highly 
enriched Zn™ would facilitate these measurements. A 
search was made for a possible addition peak of these 
two gamma rays in order to determine whether they 
were in coincidence with each other. The expected 
intensity above background was too low however to 
definitely establish the presence or absence of such a 
peak. 


DISCUSSION 


The spin and parity of the ground state of Ga® are 
expected to be (}—) in analogy with other odd-mass 
gallium nuclides, as predicted by the shell-model. 
Similarly, the spin and parity of Ge® are expected to 
be either (}—) or ($—). The ground-state transition is 
thus expected to be allowed. The log(/t) value for this 
transition is calculated from the measured 8* end point 
as 4.8+0.3,° assuming that the ground-state transition 
occurs in at least 90% of the disintegrations. This value 
corresponds to an allowed transition, in agreement with 
shell-model predictions. If the spin of Ge® were §, the 
ground-state transition would be / forbidden and the 
log(ft) value should be about 6 to 7.2 The calculated 
log (ft) value thus makes preferable a (}) assignment for 
the ground state of Ge®. 

The gamma-ray measurements have shown the exist- 
ence of two excited states of Ga®. It seems likely that 
the first excited state populated in the decay of Ge® 
lies at 670 kev, rather than at 1.72 Mev, in analogy to 
the first excited states of other nuclei in this mass region 
with ($—) ground states. This state is populated by 
positron decay in 1 to 3% of the disintegrations, de- 
pending on whether it is also populated by the 1.72 
Mev gamma ray. The log(/t) value for this transition 


8S. A. Moszkowski, Phys. Rev. 82, 35 (1951). 
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lies between 5.6 and 6.1. The 1.72 gamma ray originates 
from a level lying at either 1.72 Mev or 2.39 Mev. 
The assumption of a 2% positron branch to this state 
leads to log(ft) values of 5.3 or 4.5, respectively. The 
maximum intensity of the positron decay to this state 
is 4%, allowing for undetected 1.05-Mev or 2.39-Mev 
transitions. The transitions to these two excited states 
have log(ft) values corresponding to allowed transi- 
tions and the spins and parity of these levels are thus 
restricted to (}—), (}—), or (}—). The decay of Ge® 
is expected to proceed mainly via positron emission. 
The calculated ratio of K capture to positron emission 
is approximately 0.02.° 

An unlikely alternative to this proposed decay scheme 
would involve only two, rather than three, positron 
branches. The low-intensity transition could be to a 
state at 2.39 Mev followed by a two-step cascade, or to 
a state at 1.72 Mev followed by transitions to the 0.67- 














38 
NEUTRON NUMBER 


Fic. 6. Energy difference of odd-mass gallium and 
germanium nuclides. 


° E. Feenberg and G, Trigg, Revs. Modern Phys. 22, 399 (1950). 
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Mev state and the ground state. The first alternative is 
unlikely because of the rather high energy of the first 
excited state directly populated in the decay. This 
would not be in accord with the pattern suggested by 
the other odd-mass gallium and copper nuclides. The 
second alternative would require a 1.05-Mev transition 
with an intensity equal to that of the 0.67-Mev transi- 
tion. Such a transition was not observed. These obser- 
vations are summarized in two alternative decay 
schemes given in Fig. 5. The difference between them 
is in the position of the second excited state. 

The decay energy of Ge® is 4.7+0.4 Mev. This value 
may be compared with a value predicted from beta- 
decay energy systematics as suggested by Way and 
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Wood.” In Fig. 6 the most recent values? of the energy 
differences between the odd-mass gallium and ger- 
manium isotopes are plotted. The extrapolated decay 
energy of Ge® is 5.5+0.4 Mev. The measured decay 
energy, while considerably lower, is compatible with 
this value within the limits of error. 
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Five New Isomers with Half-Lives between 10~-° and 10-' Second* 


Ropert B. Durrietpt AND STANLEY H. Vecors, Jr.t 
Physics Department, University of Illinois, Urbana, Illinois 
(Received April 1, 1958) 


Isomers with half-lives greater than approximately 5 usec were sought between the 180-cps, 1-usec x-ray 
pulses of a 22-Mev betatron. The following new activities were observed: 


Gamma-ray 
energy 
(kev) 


Half-life 


Isotope (usec) 


Production 
threshold 
(Mev) 


Production 
reaction 





Br78 
Br” 8 
Nb* 
In™ 


127+5 
3743 
5.9+0.5 
(42+5) XK 108 


Sn 165+15 | 


149+6 
268-44 
8845 
31145 
11745 
\85| (y,n) 
504-46 


(yn) 11.040.3 
(y,7’) 
(ym) 
(y,") 


9.1+0.7 
, 9.90.2 


~1l1 


Excitation functions and cross sections for the production of the above isomers are also given for some 
cases. The properties of all the isomers investigated are summarizes in this paper. Additional results include 
improved values for half-lives and gamma-ray energies, plus some measurements on production thresholds, 
excitation functions, and cross sections for the isomers listed in a previous paper. 


INTRODUCTION 


HIS paper gives a report on continued success in 
the search for isomeric transitions with half-lives 
in the microsecond and millisecond range. The experi- 
mental arrangement used was a modified and improved 
version of that discussed in an earlier publication.’ The 
isomeric states were produced by irradiation of various 
target materials in the x-ray beam from the University 
of Illinois 22-Mev betatron. The x-ray yield pulses had 
* This work was partially supported by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

+ Present address: John Jay Hopkins Laboratory for Pure and 
Applied Science, General Atomic Division of General Dynamics 
Corporation, P. O. Box 608, San Diego 12, California. 

t Present address: Atomic Energy Division, Phillips Petroleum 


Company, Idaho Falls, Idaho. 
1S. Vegors and P. Axel, Phys. Rev. 101, 1067 (1956). 


a duration of approximately 1 usec and a repetition 
rate of 180 cps. The irradiated targets were viewed by 
a scintillation spectrometer, gated on during the 5555- 
usec interval between x-ray pulses. The repetition rate 
was reduced by factors of 2, 4, or 8 during experiments 
with some of the longer-lived cases. The isomeric states 
were produced by the (y,m) or (y,7’) reactions. 

Since the previous report! on the detection of isomers 
with half-lives in the microsecond and millisecond 
range, 24 additional elements have been surveyed. 
These elements are Si, Ca, V, Co, Ge, Se, Br, Rb, Sr, 
Nb, Rh, Ag, Cd, In, Sn, Cs, La, Pr, Nd, Sm, Gd, Pt, 
Au, and Hg. New isomers were found in Br (2), Nb, In, 
and Sn. The possible existence of isomeric transitions 
in this half-life region in the elements Co, Ge, Sr, Cd, 
Gd, and Hg cannot be definitely excluded by this 
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Gamma-ray 
energy 
(kev) 


Half-life 
Isotope (usec) 


Internal 
conversion 
coefficient* 


Production 
threshold> 
(Mev) 


Relative 
gamma-ray 
intensity 


Production 
reaction 








284+5° 
149+6 
268+4 
88+5 
98+5 
189+7 
306+ 104 


sAs’5 (1741)X10° 
Br78.% 12745 

vBrm.s 3743 

Nb” 5.90.5 

«Mo” 16.3+1 

asPdl5 3743 


31145 
117+5 
16345 
504+64 
36845 
475+25¢ 
419+5 
703+ 104 


(42+5) x 10 
165415 


ln" 
509N 


14.7+0.5 
585425 
6245 


509+ 10 
921+154 


(2.70.25) X 108 


0.35+0.05 
0.25+0.1 
<0.20 


0.30.15 


(y,7') 
(y,n) 11.040.3 
(y,7’) 
(y,1) 
Seu 4 (y,n) 
bead (y,n) 
T, (306 kev) and 
=().86+0.15 


9. 140. 7 
8.4+0.6 
11.9+0.7 


(y,7') 
(y,n) 9.9+0.2 


~11 


8.36+0.35 
~10 
1, (419. kev) ] 11.440.4 
I, (703 kev 
=1.14+0.2 
[? (S09 et] 
I,,(921 kev) 
=0.9+0.15 


11.4+0.4 








® Where more than one gamma ray is present, the value of the internal-conversion panciidens given is the ratio of the number of K electrons to the 


intensity of the highest energy gamma ray listed for that nucleus. 


b In order to allow for any uncertainties in the absolute energy calibration of the betatron, 100 kev was added to the statistical error in the threshold 
measurement. Therefore, the values given here, taken with the quoted errors, should be considered as absolute energy measurements. 


¢ The 284+5 kev line in As?’ may be an unresolved 305-280 kev doublet. 


This possibility is discussed in the section of this paper on results. 


4 Gamma-gamma coincidences have been observed with a resolving time r =2 X1078 sec for the 419-703 kev gamma rays in T1®.2 and for the 509-921 


kev gamma rays in Bi™8, 


Gamma-gamma coincidences have been observed with a resolving time r=10~? sec for the 189-306 kev gamma rays in Pd" 


and also between the 504-117 kev gamma rays in Sn. No coincidences were observed between the 504-163 kev gamma says in Sn. 
¢ Data in reference 34 show that there are two gamma rays, of energy 459.8 and 490.4 kev, for TI. 


survey. All the other elements studied gave negative 
results. 

Table I lists the results of the work done on the five 
isomers particular to this report, plus improved results 
for the seven isomers previously reported.! An improved 
value for the half-life of Y°*" (not listed) is 300+- 10 usec. 


EXPERIMENTAL PROCEDURE 
Geometry 


Figure 1 shows a scale drawing of the experimental 
arrangement. The x-rays were produced at the betatron 
target (1). A nickel target was used in order to reduce 
the neutron flux originating in the target. An iron, 
instead of a lead, collimator was used to decrease the 
number of neutrons produced by (7,7) reactions due to 
x-rays stopping in the collimator. In order to minimize 
air scattering into the Nal scintillation crystals, the 
x-ray beam traveled much of the distance to the sample 
through an evacuated tube (3). The collimated x-ray 
beam was 1{ in. in diameter at the location of the 
sample, and the distance from the betatron target to 
the sample was 11.3 ft. The front face of the NaI 
crystal was 1} in. from the center of the x-ray beam in 
most of the measurements. At a betatron energy of 22 
Mev, the flux of radiation at the sample position was 
4.3 r/min. In general, the samples used were 2X2 in. 
and were placed at an angle of 45° with respect to the 
axis of the x-ray beam. Sample thickness depended 
upon the activity being observed. The monitor used 
was an aluminum-walled ionization chamber with a 


sensitive area 4 in. in diameter. This was substantially 
larger than the area of the x-ray beam at the position 
of the monitor. 

The large iron collimator, the earth-filled wall, and 
the combination of iron, borax, and paraffin immedi- 
ately around the evacuated tube served to attenuate 
the neutron flux generated by the betatron target and 
the collimator by a factor of approximately 4000. 
However, the sample itself was also a large source of 
neutrons. A minimum amount of shielding was used 
around the Nal crystals to keep the neutrons produced 
by the sample, plus those which leaked through the 
wall, from being captured in the vicinity of the photo- 
tube. Thus neutron-capture gamma rays, one of the 
main sources of background, were reduced. This shield- 
ing consisted only of a 7'g-in.-thick layer of lead wrapped 
around the sides of the large crystals (13 in. diameter 
2 in. long). Smaller crystals had no shielding. 
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Fic. 1. Scale drawing of the experimental apparatus. 
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Electronics 


A block diagram of the electronics is shown in Fig. 2. 
The entire system was triggered by the “betatron 
expander trigger” which preceded the x-ray yield pulse 
by approximately 5 usec. The phototube gating network 
gated the photomultiplier off during the 1-ysec x-ray 
yield pulse. This was necessary to avoid overloading 
the electronics because of the large amount of radiation 
which was scattered by the sample into the Nal crystal 
during the x-ray yield pulse. Two different methods of 
gating were used. One was to gate the photomultiplier 
photocathode (and the aluminum can covering the 
Nal crystal) to a more positive voltage than that on 
the first dynode. Normally the photocathode was at 
ground. The other method was to gate the first dynode 
to a negative voltage. Both methods seemed to be 
satisfactory and each was used during part of the 
experiment. However, there was less capacitative feed- 
through of the gating pulse when the first dynode was 
gated. DuMont 6292 photomultipliers with NaI(T]) 
crystals were used as the scintillation detectors. The 
preamplifier, amplifier, and pulse-height selector were 
of conventional design. 

The gray-wedge pulse-height analyzer* used had the 
property that it could be made to display only pulses 
in coincidence with an external gate, if desired. The 
gate for this purpose was generated by the single- 
channel time discriminator. This gate could be varied 
continuously in length from 1 to 2000 usec and the front 
edge of the gate could be delayed continuously from 5 
to 5000 usec after the x-ray yield pulse. 

The 5-channel time discriminator, 5-channel coinci- 
dence circuit, and 5-channel scaler made it possible to 
count simultaneously in each of 5 preset time bins. The 
5-channel time discriminator generated 5 contiguous 
gates, the length of each gate being independently and 
continuously variable from 20 to 5000 usec. The front 
edge of the first gate could be delayed continuously 
from 10 to 10 000 ysec after the x-ray yield pulse. The 
longest delays and gate lengths were used only when the 
repetition rate of the betatron had been reduced by a 
factor of either 2, 4, or 8. The front edge of all the 
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Fic. 2. Block diagram of the electronics. 
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gates, except the first, followed the back edge of the 
preceding gate within 0.2 usec. Any output pulse from 
the pulse-height selector, which was in coincidence with 
any one of the gates from the 5-channel time discrimi- 
nator, would pass through the 5-channel coincidence 
circuit and be recorded in the corresponding channel 
of the 5-channel scaler. The 5-channel scaler was simply 
5 independent scalers mounted on a single chassis. 

In addition to the electronics shown in the block 
diagram in Fig. 2, provision was also made for coinci- 
dence work. Two different coincidence circuits were 
used: one with a resolving time 7 of 10-7 sec, and the 
other with a resolving time 7 of 2X10-* sec. The 
10~7-sec coincidence circuit was contained in the gray- 
wedge pulse-height analyzer? while the other circuit 
was external to the gray wedge. In both cases, however, 
the events which were in coincidence were displayed on 
the gray wedge. The restrictions which could be placed 
on the events displayed were that they had to be in 
fast coincidence with events in a preset pulse-height 
channel and also had to occur during a preset time gate. 


TABLE IJ. Delay and duration of time channels. 


Length of time channel 
(usec) 


Delay 
(usec) 





30 
100 
200 
500 

1000 





Searching for New Isomers 


The search for new isomers was made by using the 
gated, gray-wedge pulse-height analyzer. A series of 
delays and their corresponding time channels was 
worked out to minimize background effects and, simul- 
taneously, at least 20% of the isomeric decays with 
half-lives between 8 usec and approximately 5 sec would 
appear in at least one of the time channels. The schedule 
of delays and time channels is shown in Table II. At 
each delay and its corresponding time channel, two 
pictures were taken: one with the amplifier gain set so 
the energy range displayed on the gray wedge was 
approximately 0 to 600 kev, and the other with a 
range 0 to 2.5 Mev. For each setting of the amplifier 
gain and the delay-time channel, a 200-sec exposure 
was taken. Because of the high noise level in the 
photomultiplier, it was usually impossible to observe 
any gamma rays with energies less than 25 kev. How- 
ever, gamma rays in the energy range from 25 kev to 
2.5 Mev should have been observable, provided that 
the cross section for production of the activity was large 
enough. In the search for new isomers the betatron 
was operated at an energy of 19.5 Mev. 





FIVE NEW 
Sensitivity of the Method Used to Search 
for New Isomers 


By means of a calibration using the 7-sec + activity 
of Al*, it was determined that 5.5 Mev mb was approxi- 
mately the minimum integrated cross section necessary 
for the formation of an isomeric level, if transitions 
from this level were to be detected using the technique 
outlined above for searching for new isomers.’ This 
value held for samples 1 g/cm? thick. Because this 
value was determined for a 510-kev activity in Al, 
several approximations were necessary to have it apply 
for other nuclei and other gamma-ray energies. For 
increasing gamma-ray energy the efficiency of the 
crystal decreased. However, the background also de- 
creased with increasing gamma-ray energy, making 
higher energy gamma-ray lines more easily detectable, 
and it was felt that these two effects roughly compen- 
sated for each other. Therefore, the approximation was 
made that the value obtained for 510-kev gamma rays 
was applicable to all gamma-ray energies between 30 
kev and 2.5 Mev. Also, the value of the minimum 
cross section observable for nuclei other than Al would 
depend on the shape of the cross section for the partic- 
ular nucleus. For nuclei with higher values of Z than 
Al, the cross section is relatively greater for lower 
energies. This would have the effect that for a given 
integrated cross section up to 19.5 Mev, nuclei of higher 
Z would give a greater yield and thus be more easily 
detectable. As all of the elements surveyed had higher 
Z values than Al, it was felt that the cross section 
necessary for observation in Al would represent a 
minimum value. There is, however, one thing which 
may increase the minimum isomeric production cross 
section necessary for observation. This is the presence 
of other intense activities which are generated in the 
sample while it is being surveyed. The worst offenders 
are the relatively short-lived (several seconds) 8* activ- 
ities which occur especially in the low-Z elements. Ex- 
perimental values of the (y,#) cross sections up to 19.5 
Mev were taken from the work of Montalbetti e¢ al.,4and 
the fraction of the (y,) reactions which must lead to 
an isomeric state, in order for its decay to be detectable, 
was computed assuming no masking transitions. The 
results of this calculation for several nuclei are shown 
in Fig. 3 as dark circles. The smooth curve drawn 
through these points is a “best curve” through these 
discrete points and serves as a guide to obtain estimates 
for other nuclei. To allow for possible errors and to 
make a conservative estimate, the values plotted in 
Fig. 3 have been multiplied by a “safety factor’’ of 2. 
Because only gamma rays were detected, the intensity 
of any transition which goes partially by internal 
conversion would have to be 1+ax times as strong as 


3S. Vegors, Ph.D. thesis, University of Illinois, July, 1955 
(unpublished). 

4 Montalbetti, Katz, and Goldemberg, Phys. Rev. 91, 659 
(1953). 
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Fic. 3. Graph of calculated detection sensitivity. The point 
for Al?? was measured experimentally. The points for other 
nuclei were calculated using the experimental value for Al?’ and 
the (y,) cross-section data of reference 4. The smooth curve is 
drawn through the points. 


a transition which is unconverted in order for the 
converted transition to be observed. Thus it is possible 
that the low-energy, highly converted lines could have 
been missed in this survey. In the course of the present 
work and the previous research paper,! no isomeric 
states were found in nuclei of the following 37 elements: 
O, Na, Mg, Al, Si, Cl, K, Ca, Ti, V, Cr, Mn, Fe, Co, 
Ni, Ge, Se, Rb, Sr, Zr, Rh, Ag, Cd, Sb, I, Cs, Ba, La, 
Ce, Pr, Nd, Sm, Gd, Pt, Au, Hg, and Th. 


Half-Life Measurements 


A very difficult problem in the measurement of the 
half-lives was the determination of the background. 
One very large component of the background was due 
to neutron-capture gamma rays and had an apparent 
half-life of approximately 200 usec. As the sample itself 
was an important source of neutrons, it was not possible 
to measure separately the neutron background and the 
desired activity from the sample. To obtain an approxi- 
mation to the neutron background, a measurement of 
the activity as a function of time was made for a 
pulse-height channel set just above the gamma-ray 
line being studied. The counting rate in this channel 
was then normalized to the counting rate with the 
pulse-height selector set on the gamma ray at large 
values of time delays. Figure 4, which shows a typical 
measurement of the Sn half-life, illustrates the technique 
used. In general the statistical errors in the half-life 
measurements were much greater than the errors due 
to calibration of the time discriminator. By taking 
several sets of data, it was felt that the errors in 
calibration of the time discriminator could be made 
small compared to statistical errors, so the calibration 
errors were usually neglected in stating experimental 
errors. 


Measurement of Gamma-Ray Energies 


Gamma-ray energies were measured using the gray- 
wedge pulse-height analyzer. The positions of the 
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Fic. 4. Decay curve of tin isomer. This measurement gives 167 
+20 usec. The best value including other data is 1654-15 ysec. 


photoelectric peaks were measured from Polaroid 
camera pictures upon which were simultaneously 
recorded both the unknown gamma rays and several 
gamma rays of known energy from long-lived sources 
placed near the sample. 


Relative Gamma-Ray Intensities 


The relative gamma-ray intensities were obtained by 
measuring the area under the photopeaks on 5X7-in. 
prints of 35-mm photographs of the spectrum taken 
using the gray-wedge pulse-height analyzer.? It was 
then necessary to correct the measured area (or 
intensity of the gamma ray) for absorption of the 
gamma ray in the sample and for the efficiency of the 
crystal. In order to reduce any uncertainty in the 
correction for the self-absorption in the sample, several 
thicknesses of sample were used. The correction for 
self-absorption in the sample was then made for each 
sample thickness and the results compared. The greatest 
difficulty, however, was in measuring the intensities of 
the gamma-ray lines from the photographs. It was 
somewhat difficult to judge the shape of the line 
exactly because of the finite contrast on the film. Also, 
to reduce the correction for absorption in the sample 
as much as possible, thin samples were used; and as a 
result the gamma-ray lines often did not stick out 
prominently from the background. 


Calibration of the Crystal 


The proper crystal calibration for the 13-in. diameter 
X 2-in.-thick NaI(Tl) crystal used in this experiment 
was assumed to be identical to the case of a point source 
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of radioactivity located 1.18 in. (3 cm) away from the 
front face of the crystal on its extended central axis. 
This distance approximates very closely the actual 
distance from the center of the source to the crystal, 
which was 1.25 in. Because calculations and measure- 
ments have been made® which relate the number of 
events in the gamma-ray photopeak to the number of 
disintegrations per second in the source, this allowed a 
relative calibration of the crystal to be made. 

Due to the $-in.-thick lead shield which surrounded 
the crystal, a small amount of lead x-ray fluorescence 
radiation was created. The amount of this fluorescence 
radiation produced as a function of gamma-ray energy 
was studied using point sources of radioactivity. A 
correction was made, where necessary, for this effect. 


Method of Measuring Thresholds and 
Excitation Functions 


The thresholds and excitation functions were deter- 
mined by measuring the net amount of activity in a 
pulse-height channel centered on a convenient gamma 
ray in the spectrum of the activity being studied. To 
correct for background effects, two channels of the 
5-channel time discriminator were used ; one to measure 
the activity plus background, and one to measure 
background only. The difference between these two 
readings was assumed to be due only to the activity. 
This method had the advantage that it automatically 
corrected for backgrounds which changed slowly with 
time (e.g., long-lived radioactivity building up in the 
sample). However, it did not necessarily compensate 
for backgrounds which decayed quickly (e.g., the 
neutron-capture gamma-ray background). 

In some cases where the half-lives were quite long 
(As, In, and Bi), it was impractical to use the techniques 
just described. In these cases the background associated 
with each energy of the betatron was measured as soon 
as possible after the bombardment. These background 
counts usually started within 30 sec after the betatron 
went off and sometimes lasted for as long as 10 min. 
To determine the effectiveness of the background 
cancellation, several points were taken at energies 
below the threshold of the activity being measured. In 
general these procedures seemed quite satisfactory. 

For activities having very short half-lives (less than 
50 ysec), a correction was made for the fact that the 
time, with respect to the betatron “expander pulse,” 
at which the x-ray yield pulse occurs varied with the 
betatron energy. A calibration of the vibrating reed 
against an r thimble as a function of energy was made 
to convert the data into counts/r. An attempt was 
made to obtain absolute values for the activation curve 
in disintegrations/100 r-mole. This was not completely 
successful and it is felt that the absolute values obtained 
are only good to within +40%. 


5 Vegors, Marsden, and Heath (to be published). 





FIVE NEW 


RESULTS 


The experimental data on each of the isomers are 
presented in the following section. Reference is made 
to previous experiments on the same nuclei, but not in 
complete detail. Some of the isomers observed first by 
the present technique have subsequently been identified 
in the decay of long-lived parent nuclei. The more 
accurate gamma-ray energies so obtained have been 
included. 

33As” 

The activity observed in arsenic has been assigned to 
As’, as the activation curve for this activity (not 
shown) indicated that it was produced by a (v,7’) 
reaction. This assignment is verified by the fact that 
this isomeric state has been observed in the Se”® decay.® 
An improved value of the half-life, 171 msec, is in 
good agreement with the value of 170.7 msec reported 
by Schardt.’ The value of 18+-2 msec has been reported 
by Campbell and Stelson.* The 305- and 280-kev 
gamma rays reported by Schardt and Welker were not 
resolved in our experiment, but the value of 284+5 kev 
measured in this work for the gamma ray is in good 
agreement with a composite photopeak of 85% 280 kev 
and 15% 305 kev.’ Unfortunately, because of the high 
noise level and probable high internal-conversion coeffi- 
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Fic. 5. Decay curve of Br’8.™ isomer. This measurement gives 128 
+15 ysec. The best value including other data is 127-5 ysec. 


6 A. W. Schardt, Bull. Am. Phys. Soc. Ser. II, 1, 85 (1956). 


7A. W. Schardt, Phys. Rev. 108, 398 (1957). 

SE. C. Campbell and P. H. Stelson, Oak Ridge National 
Laboratory Report ORNL-2302 (unpublished). 

* A. W. Schardt and J. P. Welker, Phys. Rev. 99, 810 (1955). 
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Fic. 6. Pulse-height spectrum of gamma rays from both 
Br*8.® and Br®-*! isomers 


cient, it was impossible to observe the 25-kev line which 
should be in coincidence with the 280-kev transition. 

The identification of the levels in As’ from studies 
of the decay schemes of the neighboring nuclei, Se”® and 
Ge”, has been discussed at length by Schardt and 
Welker.’ The ground state of As” is p32, and from 
Schardt’s work it can be deduced that the isomeric 
level is at 305 kev. The latter decays approximately 
10% by a 305-kev transition to the ground state and 
approximately 90% by a 2-step transition of 25 kev 
plus 280 kev to the ground state. From the lifetime- 
energy correlations of Goldhaber and Sunyar," it can 
be deduced that the 25-kev transition is probably M2 
and the 305-kev transition is probably £3 or M3. A 
classification as E3 is favored by an internal-conversion 
measurement made by Schardt.? These multipolarities 
then indicate that the 305-kev level is go/2 and the 
280-kev level is fs/2. These assignments are consistent 
with the shell model and with Coulomb excitation 
data.” The present work sheds no light on the identifi- 
cation of the 402-kev level. 


35br’? 8° 


This 127-ysec, 149-kev activity in bromine is pro- 
duced by a (y,#) reaction with a threshold at 11.04+0.3 
Mev (see Figs. 5, 6, and 14). Measurements of the 
(y,n) thresholds for the reactions Br“ (y,n)Br® and 
Br”(y,2)Br7’, using the 18-min and 6-min residual 
activities, have been made with the University of 


10 A. W. Schardt (private communication). 

1M. Goldhaber and A. W. Sunyar, Beta- and Gamma-Ray 
Spectroscopy (North-Holland Publishing Company, Amsterdam, 
1955), Chap. XVI. 
96) M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
1956). 





1964 ao 


Illinois betatron.* Values for these thresholds are 
9.95+0.1 and 10.55+0.1 Mev, respectively. Adding the 
energy of the isomeric level to these values gives 
10.1+0.1 and 10.7+0.1 Mev, respectively, as the 
thresholds for the production of the isomeric level. The 
value of the Br™(y,z)Br7*" threshold is in better 
agreement with the measured threshold for the 127-usec 
isomer, but the result is not considered to be conclusive. 

There is not sufficient information available to con- 
struct a decay scheme for this isomer. The half-life and 
energy indicate that the transition is probably M2, but 
a slow £2 is not excluded." The ground states of both 
Br** and Br® are 1+ and longer-lived isomers of each 
are known with probable spins of 5—. 


3pbr’? 


The 37-usec, 268-kev transition in bromine is pro- 
duced by a (y,y’) reaction, as it was observed at 
betatron energies down to 4 Mev (see Figs. 6, 7, and 
14). This indicates that the isomeric state must be 
assigned to either Br” or Br*. The lifetime is consistent 
with an M2 transition. No other gamma rays of energy 
greater than 50 kev were observed in comparable 
intensity (our sensitivity below 50 kev was very poor). 
Consequently, because of the short lifetime, it is 
probable that the 268-kev transition is the rate-con- 
trolling one. 


The ground-state spins of Br” and Br® are both 3—. 
The single-particle states available for the 35th proton 
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Fic. 7. Decay curve of Br7-8! isomer. This measurement gives 
39+5 usec. The best value including other data is 37+3 ysec. 


13 J. Fox (private communication). 
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are p3/2, fsy2, 9/2, and p1/2. Levels excited by Coulomb 
excitation’ have been seen at 278 kev in Br® and at 
219 kev in Br”; these probably have spins of }— and 
§—, respectively. There are insufficient data to assign 
the mass number of the 37-ysec state or to construct a 
decay scheme. Thulin’® has investigated the large 
number of levels in Br” formed by the decay of Kr”. 
There is no evidence in his work that the 37-ysec 
isomer is formed by the Kr” decay. All of the nuclei 
As", Br7’, and Br® appear to have a large number of 
low-spin levels within 500 kev of the ground state. 
This indicates that the extreme single-particle model 
cannot account for all of them. 

In As®, As’*, and As”’, M2 transitions between 9/2+ 
and §— levels have been observed.’ The nuclei Br” 
and Br* might be expected to show similar transitions 
and the 37-usec isomer may be one of these. We were 
not able to detect a gamma ray corresponding to the 
decay from the $— state to the 3/2 ground state. A 
possible explanation is that the ground-state transition 
coincides in energy with the 268-kev isomeric transition 
so closely that we were unable to resolve them. 


aNb” 


The 5.9-usec activity in niobium was assigned to 
Nb®, because it was formed by a (y,#) reaction with a 
threshold of 9.1+0.7 Mev (see Figs. 8, 9, and 14). 
Subtracting 88 kev for the energy of the isomeric level 
gives an implied ground-state threshold of 9.0+0.7 
Mev. This is in agreement with the previous value of 
8.7+0.2 Mev.'* The half-life energy data are in good 
agreement with an £2 transition, although a slow F1 
or M1 transition is possible. 

In Nb®, the available single-particle proton states 
are p12 and go/2 while the lowest available single- 
particle neutron state is ds2 (the g7/2 state appears to 
be much higher). Combining the p12 and d5,2 states 
will give resultant states of 2— and 3— ; and combining 
0/2 and ds) will give 2+, 3+, 44+, 5+, 6+, and 7+. 
The beta decay of the ground state of Nb” goes 97% 
to the 2+ state of Zr”, thus indicating that the Nb” 
ground state is 2+, 2—, or 3+.!7 The nucleus Nb”*, 
which is expected to be similar, has a ground state of 
6 or 7+. Nordheim’s rules predict a ground state 
for Nb® of 2— or 7+ (possibly 6+, 5+). An isomeric 
state in Nb” of half-life 13 hours which decays by 
electron capture to the very high-energy levels of Zr® 
has been reported.!* This is probably the high-spin 
state (7+, 6+, 5+). 


44 Wolicki, Fagg, and Geer, Phys. Rev. 105, 238 (1957). 

16S. Thulin, Arkiv Fysik 1, 132 (1955). 

16 National Academy of Sciences, National Research Council 
Report NAS-NRC 336 (unpublished). 

1” Nuclear Level Schemes, A=40—A=92, compiled by Way, 
King, McGinnis, and van Lieshout, Atomic Energy Commission 
Report TID-5300 (U. S. Government Printing Office, Washington, 
D. C., 1955). 

18R. A. James, Phys. Rev. 93, 288 (1954). 
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There is not sufficient information to establish a 
decay scheme for the 5.9-ysec, 88-kev isomeric state. 
The transition may end on either the ground state or 
the 13-hr isomeric state. A transition from a 3+ state 
to the 2— ground state is possible. 


«2Mo” 


The half-life energy data for this isomer are in good 
agreement with an £2 transition, and are in much 
poorer agreement with an £1 or M2 transition." This 
activity has been tentatively assigned to Mo” on the 
basis of the following arguments: Because the spin 
change between the ground state and the isomeric level 
is 2 or less, the isomer should be formed by a (7,7’) 
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Fic. 8. Decay curve of Nb® isomer. This measurement gives 5.8 
+0.3 usec. The best value including other data is 5.90.5 usec. 


reaction if it is in any of the stable Mo isotopes. How- 
ever, data taken while measuring the threshold of the 
isomeric level failed to indicate any activity below the 
(y,n) threshold, thus ruling out the (y,y’) process. This 
indicates that the isomer must be in either Mo”, Mo®, 
or Mo”, The threshold for production of Mo” is 12.5 
Mev,” and that for Mo”* is >9.33+0.15 Mev.'® (The 
measured threshold of 8.4+0.6 Mev excludes Mo” 
and Mo*%.) The shell model predicts a ground state of 
87/2 OF ds/2 for Mo”. However, analysis of the beta-decay 
data shows that the ground state is probably $+. 
Therefore, it is quite possible that the ds/2 level is a 
first-excited state. 
19 Axel, Fox, and Parker, Phys. Rev. 97, 975 (1955). 


” C, Levi and L. Papineau, Compt. rend. 239, 1782 (1954). 
21 U. Cappeller and R. Klingelhéfer, Z. Physik 139, 402 (1954). 
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Fic. 9. Pulse-height spectrum of gamma rays from Nb® isomer. 


asd) 


Two gamma rays of energies 189 and 306 kev decay- 
ing with a half-life of 37 usec were observed in palladium. 
Coincidences were obtained between the two gamma 
rays using a circuit with a resolving time of 10~’ sec, 
indicating that the intermediate state has a half-life of 
less than 10~* sec. No experiments were done to 
establish the order of emission of the two gamma rays. 

The shape of the activation function for the formation 
of this isomer (see Fig. 15) shows that it is probably 
being made by both the (y,m) and (y,7’) reactions, 
This is possible only if the isomer is in Pd™ or Pd’. 
However, as Pd™ is an even-even nucleus with a 
Coulomb-excited state at 560 kev”* (presumably its 
first excited state), it is quite unlikely that the isomer 
is in this nucleus. Therefore, the 37-ysec activity is 
assigned to Pd, 

From half-life energy relations, the rate-determining 
transition may be 189-kev E2 or M2, or 306-kev M2. 
The upper limit of 10~-* sec on the lifetime of the 
intermediate state indicates that the total spin change 
between isomeric level and the ground state is 3 or 4, 
The ground state is known to be*™ d5,2; therefore, the 
isomeric level probably has a spin of 11/2 (13/2 being 
inadmissible from shell theory) 

The energy levels in Pd! excited in the decay of 
both Rh and Ag’ have been studied by several 


2 G. M. Temmer and N. P. Heydenburg, Phys. Rev. 98, 1308 
(1955). 

% P. H. Stelson and F. K. McGowan, Phys. Rev. 99, 112 (1955). 

* Way, Kundu, McGinnis, and van Lieshout, Annual Review 
of Nuclear Science (Annual Reviews, Inc., Palo Alto, 1956), Vol. 
6, p. 129. 
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Fic. 10. Decay curve of In™ isomer. This measurement gives 42.5 
+2 msec. The best value including other data is 425 msec. 


investigators,”>-** but the order and identity of the 
levels are still not established. Gamma rays of energy 
319 and 181 kev have been observed and these may be 
the ones involved in the isomer decay. A possible 
assignment for this decay is 


189-kev M2 


hyrjz — 87/2 


4gln!"4 


A single gamma ray of 311 kev which decayed with 
a 42-msec half-life was observed in indium targets. The 
internal-conversion coefficient was measured to be less 
than 0.18. The threshold for production was found to 
be 9.9+0.2 Mev (see Figs. 10, 11, and 16). The assign- 
ment of the activity to In™ is based on the following 
intensity argument: At a betatron energy of 19.5 Mev, 
the number of 311-kev gamma rays was measured to 
be 1.2 108/100 roentgen-mole from a natural indium 
target. The corresponding number of photoneutrons 
has been measured to be 7X10*/100 roentgen-mole 
from natural indium.‘ If the isomeric activity were in 
In” formed from the 4% abundant In™*, the number 
of activations would be 30X 108/100 roentgen-mole of 
In", Therefore, assignment of the activity to In™ is 
indicated. Confirmation by bombardment of separated 
isotopes would be desirable. 


306-kev M1 


— | 
15/2. 





28 F, A. Johnson, Can. J. Phys. 31, 1136 (1953). 

2% J. Laberrique-Frolow, Compt. rend. 240, 287 (1955). 

27. W. Hayward and D. D. Hoppes, Bull. Am. Phys. Soc. 
Ser. II, 1, 42 (1956). Ly 

2% R. W. Hayward (private communication). 
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Half-life energy correlation indicates that the isomeric 
transition is £3 or, less likely, M3. The expected value 
of ax is 0.30 for M3 and 0.08 for £3. The ground state 
of In™ is 1+ and the 50-day isomeric level is probably 
5+.” A level scheme in agreement with the experi- 
mental data and with shell structure is shown in Fig. 12. 


505n 


The spectrum of delayed gamma rays produced in 
tin targets is shown in Fig. 13. Lines were observed at 
117 kev, 163 kev, 504 kev, and possible additional lines 
at lower energies. A half-life of 165 usec was measured 
for the 504-kev gamma ray. The 504-kev and 117-kev 
gamma rays were observed to be in coincidence (re- 
solving time 10~’ sec). No information was obtained on 
which to base an isotopic assignment. The threshold 
for production was approximately 11 Mev. 


74W?8! 


Improved measurements on the characteristics of the 
tungsten isomer reported earlier! have given the energy 
as 368+5 kev and the half-life as 14.7+0.5 usec. These 
numbers are in satisfactory agreement with the later 
values of Bureau and Hammer.” We have measured 
ax to be 0.35+0.05 and the threshold for production 
to be 8.36+0.35 Mev. The assignment of the activity 
to W'* follows from the work® in which separated 
isotopes were used. More recently, the activity has 
been observed in the Re!* decay.*! 


Fic. 11. Pulse-height spectrum of gamma rays from In™ isomer. 


2M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952). 

*® A, J. Bureau and C. L. Hammer, Phys. Rev. 105, 1006 (1957). 

a1 her, Sweeney, and Rasmussen, Phys. Rev. 108, 108 


(1957). 
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Bureau and Hammer™ have proposed, on the basis of 
their value of ax, that the isomeric transition is prob- 
ably a mixture of 28% E1 and 72% M2 between 2 
Nilsson states,®? 7/2— —+9/2+. Gallagher ef al.*! have 
shown that if one uses Sliv’s K-shell internal conversion 
coefficients,* the experimental limits of error do not 
exclude a pure M2 transition. Furthermore, they point 
out that the Nilsson calculations show a low-lying $— 
state from which a pure M2 transition could lead to 
the 9/2+ ground state. 


8 iT?” (585 usec) 


An isomeric state with a half-life of 585 usec was 
produced by a (y,m) reaction on thallium with a 
threshold of approximately 10 Mev. Figure 16 shows 
the excitation function and cross section for this 
activity. The threshold for the reaction TI?’ (y,n)TI?” 
leading to the ground state is 8.8+0.2 Mev. A gamma- 
ray energy of 475 kev was observed in our experiments. 
Our work does not establish the mass number of the 
isomer. 

After our measurements were made, a report on the 
decay scheme of T]*” has been published by McDonell 
et al.4 They propose that the decay involves the 
following levels: 


460-kev E3 


490-kev £2 
—(4—) See 


(7+)- —+(2—). 

Their work shows that the isomer is to be assigned to 
TI™, as it is formed in the electron-capture decay of 
Pb” and that there are really two gamma rays which 
were unresolved by our equipment. From their decay 
scheme, values of the internal-conversion coefficients 
as follows would be expected®: for the 460-kev gamma 
ray, ax=6X10~*; and for the 490-kev gamma ray, 
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Fic. 12. Suggested decay 
scheme of In" isomer. 
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#5S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd 29, No. 16 (1955). 

%.. A. Sliv and I. B. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation: Report 57ICCK1, issued by 
Physics Department, University of Illinois, Urbana, Illinois 
(unpublished) ]. 

% McDonell, Stockendal, Herrlander, and Bergstrom, Nuclear 
Phys. 3, 513 (1957). 
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Fic. 13. Pulse-height spectrum of gamma rays from tin isomer. 


ax=2X10-*. These would give a value of the total 
conversion coefficient for the two gamma rays, [NV .(460 
kev) +N.(490 kev) ]/[NV,(460 kev)+N,(490 kev) ], 
equal to 0.04. Our measurements gave 0.25+0.1 for 
this number. If the isomeric transition were M3 rather 
than £3, the expected total conversion coefficient would 
be 0.28. This is a difficult measurement to make, 
however, and our experimental result may be in error. 
Arguments in favor of the £3 assignment are given in 
reference 34. 


g1 1 1202.204 (62 usec) 


Two gamma rays of energies 419 and 703 kev and 
half-life 62 usec were produced by a (y,#) reaction on 
thallium. The threshold was found to be 11.4+0.4 Mev 
and the activation function and cross section are shown 
in Fig. 16. The two gamma rays were observed to be 
in prompt coincidence and an upper limit of 6X 10-* sec 
was set on the half-life of the intermediate state. It was 
not established which gamma ray was emitted first. It 
was experimentally observed (by measuring relative 
Tl x-ray and gamma-ray intensities) that [V.(703 kev) 
+N,.(419 kev) ]/N,(419 kev)<0.2 and that the in- 
tensity ratio of the 419-kev gamma ray to the 703-kev 
gamma ray was 1.14+0.2. 

It is probable that this isomer is to be assigned to 
TI™, as it has not been observed in the Tl” research 
which has been done.* No evidence on this point was 
obtained in the present work. 

The above observations and the lifetime-energy 
relations indicate that the isomeric transition involves 
a spin change of 2 or 3 units and the decay of the 
intermediate state a spin change of 1 or 2 units. 

Several different possible combinations of pure 
multipole radiations for the two transitions would be 
expected to give a total conversion coefficient within 
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TasBLe III. Summary of experimental conditions for measurement of activation functions. 








Gamma-ray pulse-height channel Time channel Background channel 
Width Center Width Delay Width Delay Sample Threshold 
Isomer (kev) (kev) (usec) (usec) (usec) (usec) (g/cm?) (Mev) 


As"5(17 msec) 60 284 3000 1200 Betatron off* 7.15 
Br78.®(127 psec) 60 149 350 150 1000 3000 Liquid Br2, ~3 
Br®.®!(37 usec) 70 268 120 60 500 300 Liquid Bre, ~3 
Nb*(5.9 usec) 88 30 25 300 145 0.87 
Pd5(37 usec) 306 120 50 1200 500 3.08 
In™4(42 msec) 311 3000 1200 Betatron off* , 

Sn (165 psec) 504 340 60 1000 3000 

W?*!(14.7 psec) 368 50 35 500 305 

Tl™(585 psec) 475 2000 600 2000 2600 

T1*.24(62 psec) 703 200 100 2000 1000 

Bi®*(2.7 msec) 921 3000 1200 Betatron off* 

















*® The background was taken to be that observed in the same time and energy channels immediately after the betatron was turned off. 


the experimental error of the measured value. The fact of the ground state by the (7,#) reaction shows that 
that the threshold for production of the isomeric level the isomeric level has a high spin (TI** and TI are 
is considerably higher than the threshold for formation both $+). 
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Fic. 14. Activation functions and cross sections for formation of bromine and niobium somers. 
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93Bi2" 


The isomeric state produced by irradiation of bismuth 
decayed with a half-life of 2.7 msec and the emitted 
radiation was found to consist of 2 gamma rays of 
energies 921 and 509 kev. The threshold for production 
was observed to be 11.4+0.4 Mev; and for this reason 
the activity is assigned to Bi**. Coincidence measure- 
ments established that the half-life of the intermediate 
state was less than 8X10~* sec. The total K-shell 
conversion coefficient, [V.(509 kev)+N,.(921 kev) ]/ 
N,(921 kev), was measured to be 0.34+0.15. The 
intensity ratio, J,(509 kev)/7,(905 kev), was measured 
to be 0.9+0.15. It was not established which of the 
gamma rays was emitted first. 

In a publication recently made available to us, 
Iampol’skii et a/.*® report the observation in 1953 of a 
2-msec state produced by fast-neutron irradiation of 
bismuth. A later publication by Leipunskii et ai.** 
reports the production of this activity by bombardment 
of bismuth and lead with 20-Mev protons and gives 
the half-life as 341 msec. 

This isomer has also been observed by De Benedetti 
et al.*7 Their publication gives an excitation function 
for its production by the Bi? (7,7) Bi®*® reaction. 

The discovery of the activity of the ground state of 
Bi** has recently been reported by Roy, Eastwood, and 
Hawkins.** It decays by electron capture to Pb”® and 
the expected 2.61-Mev gamma-ray transition in Pb?* 
was observed. The half-life is given as approximately 
3X 10‘ years. This decay is consistent with the predicted 
ground-state spin for Bi*’* of 4+ or 5+, as follows: 

The levels of Pb** were calculated quite successfully 
by Pryce.* A similar procedure has been used by 
Wahlborn* to predict the levels in Bi?’ and other heavy 
nuclei. The input data were the levels of Pb”? (one 
neutron hole in the shell which closes at 126) and the 
levels of Bi®” (one proton outside the shell which closes 
at 82). The ground state of Bi** is expected to be 4+ 
or 5+ corresponding to a 1/2 neutron hole and the 
83rd proton in the /y,/2 level. A possible decay scheme* 
for the 2.7-msec isomer is: 


Es; EF» 
(10—)——+(7+)——>(5+). 

36 Tampol’skii, Leipunskii,.Gen, and Tikhomirow, Bull. acad. 
sci. U.S.S.R. Phys. Ser. 19, 338 (1955) (Columbia Technical 
Translation, p. 312). 

36 Leipunskii, Miller, Morozov, and Iampol’skii, Doklady Akad. 
Nauk S.S.S.R. 109, 935 (1956) [translation : Soviet Phys. Doklady 
1, 505 (1956) ]. 

37 De Benedetti, Farinelli, Ferrero, Malvano, Pelli, and Tribuno, 
Nuovo cimento 6, 682 (1957). 

38 Roy, Eastwood, and Hawkins, Can. J. Phys. 36, 18 (1958). 

®M. H. L. Pryce, Proc. Phys. Soc. (London) A65, 773 (1952). 
( “TD. E. Alburger and M. H. L. Pryce, Phys. Rev. 95, 1482 

1954). 
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Fic. 15. Activation functions and cross sections for formation of 
palladium and tin isomers. The solid line on the graph of the palla- 
dium excitation function was drawn through the experimental 
points. The dashed-line extrapolation at low energies was drawn to 
follow the shape of the 37-usec bromine activity. In the calculation 
of the corresponding cross-section curve, a constant background 
(C) was assumed above 12.2 Mev; this procedure gave the solid- 
line portion of the cross-section curve. Below 12.2 Mev, use of the 
background levels (B) and (A) gave the two dashed curves on the 
palladium cross-section plot. 


Low-lying levels having these spins and parities can be 
formed from the available single-particle states. 
A high spin for the isomeric level is indicated by the 
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Fic. 16. Activation functions and cross sections for formation of indium and thallium isomers. 


high threshold for its production. The energetically 
possible threshold is 7.28+0.921+0.509=8.71 Mev. 
This is 2.7 Mev below the experimental value. 


THRESHOLD MEASUREMENTS, ACTIVATION 
FUNCTIONS, AND CROSS SECTIONS 


Summary of Results 


Threshold measurements were made for all of the 
isomeric states listed in the previous sections of this 
paper. The experimental conditions used, and the 
results obtained, are summarized in Table III. Acti- 
vation functions up to 20 Mev were obtained for some 
of the isomers. A modification of the pheton difference 
method of analysis developed by Leiss and Penfold® 
was used to extract cross sections from the experimental 
data. The results are shown in Figs. 14, 15, and 16 and 


J. Leiss and A. Penfold, University of Illinois (private 
communication). 


the characteristics of the cross sections are summarized 
in Table IV. The absolute values of peak and integrated 
cross sections depend on the detection efficiency which 
in turn depends on the decay scheme. It is possible that 
there are unknown complications in any of the decay 
schemes which would lead to errors in the cross sections. 


Details of the Measurements 


The activation function and threshold measurements 
were made using energy and time channels chosen to 
maximize the signal-to-background ratio. In general, 
the energy channel was centered on the photopeak of 
the gamma ray to be measured and the width set to 
include all of the photopeak. The background was 
measured in a second time channel, delayed sufficiently 
after the betatron pulse that most of the desired 
activity had decayed. For half-lives in the millisecond 





FIVE NEW 


range, the background was measured with the betatron 
off. 

The energy and time channels used for each measure- 
ment are shown in Table III. The sample thickness 
used for each target is shown in column 8 of this table. 
Additional comments concerning certain of the acti- 
vation functions follow : 

As’*—Photographs taken with the gray-wedge pulse- 
height analyzer at a betatron energy of 9.7 Mev [0.5 
Mev below the As”*(y,n) threshold] showed the 
characteristic As?" spectrum. 

Pd'°5—Using an energy channel centered at 306 kev 
with a width of 125 kev and a betatron energy of 12 
Mev, two runs were made with time channels of (a) 
delay 50 usec, duration 120 usec; and (b) delay 170 usec, 
duration 120 usec. In each case the background channel 
had a delay of 500 usec and a duration of 1200 usec. If 
the net counting rate were due entirely to neutron- 
capture gamma-ray background, the ratio of (b) to (a) 
would be expected to be 0.66; and if it were due entirely 
to 37-usec Pd", the ratio of (b) to (a) would be expected 
to be 0.11. The measured value of 0.25+0.15 indicates 
that most of the net activity was Pd’. This was 
taken as evidence that the isomeric state was produced 
at an energy of 12 Mev. 


DISCUSSION OF THE CROSS-SECTION DATA 


Isomeric states produced by (y,n) reactions.—Energies 
at peak of resonance and half-width of resonance have 
been measured for many elements.“ The values for 
both of these quantities obtained in the present meas- 
urements fit well with the systematics previously 
pointed out. The peak cross sections and the integrated 
cross sections listed in Table IV are all considerably 
smaller (by a factor of 10 to 100) than the expected 
total photodisintegration cross sections. This indicates 
that only a fraction of cascades to the ground state of 
the product go through the isomeric levels. 

Isomeric states produced by (y,y') reactions.—The 
production of the isomeric states of Br”®:*' and of Pd'®® 
is clearly shown at energies below the neutron binding 
energy in Figs. 14 and 15. There are fewer data on (y7,7’) 

48 Montalbetti, Katz, and Goldemberg, Phys. Rev. 91, 659 
(1953); R. Nathans and J. Halpern, Phys. Rev. 93, 437 (1954). 
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TABLE IV. Summary of cross-section data.* 


Inte- 
grated 
cross 
section 


Energy 

width Peak at 

of cross peak 

reso- section cross (Mev- 
Production nance (milli- section milli- 
reaction (Mev) barns) (Mev) barns) 
Br78.(127 usec) (y,n) 15.8 26 
Br7.81(37 usec) (y,7’) 9.0 1.0 
(yn 110 


Nb®* ) 

Pd (y,y’) 0.2 
Pd (y,) 6.6 
In" (y,n) 120 
TI®(585 usec) (y,n) 37 
TI. (62 usec) (y,n) 15 


Isomer 


5.6 


0.32 


aa 
es 


8.2 


WN WU Wh 
Ui ee 00 OD 00 


*In all calculations, ak was taken to be zero in view of the uncertainty 
of its value for the various cases considered. 

> No correction for isotopic abundance has been made for this case; 
100% isotopic abundance is assumed in lieu of an isotopic identification. 


reactions with which to compare the present results. 
Bogdankevich, Lazareva, and Nikolaev“ have measured 
the cross section for the reaction In"5(y,y’)In™*" and 
have summarized the previous measurements. They 
report a peak energy of 8.6 Mev, an integrated cross 
section (to 18 Mev) of 11.2 Mev-millibarns, and a 
half-width of 2.6 Mev. Their data indicate a very 
strong rise in the cross section above 20 Mev. None of 
our measurements was carried to energies high enough 
to detect this effect. 
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Decay of Ca**} 
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The “doubly closed shell + one nucleon” mirror transition, Ca®(8+)K*®, has been investigated in order to 
obtain a more precise ft value. The beta spectrum was measured with a magnetic, thin-lens spectrometer and 
has a maximum energy of 5.490+0.025 Mev. A search for gamma rays was made with a NaI (TI) scintillation 
spectrometer, and an upper limit of 0.12% was placed on transitions to the lowest known excited levels in 
K® between 2.5 and 3.5 Mev. A half-life of 0.88+0.01 second was determined. The ft value calculated from 


these results is 4320+ 100 seconds. 





INTRODUCTION 


HE decay of Ca® is one of a group of six mirror 
transitions which have a “doubly closed shell 
+ one nucleon” nuclear configuration. The comparative 
half-lives of these transitions, together with those of the 
0-0 spin transitions, have been used for determining 
Cer’/Cyr’, the ratio of the squares of the coupling con- 
stants for Gamow-Teller and Fermi interactions in beta 
decay.'~-* Theoretical calculations of the Gamow-Teller 
matrix elements required for this analysis have been 
based on the single-particle model. Corrections for 
coupling of the single particle to the core have been 
made by considering the deviation of the experimental 
magnetic moment of the daughter nucleus from the 
Schmidt limits.':?:*.7 For most of this group of mirror 
transitions, the deviation of the magnetic moments 
from the Schmidt limits is relatively small. The devia- 
tion for K®, however, leads to an appreciable correction 
for the matrix element of the Ca**(8+)K*® transition. 
The determination of an accurate ft value for this decay 
would permit a comparison to be made of the predic- 
tions from the various magnetic moment interpolation 
methods with an empirical value of the Gamow-Teller 
matrix element obtained from the other transitions of 
this group. 

The results of previous work® on the decay of Ca®, 
which are listed in Table I, are inconsistent, and no 
search for gamma rays has been reported. A careful 
measurement of the beta spectrum, half-life, and gamma 


+ Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1A. Winther and O. Kofoed-Hansen, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 14 (1953). 

20. Kofoed-Hansen and A. Winther, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 30, No. 20 (1956). 

3 J. B. Gerhart, Phys. Rev. 95, 288 (1954). 

‘J. M. Blatt, Phys. Rev. 89, 83 (1953). 

5 J. S. Bell and R. J. Blin-Stoyle, Nuclear Phys. 6, 87 (1958). 

6 G. L. Trigg, Phys. Rev. 86, 506 (1952). 

7G. Mayer and J. H. Jensen, Elementary Theory of Nuclear Shell 
Structure (John Wiley and Sons, Inc., New York 1955), p. 176. 

® Two independent investigations, which were reported after 
this work was completed, are in good agreement with the present 
results. J. A. Welch, Jr., and R. Wallace obtained an end point of 
5.43+0.06 Mev with a 180° magnetic spectrometer and a half-life 
of 0.88+0.05 sec. J. E. Cline and P. R. Chagnon obtained a half- 
life of 0.876+0.012 sec. Both are reported in Bull. Am. Phys. Soc. 


Ser, II, 3, 206 (1958). 


spectrum was therefore undertaken to obtain a more 
precise ff value. 


PRODUCTION OF Ca* AND THE PNEUMATIC 
SHUTTLE SYSTEM 


The Ca® for this experiment was produced with 
the Brookhaven 60 inch cyclotron by the reaction, 
K*(p,n)Ca®. The source was made of metallic potassium 
evaporated onto a 0.0001-inch silver foil to a thickness 
of 4 mg/cm. 

In order to minimize background during the measure- 
ments, a pneumatic shuttle system was constructed 
which transported the source a distance of 55 feet from 
the target position at the end of the cyclotron beam pipe 
to a shielded experimental area. The target foil was 
mounted on a nylon slider which was propelled by 
differential gas pressure through a rectangular alumi- 
num tube which had inside dimensions of 1} in. by $ in. 
The basic components of the system consisted of a 
pressure tank and a vacuum tank connected by pneu- 
matically operated valves to one end of the tube, and a 
ballast volume connected to the other end. The slider 
was reciprocated by alternately opening the valves to 
the pressure tank and the vacuum tank. The system 
was designed so that the pressure differential passed 
through zero just before the slider reached the end of 
the tube. The slider was thereby brought gently to rest 
with a slight back pressure. An initial pressure differ- 
ential of 10 cm of Hg was sufficient to propel the slider 
over the distance of 55 feet in 0.8 second. An aluminzed 
0.8-mg/cm? Mylar window in front of the source posi- 


TABLE I. Results of measurements on the decay of Ca®. 


Emax (Mev) Method Half-life (sec) Reference 





Scin. 1.1 +0.2 a 
abs. b 
Scin. 0.90+0.05 c 
0.90+0.01 d 
0.97+0.02 
0.88+0.01 


5.13 +0.15 
6.7 +0.5 
6.10 +0.15 


Scin. 
Mag. lens 


5.58 +0.4 


e€ 
5.490+0.025 Present work 








* F. I. Boley and D. J. Zaffarano, Phys. Rev. 84, 1059 (1951). 
> R. Braams and C. L. Smith, Phys. Rev. 90, 995(L) (1953). 
eW. A. Hunt et al., Phys. Rev. 95, 611(A) (1954). 
4R. M. Kline and D. J. Zaffarano, Phys. Rev. 96, 1620 (1954). 
¢L. S. Ring, Jr., and D. J. Zaffarano, Iowa State College Report ISC-648, 

1955 (unpublished). 
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tion separated the pneumatic tube system from the 
evacuated spectrometer tank. The maximum absolute 
pressure of the system was 18 cm of Hg. 

To minimize the production of radioactive contami- 
nants, the entire system was made vacuum tight, and 
helium was used as the propellent gas. The evaporation 
of potassium metal onto the target foil was performed in 
an adjoining volume from which the slider could be 
transferred to the pneumatic tube without breaking 
vacuum. The operation of the system was controlled by 
a cam timer driven by a synchronous motor so that the 
slider could be cycled automatically. 


BETA-RAY SPECTROMETER 


The thin-lens spectrometer used for this experment 
was the same as that described previously for the 
measurement of the A*® beta spectrum.’ The resolution 
was 2% with a 1 cm diameter source and with the baffles 
set for a transmission of 0.25%. A detailed calibration 
was performed in order to check the instrument for 
nonlinearity which could possibly have been caused by 
coil movements arising from cooling-water pressure and 
field effects. The following well-known internal con- 
version lines were measured : 


976.0 kev, Bi*”’; 
624.2 kev, Cs’; 


2526 kev 
422.8 kev -, mesothorium emanation source. 
222.2 kev 


The calibration constants from these lines were con- 
sistent within the accuracy of the measurement, which 
was approximately 0.1%. 


HALF-LIFE 


For the half-life measurements, a stilbene scintillation 
counter was placed at the detector position of the beta- 
ray spectrometer, and the baffle was opened to give a 
transmission of 0.5%. Bombardments of two seconds 
duration were made. The scintillation pulses in the 
narrow energy band transmitted by the spectrometer 
were selected by a single-channel pulse-height analyzer 
and recorded on one channel of an Edin, dual-pen, tape 
recorder. A continuous time calibration was made by 
recording, with the second channel, the pulses from a 
1000-cycle tuning-fork oscillator scaled by a convenient 
factor. The data from a number of decay runs at a given 
energy could be superimposed in the analysis in order to 
obtain sufficient statistical accuracy. This technique 
minimized the effects due to pulse pileup and dead time 
in the counter electronics, and reduced background to a 
very small value. 

The half-life of Ca®® was measured at beta energies of 
2, 3, and 4 Mev. The semilogarithmic decay curves at 3 
and 4 Mev are linear for more than five half-lives and 


°0. C. Kistner ef al., Phys. Rev. 104, 154 (1956). 
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give an average half-life of 0.88+-0.01 second. At 2 Mev 
a contaminant with a half-life of the order of ten seconds 
was observed amounting to about 4% of the total 
activity. This is attributed to 12-second Mg* produced 
from small amounts of sodium present in the potassium. 
In addition, a relatively long-lived activity was found 
which increased siowly during each run. This was 
primarily due to N® which has a 1.2-Mev beta group. 


BETA SPECTRUM 


For the beta spectrum measurements, a Geiger 
counter, filled to a pressure of 12 cm of Hg with argon- 
alcohol, was used for the spectrometer detector. The 
activity in the source was monitored with a Geiger 
counter which detected positrons emitted through a 
Mylar window covering the back of the source volume. 
Because of the relatively large cross section of the 
Na™(p,2) Mg* reaction and the difficulty of obtaining a 
target free of sodium, it was not possible to make a 
source without a significant amount of Mg* contami- 
nant. The beta spectrum was therefore analyzed only 
above the 3-Mev end point of Mg”. 

The following method of taking data was used in 
order to eliminate the effects of long-lived contaminants. 
An aluminum absorber was placed in front of the moni- 
tor counter in order to reduce the contribution of the 
relatively low-energy positrons from N*® to the monitor 
count. The detector and monitor counters were each 
connected to two scalers in parallel. Immediately after 
the source arrived at the spectrometer, following a two- 
second bombardment, the gates to one pair of monitor 
and detector scalers were opened for a period of two 
seconds. After.a four-second delay, the gates to the 
other pair of scalers were also opened for a period of two 
seconds, after which time the source was returned for 
the next bombardment. A complete cycle required 14 
seconds and was repeated until a sufficient number of 
counts was accumulated. The relative intensity of a 
point on the spectrum was then obtained by taking the 
ratio of the difference of the counts registered by the 
two detector and monitor scalers, respectively. The 
cyclotron beam gate and the counter gates were con- 
trolled by the shuttle-system cam timer. The counting 
periods of -the four scalers were made equal to within 
t%. 

A proton beam of 4 microamperes gave a net detector 
counting rate of about 120 counts per cycle at the peak 
of the beta spectrum. This corresponds to a cross 
section of approximately 2 millibarns for the K*(p,) 
reaction at 10 Mev. The intensities at zero field and 
above the upper end of the spectrum were 1.5% and 
0.15% of the peak of the spectrum, respectively. A 
linear interpolation between these values was subtracted 
from the spectrum as background. The Kurie plot of a 
typical spectrum is shown in Fig. 1. Results of the 
weighted least-squares analysis of 4 Kurie plots are 
listed in Table II. The average end-point energy is 
5.490+0.025 Mev where the stated error is twice the 
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Fic. 1. Kurie plot of a typical Ca® beta-spectrum run. The 
end point was obtained from a weighted least-squares fit to the 
points in region S. 


combination of the statistical standard deviation and 
the estimated error of the calibration. 

The small-order corrections to the allowed shape of 
the beta spectrum and the resulting effects on the 
extrapolated end point were investigated." Inner brems- 
strahlung causes an apparent reduction in the maximum 
beta energy of about 7 kev." The effect of the finite 
deBroglie wavelength of the leptons causes a shift of the 
end point of the same magnitude but in the opposite 
sense.’ The net effect is therefore small relative to the 
stated error. 


GAMMA SPECTRUM 


The gamma spectrum was measured with a 3X3 inch 
Nal(TI) scintillation counter and a 100-channel ana- 
lyzer. No short-lived gamma rays were observed. Rela- 
tive to the ground-state transition, an upper limit of 
0.12% was placed on transitions to the lowest known 
excited levels in K® between 2.50 and 3.50 Mev.%-” 


TABLE II. The extrapolated end points obtained from weighted 
least-squares fits to the Kurie plots of four Ca® beta spectra above 
3 Mev. The agreement between the internal and external errors 
indicates that the Kurie plots are linear within the statistical 
errors and that instrumental random errors are negligible. The 
calculation of these errors is discussed by Birge.* 


Standard deviation (Mev) 
Internal External 
0.011 0.008 
0.012 0.013 
0.013 0.010 
0.013 0.018 


Emax (Mev) 


5.503 
5.465 
5.483 
5.504 











*R. T. Birge, Phys. Rev. 40, 207 (1932). 


 M. Morita (private communication). 

4 The contribution of inner bremsstrahlung was calculated from 
curves computed by A. Z. Schwarzschild (unpublished). 

2 The effects of the finite deBroglie wavelength were estimated 
from tables of Lp compiled by Rose, Perry, and Dismuke, Report 
ORNL No. 1459; Oak Ridge National Laboratory. 

18 R, B. Schwartz et al., Phys. Rev. 101, 1370 (1956). 

( “ oT Sperduto and W. W. Buechner, Phys. Rev. 100, 961(A) 
1955). 

15 J. P. Schiffer et al., Phys. Rev. 103, 134 (1956), have found no 

levels in K® below 2 Mev. 
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DISCUSSION 


The ft value of the superallowed beta transition, 
Ca®(8+)K®, calculated from the end-point energy of 
5.490+0.025 Mev and the half-life of 0.884-0.01 second 
with the f function tables of Moszkowski and Jantzen,"* 
is 4320+ 100 seconds. From this ft value, together with 
those of the 0-0 spin transitions and the “doubly closed 
shell + one nucleon” mirror transitions of O" and F"’, 
the square of the Gamow-Teller matrix element, | fo|?, 
for the Ca® decay is calculated to be 0.38+0.05. This 
corresponds to a value for Cg7?/Cr’ of 1.16+0.05. The 
O” and F"’ decays were used for this purpose because 
the magnetic moments of the daughter nuclei for these 
cases are especially close to the Schmidt limits; and, 
therefore, the calculation of | fo|* from the single- 
particle model may be expected to be a good approxima- 
tion. Small corrections were made to the single particle 
values of | fo|? according to the Schmidt-Schmidt 
interpolation procedure.!' These corrections were included 
as estimated errors for the matrix elements in the 


TABLE III. Gamow-Teller matrix element predictions for the 
Ca*(g*)K*® mirror transition. 


Reference 


Method of calculation 





Single-particle model ‘, 


Magnetic moment interpolation between 
the Schmidt limits (odd-particle model) 


Magnetic moment interpolation between 
the corresponding Schmidt and Margenau- 
Wigner limits (uniform model) 


0.14 Substitution of experimental magnetic 


moment in the j-7 coupling formula 


® See reference 1. 
b See reference 6. 
° See reference 7. 


computation of the stated errors. The single-particle 
value and the various semiempirical predictions of 
| fo|* for the Ca® decay are listed in Table III. It is 
interesting to note that | fo|? for Ca® must be very 
close to that for O", 0.35, almost independently of the 
ratio of the coupling constants because the ft values of 
both the transitions are very nearly the same. In view 
of the possible uncertainties in the estimates of the 
Gamow-Teller matrix elements’ of O” and F'’, the 
predictions of both the Schmidt-Schmidt and the 
Schmidt-Margenau-Wigner interpolation procedures 
can be considered to be in agreement with the empirical 
value. 
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tron half-life, 11.7+0.3 minutes, has recently been re- 
ported by Sosnovskij ef al. at the High Energy Confer- 
ence, Geneva, July, 1958. The resulting ff value for the 
neutron decay is 1187+35 seconds which, when com- 
bined with the 0-0 transitions, gives a value for Cg7?/Cr’* 
of 1.42+0.06 and leads to an empirical Gamow-Teller 
matrix element for Ca® of 0.30. We shall discuss this 
further in a future paper. 
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N*(d,n)O” and N'*(d,n)O"* Reactions*} 


J. L. Wem anv K. W. Jonest 
Columbia University, New York, New York 
(Received August 29, 1958) 


Absolute cross sections for the N“(d,n)O" and N'5(d,n)O" reactions have been measured at zero degrees 
to the incident deuteron beam from 0.6 to 5.3 Mev bombarding energy. Both excitation curves show strong 
resonance structure and have maximum cross sections of about 6 millibarns per steradian. Eight angular 
distributions were measured for the N'5(d,n)O"* reaction at points on and off maxima in the excitation curve. 
A good fit to the angular distributions is obtained by use of the exchange stripping theory of Owen and 


Madansky. 


I. INTRODUCTION 


HE present investigation of the N(d,n)O"% 
(Q=5.122 Mev) and N!5(d,n)O!* (O= 9.885 Mev)! 
reactions was undertaken primarily to ascertain their 
usefulness as neutron sources in the energy range from 
8 to 14 Mev. Reactions which have hitherto been used as 
neutron sources with Van de Graaff accelerators do not 
provide neutrons in this energy region. The two reac- 
tions are not monoergic sources, but the first excited 
state is very well separated from the ground state in 
both O% and O'* (5.27 and 6.06 Mev spacings, re- 
spectively). A neutron detector with only moderate 
energy resolution is needed to distinguish the ground 
state group in either reaction. 

If the excitation functions for the N“(d,n)O” and 
N'5(d,n)O'® reactions show evidence for compound 
nucleus formation, information can be obtained on 
excited states of O'* above 20.7 Mev and O" above 14.0 
Mev.! Angular distribution measurements may help in 
the determination of reaction mechanisms of deuteron 
induced reactions in this energy region. 

Previous experimental work on the resolved ground 
state neutron groups from these reactions has not been 
extensive. Johnston and Bostrom? have reported meas- 


* This work partially supported by the U. S. Atomic Energy 
Commission. 

+ A preliminary report on this work was given at the Chicago 
Meetings of the American Physical Society, November 23 and 24, 
1956 [Jones, Weil, Kruse, Baicker, and Lidofsky, Bull. Am. Phys. 
Soc. Ser. II, 1, 326 (1956) ]. 

t Now at The Ohio State University, Columbus, Ohio. 

( ween and T. Lauritsen, Revs. Modern Phys. 27, 77 
1955). 

?R. W. Johnston and N. A. Bostrom, Bull. Am. Phys. Soc. Ser. 
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urements of the excitation curve and angular distribu- 
tions of N'4(d,n)O"* for energies below 2.4 Mev. Nonaka 
et al.’ measured the angular distribution and absolute 
cross section at 1.96 Mev and Morita* has measured 
relative cross sections at 6=0°, 90°, and 165° from 1.0 to 
2.15 Mev bombarding energy. No previous measure- 
ments have been reported on the N!°(d,z)O'® reaction. 


II. EXPERIMENTAL METHOD 


The deuteron beam from a Van de Graaff accelerator 
was magnetically analyzed (+0.1% in energy). The 
beam was then focused and collimated before it entered 
a gas target. This target was made of 10-mil-wall stain- 
less steel tubing with a gold beam stop and a 0.01-mil 
nickel entrance window. The target thickness was 20 kev 
or less in both experiments, with the exception of the 
N!5(d,n)O"* data below 1 Mev, where it was as large as 
40 kev. The incident deuteron energy was corrected for 
the energy loss in traversing the nickel foil and one-half 
the target gas.® 

Small plastic scintillators were used as proton recoil 
counters to detect the neutrons.* The smali size was 
necessary in order to discriminate against gamma rays. 
A spheroid 4.90 mm by 2.45 mm, on edge to the beam 
and backed by an aluminum reflector, was used for the 
N**(d,n)O" reaction. A right cylinder 5.49 mm long by 

3 Nonaka, Morita, Kawai, Ishimatsu, Takeshita, Nakajima, and 
Takano, J. Phys. Soc. Japan 12, 841 (1957). 

4S. Morita, J. Phys. Soc. Japan 13, 126 (1958). 

5 J. L. Fowler and J. E. Brolley, Jr., Revs. Modern Phys. 28, 103 
(1956); Reynolds, Dunbar, Wenzel, and Whaling, Phys. Rev. 92, 
742 (1953); Aron, Hoffman, and Williams, Atomic Energy Com- 
mission Report AECU-663 (unpublished). 

6 Taylor, Lénsjé, and Bonner, Phys. Rev. 100, 174 (1955). 
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Fic. 1. Typical pulse-height spectra for the N"(d,n)O' and 


N'5(d,n)O"* reactions. 


6.36 mm in diameter was used as a detector in the 
N?°(d,n)O"* experiment except for the angular distribu- 
tions at 1.806, 2.103, and 2.999 Mev where two such 
cylinders mounted in a copper block were used. The 
detectors were mounted on Dumont 6292 phototubes 
whose output pulses were amplified and fed to a 
hundred-channel analyzer. Complete pulse-height spec- 
tra were taken at each bombarding energy. Typical 
spectra from the first two counters are shown in Fig. 1. 
The rapid rise at low pulse height for N“ is probably due 
to background neutrons from the Ni®(d,n)Cu® reac- 
tion’ in the entrance foil or from the D(d,n)He’ reaction 
from deuterium absorbed on the nickel entrance foil or 
on the gold beam stop. The rapid rise at low pulse 
height for N?* is probably due to gamma rays from the 
de-excitation of O'®* because this rise remains in the 
same position when the deuteron energy is varied. 
Backgrounds were measured with the target filled 
with helium. This gave the contribution of gamma rays 
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Fic. 2. Typical pulse-height spectrum observed in one of the 
D(d,n)He? runs with which the system was calibrated. 


7 Jones, Kruse, Weil, Baicker, and Lidofsky, Rev. Sci. Instr. 28, 
56 (1957). 
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and neutrons produced in the target materials and from 
nitrogen or deuterium driven into the beam stop. The 
corrections to the cross section for this background 
amounted to a maximum of 15%. An additional check 
of the background for the N'*(d,n)O'* reaction was 
made by exposing the detector for the N!* experiment to 
radiations from the N“+d reactions. The N“(d,n)O” 
neutrons leaving the product nucleus in its ground state 
have approximately the same energy, although not 
necessarily the same intensity, as the neutrons from 
N?°(d,n)O'** leaving the product nucleus in its first 
excited state. The gamma rays from the reactions are 
also of nearly equal energy. The results of this exposure 
indicated that the biases used in the N'°(d,n)O"* experi- 
ment discriminated effectively against the excited state 
neutrons and gamma rays. 

Absolute cross sections were calculated from the 
measured pulse-height distributions, with suitable con- 
sideration of the dependence of pulse height on proton 
recoil energy.* Corrections were made for the loss of 
recoil protons from the sides and ends of the counter. 

The complete technique was checked by measuring 
the cross section for the D(d,n)He*® reaction with the 
counter used in the N'(d,n)O" experiment. Figure 2 
shows a typical spectrum from the D(d,n) He’ reaction. 
Measurements were made at four different deuteron 
energies: 2.12, 3.20, 4.20, and 5.22 Mev. The cross 
sections calculated from these measurements agree 
within 6% with the values quoted in the review article 
of Fowler and Brolley,® except for the one at 5.22 Mev 
which is 14% larger. This agreement is very satisfactory 
considering the numerous corrections necessary for the 
calculation of the absolute cross section. 


III. RESULTS 


The differential cross section at 6=0° for the 
N}5(d,n)O"* reaction is shown in Fig. 3. The solid line is 
drawn so as to show only the structure which repeated 
from run to run. Eight angular distributions were taken 
at points corresponding to peaks and valleys in the 0° 
yield curve, as indicated by the arrows in Fig. 4. The 
angular resolution ranged from +2° at 6=0°, to +11° 
at 6=90°. 

The differential cross section at @=0° for the 
N"(d,n)O" reaction is shown in Fig. 5. There is very 
good agreement between the present results and the 
data of Nonaka ef al.’ and Morita.‘ Their data are also 
plotted in Fig. 5. 

The N"*(d,n)O" and N'°(d,n)O"* reactions can be used 
as neutron sources, but the low cross sections for 
neutron production will be a serious drawback to such 
use. 

The typical errors shown in Figs. 3, 4, and 5 are those 
due to counting statistics only, and range between 2% 


8 MacGregor, Ball, and Booth, Phys. Rev. 108, 726 (1957). 
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Fic. 3. The excitation 
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reaction. The arrows in- 
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and 10%. They are largest for the N“(d,n)O" reaction 
where the low counter efficiency and the nearness of the 
background groups made it difficult to obtain good 
statistics. The other major sources of error in the cross 
sections are (1) errors in reading the target pressure, (2) 
errors in the conversion from a pulse height to energy 
scale, (3) approximations in calculating the detector 
solid angles, and (4) approximations in the calculation 
of side and end effect corrections. The over-all accuracy 
of the absolute cross sections is estimated at + 20%. 
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IV. DISCUSSION 
A. N"(d,n)O" Reaction 


The yield curve rises sharply from 500 kev with a 
shape that can be fitted by the calculated penetrability 
of a deuteron through the Coulomb barrier of the target 
nucleus. Above 1 Mev bombarding energy, there is 
pronounced resonance-like structure. For the most part, 
the structure appears to be due to overlapping reso- 
nances, which is to be expected at such a high excitation 
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(>15 Mev in 0"). Detailed runs on the yield curve in 
which data were taken in 10-kev steps did not reveal 
anything but the gross structure that is shown in Fig. 3. 
In general, the structure of the yield curve is very 
complex, and for this reason no effort has been made to 
interpret it in terms of excited states in O". 

More definite information is obtained from the angu- 
lar distributions. Six of the eight angular distributions 
show a striking similarity in shape, namely a large 
forward peak and a smaller backward rise. This simi- 
larity of structure over a wide region of bombarding 
energy and the strong forward peaking immediately 
suggest that the dominant mechanism of the reaction is 
stripping. The backward rise can also be accounted for 
as resulting from the stripping of an outer neutron from 
the N’* by use of the exchange stripping theory of Owen 
and Madansky.’ The solid lines in Fig. 4 are the 
theoretical angular distributions calculated from this 
theory. 

The theoretical fit to the data was obtained as 
follows. The formula for the differential cross section at 
a given energy, using the notation of Owen and 
Madansky,’ is 


Ae ' 
do /dw= Const !|Gp(K1)j1(kiR1) +—Gu(K2) jo(k2R2) | 


Ai 


where 
Gp(K,)=1/(K?+ap’), 
1 


rons mang Remilowr ido) 


GulK,)=| 


—antn jo(anrn) ji(Kyw) J, 


and A2/A,;=ratio of the deuteron and the nuclear 
stripping amplitudes. A2/A; is essentially a ratio of re- 
duced widths for the two different modes of formation of 


*G. E. Owen and L. Madansky, Phys. Rev. 105, 1766 (1957). 


the final nucleus. The known spins and parities! of the 
ground states of N* and O'* have been used to deter- 
mine the values of the angular momentum of the 
captured particle, /,= 1 and /.=0. A good fit to the data 
was obtained using /.=0 only, so the possibility /.=2 
was neglected. Since j2(k2R2) approaches zero at the 
back angles and the d-wave penetrability is much less 
than the s wave, inclusion of the /,.= 2 term would cause 
very little change in the shape of the theoretical angular 
distributions. 

The radius and depth of the potential well used to 
determine the neutron wave function for the calculation 
of Gu(K2) were 4.3 fermis (1 fermi=10~" cm) and 42 
Mev respectively. The parameters that are adjusted to 
get a best fit to the experimental data are the interaction 
radii R, and Rp» and the ratio of the two stripping 
amplitudes A2/A;. Owen and Madansky have pointed 
out that none of these parameters would be expected to 
remain constant as a function of energy since they 
represent phenomenological expressions for the behavior 
of rather complicated wave functions. Indeed, it is 
found that these parameters must be allowed to range 
over at least a factor of two in order to get a good fit to 
the data. The values used to get the fits shown in Fig. 4 
are given in Table I and the behavior of A2/A; is plotted 
in Fig. 6. The behavior of this parameter is the same as 


TABLE I. Values of adjustable parameters used in calculating 
theoretical fits to the experimental angular distributions. 





A2/A1 


0.93 
1.61 
1.94 
3.38 
2.11 
2.11 
2.54 
2.11 
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N!4(d,")0'§ AND 
in the case of B"(d,n)C;® the ratio increases until the 
bombarding energy reaches the height of the Coulomb 
barrier and then remains fairly constant. The increase 
of the ratio at low energy can be interpreted as due to 
the increasing penetrability of the deuteron through the 
Coulomb barrier of the N core. Unlike the case of 
B"(d,n)C®, it is found necessary to vary the interaction 
radii as a function of the bombarding energy. No simple 
explanation can be offered for the fact that R; increases 
with energy while R» decreases. 

It is not possible to obtain a good fit to the angular 
distribution at 1.148 Mev for any values of the parame- 
ters. A good fit to the forward peak can be made with 
parameters similar to those used at other energies, but 
it is not possible to fit the rise at large angles. The 
amplitude for compound nucleus formation may there- 
fore be larger than the stripping amplitude at this 
energy. In order to fit the 2.588-Mev angular distribu- 
tion, it is necessary to use a ratio of stripping amplitudes 
A»/A, which is somewhat larger than those used for the 
other angular distributions. This could indicate either 
that the deuteron stripping amplitude at this energy has 
decreased or that the nuclear stripping amplitude has 
increased. Since the 0° cross section has a minimum at 
this energy, it is probable that the former is the case. 

The 0° yield curve and the angular distributions are 
two apparently conflicting pieces of evidence on the 
nature of the mechanism by which this reaction takes 
place. To judge from the angular distributions alone, it 
would appear that this is a surface reaction. It is unlikely 
that the angular distributions would remain so similar in 
shape over such a wide energy range if the reaction 
proceeded by compound nucleus formation. But if this 
is a surface reaction, then there is difficulty in explaining 
the resonance-like structure in the yield curve. Stripping 
theory predicts a monotonic and slowly changing cross 
section as a function of energy at a given angle. 

Some other reactions which have stripping-type angu- 
lar distributions and resonance-type yield curves are 
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Fic. 6. The ratio of the nuclear stripping amplitude to the 
deuteron stripping amplitude as a function of bombarding energy. 
The dashed line represents the height of the Coulomb barrier. 
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‘C2(d,p)C# 0. O'8(d,p)O!7,2 and N*4(d,n)O}8 3-4 In the 


C#(d,p)C® experiments the angular distributions off the 
peaks of the 2.74-Mev and 3.01-Mev resonances are 
observed to be more nearly symmetric about 90° than 
the distributions at the peak of the resonances. This is 
the same phenomenon as is observed in the present 
experiment at the 1.148-Mev and the 2.588-Mev angular 
distributions. 

There are several possible viewpoints for the interpre- 
tation of this type of data. Perhaps the most straight- 
forward is that a small amount of compound nucleus 
formation could interfere with the stripping amplitude 
and cause the resonant behavior of the yield curve, while 
barely affecting the shape of the angular distributions.” 
Such a viewpoint has been taken by Bonner e¢ ai." in 
their analysis of the reaction C"*(d,p)C™. However, no 
thorough theoretical analysis of the effect of such 
interference on the yield curve and angular distributions 
has yet been made. 

A second possibility is a refinement of the calculation 
of the pure stripping cross section. Many approxima- 
tions are made in the usual derivation of the stripping 
formula. One of them is that the incoming deuteron and 
the outgoing neutron or proton can be represented by 
plane waves. A more exact solution would be obtained 
if one took into account the distortion of these waves by 
the Coulomb and nuclear forces. The effect of the use of 
distorted waves on the angular distribution has been 
considered by several people, but no theoretical work 
has been done on the yield curve. It is possible that the 
use of distorted waves will result in a theoretical yield 
curve with considerable gross structure. However, it is 
not probable that such an approach will predict any fine 
structure with widths of a few hundred kev. 

A third approach that has been suggested by Thomas"® 
is to consider those mechanisms that are intermediate 
between direct interaction and compound nucleus for- 
mation. An example of such a mechanism in a stripping 
reaction would be one in which the emitted neutron was 
elastically scattered one or more times from the outer 
nucleons in the final nucleus. Such a scattering could 
have a resonant behavior as a function of energy. More 
scatterings would make the width smaller and smaller, 
until the mechanism would be indistinguishable from 
what is usually called compound nucleus formation. 
Such an intermediate mechanism might explain the 


Bonner, Ejisinger, Kraus, and Marion, Phys. Rev. 101, 209 
6 

1 McEllistrem, Jones, mere Douglas, Herring, and Silverstein, 
Phys. Rev. 104, 1008 (195 

BE, Baumgartner and a W. Fulbright, Phys. Rev. 107, 219 
tigssy’ Stratton, Blair, Famularo, and Stuart, Phys. Rev. 98, 629 

8 J. R. Holt, “Proceedings of the Amsterdam Conference” 
[Physica 22, 1069 (1956). 

J, Horowitz and A. L. M. Messiah, J. phys. radium 14, 695 
(1953); W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 
(1955); I. P. Grant, Proc. Phys. Soc. (London) A68, 244 (1955). 

R, G. Thomas, Brookhaven National Laboratory Report 
BNL-331 (unpublished). 
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Fic. 7. Energy level diagram for O'* in the region of 20-Mev 
excitation showing the results of several experiments. The results 
are quoted from the following papers: Col. 2 from reference 18, 
Col. 3 from reference 19, Col. 4 from reference 20, Col. 5 from 
reference 17, Col. 6 from reference 16. 


large widths of the peaks that are observed in the 
present experiment. 


B. N'*(d,n)O" Reaction 


Broad anomalies are observed at 1.52, 2.67, and 4.19 
Mev bombarding energy. If one assumes that a com- 
pound nucleus is formed, the peaks correspond to states 
at 22.05, 23.05, and 24.38 Mev excitation in O'**. The 
peak at 1.52-Mev bombarding energy has also been 
observed by Morita.* However, his data also show that 
when the angle of observation is 165°, the position of the 
peak is shifted to 1.95 Mev, perhaps as the result of 
some interference effect. It is not known whether the 
other peaks are also shifted at different angles of 
observation. Because of this possibility, the excitation 
energies quoted above may be in error by as much as 
500 kev. For the purposes of discussion, it will be 
assumed the above energies are correct. Figure 7 sum- 
marizes the information obtained from the reactions 
O16 (y,2)O%,16.17 O'6(-y,p)N% 1829 and Oly — 4a” on 
the region of excitation between 20 and 25 Mev. These 


16 B. M. Penfold and A. S. Spicer, Phys. Rev. 100, 1377 (1955). 

17 Katz, Haslam, Horsley, Cameron, and Montalbetti, Phys. 
Rev. 95, 464 (1954). 

18 Cohen, Mann, Patton, Reibel, Stephens, and Winhold, Phys. 
Rev. 104, 108 (1956). 

1D. L. Livesey, Can. J. Phys. 34, 1022 (1956). 

»” F. K. Goward and J. J. Wilkins, Proc. Phys. Soc. (London) 
A65, 671 (1952). 
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are the only experiments which give information on this 
region of excitation. 

In all the photonuclear experiments except O'%(y,”)O", 
the levels are detected on nuclear emulsions as broad 
groups with poor resolution. The determination of the 
level energies in the (y,p) and (7,4a) experiments de- 
pends on knowing the range-energy relation for the 
emulsion. In the O'*(y,7)O"*,!* many narrow levels are 
observed by detecting breaks in the yield curve for the 
O activity. The data points in the present experiment 
are not spaced closely enough to detect the narrow 
levels (<40 kev) seen in O'*(y,n)O™ by Penfold and 
Spicer.!® The determination of the level energies here 
depends on a calibration at lower energies using several 
photodisintegration thresholds. This energy scale is then 
extrapolated from the calibration points to the energy 
region above 20 Mev. The authors'*:"’ state that even if 
there is no error in the calibration, the extrapolation can 
be in error by as much as 300 kev at 23 Mev. 

There seems to be general agreement that there are 
levels at about 22 and 24 Mev, within the errors of the 
various energy calibrations. The 22-23 Mev doublet is 
not seen in any but the present experiment, except 
perhaps in O'*(y,4a). The experiment by Cohen ef al.!* 
should have been able to resolve two levels more than 
0.5 Mev apart.” 

It is possible to explain this difference in the number 
of levels observed on the basis of isotopic spin selection 
rules, assuming that the N"‘(d,n)O" reaction proceeds 
by compound nucleus formation. Because of these 
selection rules, it may be that different levels are 
reached by the present experiment and by the photo- 
nuclear reactions. N“ and the deuteron are both T=0 
nuclei, so that N'+d can only form T=0 states in O"*, 
The gamma ray absorption in the 20 Mev region of 
excitation is mainly electric dipole, which has the 
isotopic spin selection rule AT= +1.” If isotopic spin is 
a good quantum number, only T= 1 states in O'* should 
be excited by the gamma absorption. Then it would not 
be surprising that there is a difference in the structure of 
the N'(d,n)O" and the photonuclear cross sections. 





n'“a,nyo® 
E4g=1.96 MEV 


Fic. 8. Angular distribu- 
tion of neutrons from the 
N'(d,n)O'® reaction, for 
Ea=1.96 Mev. The data 
points are those of Nonaka 
et al. (reference 3). The solid 
line is a fit to the data using 
the exchange stripping the- 
ory of Owen and Madansky. 
Ri =R,=6.5 fermis. 
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21 W. E. Stephens (private communication). 
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Wilkinson® states that isotopic spin is not a very good 
quantum number in this region, the impurity ranging 
from 10 to 50% in intensity. Better data on all these 
reactions might permit a more accurate determination 
of the impurity. 

An alternative explanation of the difference is that the 
N'(d,n)O" reaction proceeds largely by means of a 
surface reaction, while the photonuclear reactions pro- 
ceed mainly by compound nucleus formation. The 
angular distribution measured by Nonaka et al.’ can be 
fitted reasonably well using the exchange stripping 
theory of Owen and Madansky® mentioned previously, 
as is shown in Fig. 8. If N'*(d,n)O" is predominantly a 
surface reaction, then it may be coincidental that some 

*% D. H. Wilkinson, Phil. Mag. 1, 379 (1956). 
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of the peaks in the yield curve correspond to energy 
levels found in the photonuclear reactions. The discus- 
sion on the N'*(d,z)O'* reaction concerning stripping 
angular distributions and resonant yield curves can also 
be applied to this reaction. 
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Elastic Scattering of C’* from Gold* 


E. GOLDBERG AND H. L. REYNOLDS 
Radiation Laboratory, University of California, Livermore, California 
(Received August 18, 1958) 


The angular distribution of C" ions elastically scattered by gold has been measured at the following 
laboratory energies: 118+2, 101+2, 79.443, and 73.643 Mev. Heavy ions from the Berkeley heavy-ion 
linear accelerator (HILAC) were recorded in two Ilford E-1 plates from a scattering angle of 19° to 159°. 
In all cases the differential cross sections exhibited a Coulomb-like behavior at small angles, a rise above 
Coulomb of about twenty percent as the scattering angle increased, and then a rapid drop below Coulomb 
in much the same manner as alpha particles scattered from heavy elements in the 20-40 Mev range. The 
Blair ‘‘sharp cutoff” model reproduces closely the character of the data; however, small oscillations predicted 
from the model are not experimentally observed. Interaction distances of (11.8+0.3, 12.1+0.3, 11.85+0.4, 
and 11.85+0.45)X10~" cm, respectively, for the foregoing energies are inferred from application of the 


Blair model. 


INTRODUCTION 


ROM the time of Rutherford’s classic experiment,! 
the elastic scattering of nuclear particles has been 
used in the study of the nucleus and nuclear forces. 
Recently the elastic scattering of a particles of inter- 
mediate energy (10-50 Mev) by nuclei has received 
considerable attention.?~? Analysis of this data by 
means of the Blair’ ‘‘sharp cutoff” model and by the 
optical model" has been quite successful. The a- 
particle elastic scattering is particularly useful in the 
* This work done under the auspices of the U. S. Atomic 
Energy Commission. 
1E. Rutherford, Phil. Mag. 21, 669 (1911). 
2G. W. Farwell and H. E. Wegner, Phys. Rev. 95, 1212 (1954). 
3 Wall, Rees, and Ford, Phys. Rev. 97, 726 (1955). 
4 Wegner, Eisberg, and Igo, Phys. Rev. 99, 825 (1955). 
5R. E. Ellis and L. Schechter, Phys. Rev. 101, 636 (1956). 
® Kerlee, Blair, and Farwell, Phys. Rev. 107, 1343 (1957). 
7 J. R. Rees and M. B. Sampson, Phys. Rev. 108, 1289 (1957). 
8 J. S. Blair, Phys. Rev. 95, 1218 (1954). 
9 J. S. Blair, Phys. Rev. 108, 827 (1957). 
1 W. B. Cheston and A. E. Glassgold, Phys. Rev. 106, 1215 
(1957). 
1G. Igo and R. M. Thaler, Phys. Rev. 106, 126 (1957). 


study of the nuclear potential at the edge of the nucleus 
since the mean free path of a particles in nuclear matter 
is small. The mean free path and the ability to penetrate 
barriers will be reduced as the size and charge of the 
elastically scattered particle increases, leading to the 
conclusion that the elastic scattering of particles heavier 
than a particles should provide useful information con- 
cerning the outer surface of the nucleus. 

The first experiment involving the elastic scattering 
of energetic particles heavier than @ particles was done 
by Reynolds and Zucker” and concerned the scattering 
of N* by N™. In spite of the added complexity intro- 
duced by the identical nature of the particles the 
“sharp cutoff” model showed good agreement with 
the results. 

The heavy-ion linear accelerator (HILAC) at the 
University of California Radiation Laboratory pro- 
duces an average beam current of 0.5 wa of heavy ions 
from carbon through neon with energies of 10.2 Mev 
per nucleon. The beam energy may be reduced below 


12H. L. Reynolds and A. Zucker, Phys. Rev. 102, 1378 (1956). 
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Fic. 1. Positions of emulsions in scattering chamber. 


this peak value by appropriate use of absorbers. In 
this paper we discuss the elastic scattering of C” from 
gold at laboratory energies of 118.3, 100.8, 79.4, and 
73.6 Mev. At each of these energies the relative differen- 
tial cross sections as a function of scattering angle have 
been obtained. The differential cross sections exhibit a 
similar behavior to those obtained with a particles. At 
sufficiently small angles the ratio of observed cross 
section to Coulomb cross section is unity. As the 
scattering angle increases, an increase in this ratio of 
about 20% is observed, after which a sharp drop occurs 
which apparently continues beyond the limits of our 
measurements. 

The data have been analyzed in terms of the Blair 
“sharp cutoff” model.* The assumption in this model 
is that the amplitude of the outgoing /th wave is equal 
to zero if the corresponding classical distance of closest 
approach is equal to or less than the sum of the radii of 
the two nuclei. For / values larger than this critical /’ 
the assumption is that the amplitude of the outgoing 
wave is that for pure Coulomb scattering. For the data 
considered, the critical /’ values have been found to 
range from 29 to 65. The calculation reproduces the 
general character of the data. However, the rapid 
oscillations present in the calculation are not observed 
in the experiment. Values for the interaction distance 
have been inferred from the angular distributions. 


EXPERIMENTAL PROCEDURE 


A scattering chamber was constructed which allowed 
a collimated beam of ions to strike a thin gold target. 
The scattered particles were then deflected to nuclear 
emulsions while the main beam passed on to the collec- 
tor cup. The chamber is shown in Fig. 1. 
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A group of interchangeable aluminum foils which 
served to degrade the ion energy preceded the scattering 
chamber. The collimator consisted of two ;-in.X }-in. 
slits separated by 7} in., and defined the beam which 
entered the scattering chamber. In initial studies con- 
siderable fogging of the emulsions occurred. This was 
reduced sufficiently by suitable placement of lead 
absorbers to remove x-rays and by the removal of the 
electrons from the beam. The latter was accomplished 
by straddling the beam with a permanent magnet 
directly in front of the collimator. The magnet caused 
a displacement of ~14° for 2-Mev electrons but only 
~0.12° for 122-Mev C® ions. This insured the removal 
of the electrons but left the C” ions undisturbed. A thin 
aluminum foil (2.81 mg/cm?) was mounted in front of 
the collimator to keep light out of the chamber. 
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Fic. 2. Correction factor vs distance along forward plate. 


The target was an unsupported gold foil, 0.75 
mg/cm? thick. It was prepared by vacuum deposition 
upon a plastic foil. A ring holder was glued to the foil 
after which the plastic backing was stripped away. 
The target was oriented at an angle of 45° to the beam 
so that scattered particles to be detected would not 
strike the ring holder. 

Ilford E-1 emulsions, 200 « thick, acted as detectors. 
The plates were 1 in.X3 in. and were placed in carefully 
machined plate holders. The edge of the plate nearest 
the target rested against a shoulder of the plate holder 
which insured accurate specification of the emulsion 
position with respect to target and beam axis. The 
emulsions, which were uncovered, were held in place 
with a thin film of Duco cement. 
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The angular range covered by the forward plate was 
18.6° to 89.9°, while the rear plate covered 81.3° to 
158.7°. The maximum particle range in emulsion was 
190 uw so that the complete range of the particle was 
observed in the emulsion for all scattering angles. The 
C® ions were identified by their heavy ionization, range, 
and angle of entry into the emulsion. 

After passing through the target, the beam was 
collected in a Faraday cup and measured with a 
standard current integrator. No attempt was made to 
measure absolute cross sections. Two exposures were 
made at each energy, differing in integrated current by 
a factor of ten so that a large variation in scattering 
cross section could be detected with a reasonable 
number of tracks per unit area. The integrated charge 
for the heavier exposures was 1.4 10~* coulomb which 
required about fifteen minutes of exposure indicating 














ALONG FORWARD PLATE (cm) 


Fic. 3. Scattering angle from target in forward plate 
(lab system) vs distance along forward plate. 


an average current of about 1.6 10-* ampere through 
the collimating system. The drop in beam intensity from 
0.5 10-* ampere is due primarily to the collimator. 

The number of tracks per unit area was determined 
with a standard Leitz binocular microscope and a 
Whipple disk. Approximately three hundred tracks 
were counted at each setting. The scattering angle was 
found from measurements of the geometry of the 
scattering chamber. The emulsion holders, target, and 
collimator were all mounted permanently on a single 
plate so that changes in geometry could not occur. 
The geometric correction factor for laboratory cross- 
section determination is shown in Fig. 2. This is simply 
related to the effective solid angle per unit plate area, 
as seen from the target. The scattering angle as a 
function of distance along the forward plate is shown 
in Fig. 3. 
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Fic. 4. Half-width of angular resolution vs scattering angle 
(upper limit). 


The geometry of the scattering chamber was meas- 
ured with calipers and micrometer to an accuracy of 
+0.2 mm. The error in scattering angle due to the 
error in chamber geometry measurements was +0.6°, 
and may be compared to an error of +0.5° which arose 
from chamber orientation with respect to the beam 
axis. However, the major contribution to the angular 
resolution is the finite width of the collimating slits. 
The angular resolution due to slit width is a strong 
function of the scattering angle not only because of the 
change in target-plate distance, but also the change in 
effective target size. The width of the beam on the 
target also changes with energy, because of the use of 
aluminum absorbers in front of the collimator. With 
no absorbers, the width of the beam on target is 1.6 
mm, whereas multiple scattering in the absorbers can 
allow the collimator angle to be filled changing the 
above value to 2.3 mm. In a 5-mil aluminum foil, (the 
maximum thickness used in the present experiment) 
the rms angle of multiple scattering for 100-Mev 
particles is 1.4°. Multiple scattering in the target itself 
is not negligible. For 100-Mev ions, the half-width is 
about 0.6° and is a slight function of angle as well. The 
angular resolution due to finite collimator width and 
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Fic. 5. Maximum error in swath length vs scattering angle for 
different swath half-lengths, i.e., PQ as shown in insert. 
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Fic. 6. Range-energy curve for C” in Ilford Z-1 emulsions. 


multiple scattering in the foil is shown in Fig. 4. It 
has been pointed out by McIntyre™ that a spread in 
beam energy is also reflected as a loss in angular resolu- 
tion. This effect was evaluated by use of the sharp- 
cutoff model. It was found that a half-width in energy 
of 1.7 Mev leads to a half-width in angular resolution 
of 0.65 degrees at 120 Mev. At 70 Mev, this energy 
half-width is equivalent to a half-width in angular 
resolution of 3.4 degrees. Figure 4 does not include this 
contribution. Errors from chamber orientation and 
chamber geometry contribute fixed errors in angle. 

If a large area of the emulsion is scanned so that the 
swath length is appreciable, an error in angle results 
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Fic. 7. Ratio of the differential cross section for elastic scattering 
of C® by gold to Rutherford at Ejy,»=118.3 Mev. The ratio is 
normalized to unity at small angles. Experimental points are 
indicated by dots, and solid curves are those computed from the 
“sharp cutoff” model. 


18 J. A. McIntyre (private communication). 
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since the true scatter angle is not constant along a line 
in the plate normal to the base plane. The maximum 
change in angle as a function of scattering angle for 
various half-lengths of the swath (i.e., distance moved 
away from the plate center) is shown in Fig. 5. The 
distance in question was usually less than 3 mm result- 
ing in a negligible error in angle. Corrections were made 
where the displacement was excessive. Note that the 
finite height of the collimator slits acts in a similar 
way. The true scattering angle exceeds the scattering 
angle of Fig. 3 by not more than 0.2° and is therefore 
neglected. 

The initial energy of the beam is known to be 122+2 
Mev from the length and radio-frequency of the ac- 
celerator.* Phase acceptance conditions are expected 
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Fic. 8. Ratio of the differential cross section for elastic scattering 
of C® by gold to Rutherford at Ey= 100.8 Mev. 


to give rise to a beam energy spread of 3% full width; 
the peak of the energy distribution may vary by +2 
Mev from the calculated energy. The shifts could arise 
from such effects as nonuniform voltage gradients 
within the main HILAC tank. The energy of the beam 
can also be determined from the range of the scattered 
particles in the emulsion if the range-energy curve in 
emulsion is known. Miller'® has given an experimentally 
determined range-energy curve of C” ions in emulsion, 
which is shown in Fig. 6 together with the same curve 
for a particles. This can be checked for the upper 
energy point by comparison with the known energy of 
14. Hubbard (private communication). 


16 J. F. Miller, University of California Radiation Laboratory 
Report, UCRL-1902 (unpublished). 
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the beam from the accelerator. The measured range for 
the particles scattered at 20° for the maximum energy 
plate is also shown. Before reaching the plate the beam 
passed through 2.81 mg/cm? of aluminum and 0.94 
mg/cm? of Au. The energy loss in these materials can 
be determined by multiplying the energy loss of equal- 
velocity a particles by nine since the carbon ions are 
completely stripped of electrons at these energies. The 
energy obtained for the beam was 124.2 Mev, indicating 
that Miller’s range curve" is in disagreement by 2 Mev, 
or 1.7%. For the lower energy exposures this same 
percentage was used to correct the energy as obtained 
using Miller’s curve. The exposure at the second to 
highest energy gave a HILAC energy of 125.4 Mev, 
knowing the aluminum absorber thickness and using 
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Fic. 9. Ratio of the differential cross section for elastic scattering 
of C® by gold to Rutherford at Ej, =79.4 Mev. 


Miller’s curve; C” energy loss was inferred from a- 
particle loss in aluminum since the C” should be fully 
stripped. The lowest energy exposure gave a HILAC 
energy of 127 Mev, but since the latter number has 
the largest uncertainty it is not taken seriously. It is 
thought proper than an uncertainty of +3 Mev 
should be assigned to the lowest energy exposure. 
Since the thickness of aluminum absorber was not 
registered for the second to lowest energy exposure, the 
energy is cited according to the recipe where comparison 
of range to Miller’s curve is made. An uncertainty of 
+3 Mev is also assigned to this exposure. The average 
energy loss in the gold foil was <1 Mev. It has been 
assumed in the determination of the energy of the 
carbon ions at the time of scattering that the scattering 
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Fic. 10. Ratio of the differential cross section for elastic scattering 
of C® by gold to Rutherford at Eis,=73.6 Mev. 


took place when one-half of the foil had been penetrated 
by the beam. 


RESULTS 


The data are presented in Figs. 7, 8, 9, and 10 for 
laboratory energies of 118.34+2.0, 100.8+ 2.0, 79.4+3.0, 
and 73.6+3.0 Mev, respectively. The differential cross 
section in the center-of-mass system, o(@), divided by 
the Coulomb cross section in the center-of-mass system, 
oc(@), is plotted versus the scattering angle in the center- 
of-mass system. For purposes of normalization, it has 
been assumed that the ratio fluctuates around unity at 
small angles. Each point represents 300 tracks giving a 
statistical standard deviation of approximately 6%. 
The curves shown are the results of calculation and will 
be discussed later. The errors in counting the tracks 
are less than 1% as shown by the comparison of counts 
for the same area, carried out by independent observers. 

At all of the energies the measurements were carried 
out to angles where the cross section was approximately 
zo of the Coulomb cross section. At this point the prob- 
lem of particle identification occurred. This is illustrated 
in Fig. 11 where a plot of the range spectrum is given 
at a laboratory angle of 48.9° for the 118.3-Mev plate 
where o(6)/oc(8)<0.1. The spectrum is considerably 
broader than shown in Fig. 12, which is for a laboratory 
angle of 23.7°, indicating that inelastic events and 
fragmentation are very likely occurring at 48.9°. The 
broadening in the spectrum is not observable for this 
plate where o(6)/oc(@) 20.2. Although a careful selec- 
tion of tracks could eliminate most of the inelastic 
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>. 11. Range spectrum of C” tracks at Eja,»= 118.3 Mev 
and Decatter = 48.9°. 


events, the removal of particles where A or Z has 
changed slightly would be very difficult. Accordingly 
efforts were not made to extend the measurements 
beyond the point where o(6)/ac(@) was 0.1. It is quite 
possible that inelastically scattered particles which 
have been degraded only one or two Mev are included 
as elastic particles. For example, when Ej,4)= 118.3 Mev 
and 6,.= 23.7°, the width of the energy spectrum was 
2.7 Mev at half-maximum height. 

Since routine current measurements were made it is 
possible to determine the absolute cross section to 
check the internal consistency of the measurements. 
It was found that the absolute cross sections in the 
Coulomb region were in agreement with the calculated 
values to within 30%. 

For the lowest energy plate (73.6 Mev, Fig. 10) the 
region from 20° to 50° should have a zero slope of 
a(6)/oc(@) since it would not be expected that the 
nuclear potential would affect the cross section here 
other than to cause minor oscillations. However, in 
this region the value of o(6)/oc(@) changes by 5%. 
This would occur if the scattering angle was in reality 
0.5° larger than determined from the geometrical 
measurements. Such an error is within the expected 
deviation in angle, and could be accounted for if the 
chamber axis were out of line with the beam axis to 
the extent of 0.5°. 


DISCUSSION 


The elastic scattering of a particles from heavy nuclei 
shows the same initial rise and subsequent sharp drop 
in o(@)/oc(@) with increase in scattering angle that is 
exhibited by the present C” data in Figs. 7 through 10. 
As would be expected, the a-particle data is fitted to a 
high degree of precision by optical model calcula- 
tions." Of other attempts at analysis the most 
successful has been the “sharp cutoff” model of Blair.*- 
Modifications of the Blair model by reducing the sharp- 
ness of the cutoff have not appreciably improved the 
agreement with the data.** In the Blair model the 
nucleus and scattered particle are considered spherical 
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with definite radii. It is assumed that if the potential 
barrier of the /th wave allows the particles to overlap, 
the outgoing /th wave is destroyed. Analytically the 
amplitude for pure Coulomb scattering can be repre- 
sented as a summation over / from zero to infinity of 
the amplitude for each of the outgoing / waves. Blair’s 
model subtracts from this summation the contribution 
of the / values from zero up to the critical or cutoff /’ 
value. The ratio of the cross section to the Coulomb 
cross section can be represented as 
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o(6) af 2 
er simu“ p Be (2/+-1) P:(cosé) cos? | 
oc (0 7 0 
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m Vv 2 
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n=2Ze"/hv, 


where 


i 
Vi=2 > arctan(n/l”), Vo=0, 


1’ 
pu’ =n sin?(@/2) 
p* =n In sin?(6/2). 


Because of the simplicity of this model and its success 
in predicting the a-particle scattering results, it has 
been used to interpret the carbon scattering data. 
Since the cutoff /’ value is 65 for the maximum energy 
measured the calculation was coded for the IBM 650 
computer. A calculation at one-degree intervals from 
20° to 120° with a cutoff /’ value of 100 required approxi- 
mately twenty minutes of computing time. Five ad- 
jacent cutoff /’ values were treated simultaneously, and 
were centered around a specified /’. 

Comparison of the “sharp cutoff” model with the 
optical model for a-particle scattering have been made 
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by Cheston and Glassgold® and Blair.’ The former 
show with an optical model that the / value contribu- 
tions to the reaction cross section in a-particle scattering 
decrease rapidly in the vicinity of Blair’s critical / value. 
This substantiates the assumption of Blair that the 
nucleus absorbs all particles with orbital angular 
momentum less than the critical value /’. The applica- 
bility of the Blair model is determined by the sharpness 
of the cutoff. If the cutoff is to be sharp, there must be 
no leakage of particles through the barrier for / values 
greater than /’ and no reflection of particles with / 
values less than /’. As stated by Blair,’ the change from 
pure Coulomb scattering to complete absorption as / 
decreases will be more rapid for heavy ions than for a 
particles of the same velocity because of the decreased 
transmission and reflection of the barrier. 

The calculations are shown together with the data 
in Figs. 7 through 10. The rise and sharp break are 
reproduced well. However, the oscillatory behavior is 
more extreme than that of the data. The calculated 
cross-section ratios for three adjacent cutoff J’ values 
have been placed on each curve. The data have been 
reproduced for each of the curves. 

The emulsions were carefully scanned in the regions 
preceding the rise, at the rise, and at the falloff. The 
dip preceding the rise which was predicted by the 
sharp cutoff model was not observed experimentally. 
Statistics of +3% were realized in the exposures at 
73.6 and 79.5 Mev in the regions where the dip before 
the rise was expected. 

Calculations on the C-Au system at a few different 
energies using the sharp cutoff model were performed 
at large scattering angles (beyond those investigated 
in the experiments). They showed a levelling off and 
oscillation around the cross-section ratio value of about 
0.03. Inasmuch as the experimental data did not cover 
cross-section ratios below 0.1, no judgment can be made 
in regard to these sharp cutoff predictions. In a-particle 
scattering experiments, it was clearly demonstrated 
that the cross-section ratio continued to drop with 
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Fic. 13. Cross-section ratio as a function of apsidal 
distance at various energies. 
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TABLE I. Cutoff l’ values and reaction cross sections. 


Eo.m.(Mev) Vv or (barns) 


111.6+2 
95.142 
74.943 
69.4+3 


63+1.5 
55+1 
36+1 
29+1 


increase in scattering angle which contrasted with 
sharp cutoff calculations. The latter tended to oscillate 
around a value of 0.1.4 

The experimental angular distributions of Figs. 7 to 
10 have been transformed to cross-section ratios as a 
function of apsidal distance. The results are shown in 
Fig. 13. A good deal of similarity is noted among the 
four curves. Differences can be attributed to effects of 
interference among the partial waves. Alpha particles 
are seen to behave in a like manner.‘ 

In trying to decide which cutoff / value gives the 
best fit to the data one must decide where the calcula- 
tion, which is admittedly crude, should represent the 
data most accurately. The small oscillations in the 
calculation are due to the sharpness of the cutoff. 
Since the cutoff in nature will not be this sharp, it 
would be expected that these oscillations should be 
smoothed to some extent. It has been shown” that if 
one observes the amplitude of the real part of the /th 
partial wave as a function of /, it is oscillatory in sign 
as well as magnitude except in the neighborhood of the 
classical angular momentum / value, i.e., /*= 1 cot (6/2). 
Here the amplitudes are all of positive sign. A similar 
behavior by the imaginary part of the /th partial wave 
is to be expected. The identity of signs of the partial 
waves in the region of /* causes a sharp drop in cross 
section if these partial waves are removed; oscillations 
may be expected to persist even in the region of the 
sharp drop but should have a very minor effect on the 
position of the drop. It appears that the best region for 
fitting the calculation to the observations is in the 
region of the sharp drop in cross section. 

Using this criterion, values of cutoff l’ have been 
chosen and are listed in Table I. From the cutoff / value, 
l’, the interaction distance, R, can be obtained from 
the equation: 





ZZe€ hl’ (l'+1) 
+ =, 
R 2uR? 


Eo.m.= 


In Fig. 14 the cutoff / value as a function of center-of- 
mass energy has been plotted for several R values. The 
selected / values are shown at the four energies. 

The interaction distances at laboratory energies of 
73.643, 79443, 100.842, and 118.342 Mev are 
(11.854+0.45, 11.8540.4, 12.140.3, and 11.8+0.3) 
X10-" cm, respectively. The variation of the inter- 
action distance with energy is within the probable 
error. In the case of a-particle scattering it has been 
noted that the interaction radius decreases with 
increasing radius.’ If the relation Ro=r0(A,'+-A;!) is 
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Fic. 14. Interaction distance for C“+ Au” at different 
c.m. energies inferred from ‘‘sharp cutoff’’ model. 


employed, ro is 1.47X10-" cm for an interaction 
distance of 11.9 10-" cm. The uncertainties in R were 
determined from the dependence of R on E and /’. The 
latter quantity enters both explicitly and implicitly, 
for not only is there the uncertainty in the best choice 
of l’ from the fits of data to theoretical curves, but also 
an error in E produces a set of /’ curves based on this 
erroneous £. It was necessary to calculate the angular 
distributions according to the sharp cutoff model at an 
energy slightly displaced from the correct values to 
appraise the latter effect. The interaction cross sections 
have been computed using the relation 
v 


or=aKX* >> (2/+1), 
0 


and are given in column 3 of Table I. 

The imaginary component of the nuclear potential, 
V,, accounts for the absorption of the incident C” 
particle. A crude but explicit expression which relates 
the mean free path of the C” particle to this potential 
in the peripheral region is'® 


1 4u V; $ ; 
” h? E- Vecout ward V, 


‘6 Eisberg, Gugelot, and Porter, Brookhaven National Labora- 
tory Report BNL-331, 1955 (unpublished). 
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If, in the peripheral region, the potentials are assumed 
to be Vi~—20 Mev, Vi~—10 Mev, and Voour~60 
Mev, the mean free paths are ~1.2X10-" cm at 
FEe.m.= 112 Mev and ~0.8X 10-* cm at Eo.m.=69 Mev. 
These values are smaller than those of @ particles at 
corresponding velocities" because of the reduced mass, 
u. One would expect, for such small mean free path 
values, that the interaction is almost completely deter- 
mined by the tails of the nuclear potentials, V, and Vj. 
The latter component is seen to be the much more 
important of the two. The variation of mean free path 
with energy would indicate an increase in interaction 
distance with a decrease in energy as observed with a 
particles. However, the variation is very slight and it 
is entirely reasonable to expect that the correlation is 
masked in the present findings by experimental un- 
certainties. Data of higher accuracy and with better 
angular resolution would be of great value in deter- 
mining the actual dependence of interaction distance 
on energy. Analysis of the present data by optical 
model procedures should clarify some of these questions. 
Such an analysis should establish further insight into 
the nature of the nuclear potential in the region of the 
nuclear surface. 
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Note added in proof. If relativistic effects are taken 
into account, the HILAC energy is found to be 124.5 
Mev rather than 122 Mev. The quoted energies should 
therefore be increased by about two percent. The sharp 
cutoff calculations remain valid except for the fact that 
they apply to the new energy values. Interaction dis- 
tances are found, as a result, to decrease by one percent 
from the quoted values, and are assigned at the new 
energy values. 
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The scattering of 18.7-Mev alpha particles from Ag, Cu, and Al was studied from 10° to 170° with rms 
angular resolutions of 0.4° to 0.85°. The scattered alpha particles were separated from singly charged re- 
action products with the aid of a proportional counter, and their energies were measured with a CsI (TI) 
scintillation spectrometer. The elastic scattering for Ag shows the “exponential” dropoff from the Coulomb 
cross section, without any pronounced structure at large angles. For Cu, definite changes in the slope of the 
dropoff are observed up to 120°, followed by a shallow minimum near 130° and a very deep, narrow mini- 
mum at 162° (c.m.). The interaction radii deduced from the strong-absorption model agree with those 
found at higher energies. From the diffraction-like pattern found for Al, an interaction radius of 6.4X10™" 
cm is derived, appreciably larger than the one obtained at 40 Mev (5.4X10~" cm). There are indications 
that a direct-process interpretation of the inelastic scattering from Al is possible. 


I. INTRODUCTION 

HE reasons for the renewed interest in alpha- 

particle scattering are discussed by Seidlitz, 
Bleuler, and Tendam! and need not be repeated here. 
After the preliminary measurements of the scattering 
of 19-Mey alpha particles from Al and Cu performed by 
Bleuler and Tendam,? a more thorough study of the 
scattering of alpha particles by light nuclei was started 
in this laboratory. Seidlitz ef a/.' used gas targets (Ne, 
A) and photographic-plate registration whereas the 
present work, done concurrently, employed metal-foil 
targets (Al, Cu, Ag) with electronic detection tech- 
niques. Emphasis was laid on good geometry (rms 
angular width <0.5°) and a large range of angles (10° 
to 170°), scanned in small steps (2° or less). The small- 
ness of the steps and the extension of the range of 
scattering angles to the far backward direction were 
prompted largely by the narrow oscillations of the 
cross section for elastic scattering and its rise at large 
angles obtained in the strong-absorption theories.’ 


II. EXPERIMENTAL METHOD AND TECHNIQUE 


The alpha-particle beam is brought out of the cyclo- 
tron room and focused by a pair of quadrupole mag- 
nets. It then enters a scattering chamber and is 
scattered by various foils. The scattered particles are 
detected in a detection head whose position can be 
varied continuously from 10° to 170°. Reaction prod- 
ucts are separated electronically, and the energy of the 
scattered alpha particles is recorded with the help of 
a multichannel analyzer. 


Scattering Chamber 


The 18-inch scattering chamber described by Seidlitz, 
Bleuler, and Tendam! was modified and used for this 
work. A cross section of the chamber is shown in Fig. 1. 


t Work supported in part by the U. S. Atomic Energy Com- 
mission. This article is based on a doctoral thesis submitted by 
O. H. Gailar to the faculty of Purdue University. 

* Now at Combustion Engineering, Inc., Windsor, Connecticut. 

1 Seidlitz, Bleuler, and Tendam, Phys. Rev. 110, 682 (1958). 

2 E. Bleuler and D. J. Tendam, Phys. Rev. 99, 1605 (1955). 

3 J. S. Blair, Phys. Rev. 95, 1218 (1954). 

4 Wall, Rees, and Ford, Phys. Rev. 97, 726 (1955). 


Beam Collimation 


The defining apertures of the collimator limit the 
maximum divergence of the beam to +0.5°. An insu- 
lated probe, P, can be inserted behind the first dia- 
phragm to aid in maximizing the beam entering the 
the colllmator. The chamber is than aligned with the 
beam direction by rotations about a vertical and a 
horizontal axis in the vicinity of the collimator entrance 
aperture. 


Foil Ladder 


Four different scattering foils are positioned in a 
“foil ladder” at the center of the chamber. The ladder 
may be raised or lowered to bring the various scattering 
foils into the path of the beam without breaking the 
vacuum. Foils of Al, Cu, Ag, and Au with a nominal 
thickness of 0.0001 inch were used. The Au foil was 
included for alignment and control purposes. 


Beam Measurement 


The beam passing through the targets is collected in 
a Faraday cup of 18-inch depth. The large depth was 
chosen in order to reduce the background at the count- 
ing head produced when the beam strikes the collector, 
and to minimize the escape of secondary electrons. 
The latter is further reduced by a transverse magnetic 
field near the entrance to the collector, produced by a 
set of permanent magnets. The collected charge is 


Foil Lodder To Counting Head 
\ 











Fic. 1. Scattering chamber. 
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measured with a current integrator patterned after the 
one described by Higinbotham and Rankowitz.* 

The energy of the alpha particles entering the 
scattering chamber was determined by measuring its 
mean range in Al.® 


Monitors 


Two holes at approximately +18° to the direction 
defined by the collimator were bored through the wall 
of the chamber. A monitor consisting of a scintillation 
crystal and a photomultiplier was placed behind each 
hole. These monitors were carefully adjusted to make 
equal angles with the direction defined by the collima- 
tor. They were used to align the scattering chamber 
with the focused beam (within the small angular diverg- 
ence permitted by the colllmator) and to give a check 
on the beam current as measured by the Faraday cup. 


Rotating Lid 


The scattered particles or reaction products reach 
the detector through a brass tube which passes at an 
angle of 10° through the lid. In order to vary the 
scattering angle the lid was rotated, guided by a brass 
ring soldered to it and bearing against the chamber wall. 
It was necessary, unfortunately, to let the chamber down 
to atmospheric pressure each time the scattering angle was 
changed. Suitable gate valves and by-pass systems 
were arranged so that the chamber could be re-evacu- 
ated in from 15 to 20 minutes. Future work will be 
done using a ball-bearing race, and it will not be neces- 
sary to break the vacuum. 


Detection Head 


The detection head consists essentially of a thin 
proportional (dE/dx) counter and a scintillation crystal 
(£) counter. Figure 2 shows a cross section of this 
detector. The scattered particles pass from the vacuum 
of the scattering chamber through a Mylar or Al window 
into the gas of the proportional counter. They traverse 
the latter lengthwise, losing a fraction of their energy. 
They then pass through the defining aperture (}- or ;¢- 
inch diameter) and are stopped in the Nal or CsI 
scintillator. Limiting diaphragms between the defining 
aperture and the target allow the crystal to see the 
entire beam spot on the scattering foil, but not the foil 
holder. The proportional counter contains a mixture of 
CH, and either argon or helium at atmospheric pres- 
sure, under continuous flow. 


Electronic Technique 


A usual fast-slow coincidence arrangement was con- 
structed similar to the one described by Blue and Bleuler.’ 


5W. A. Higinbotham and S. Rankowitz, Rev. Sci. Instr. 22, 
688 (1951). 

6 Gailar, Seidlitz, Bleuler, and Tendam, Rev. Sci. Instr. 24, 126 
(1953). 

7 J. W. Blue and E. Bleuler, Phys. Rev. 100, 1324 (1955). 
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AND TENDAM 


The E and dE/dx pulses were amplified by fast (25 
Mc/sec) amplifiers and a fast coincidence (resolving 
time approximately 40 mysec) was made between them. 
This insured that the particle being counted passed 
through both counters, and came from the correct 
direction. The E and dE/dx pulses were also amplified 
by linear amplifiers, the amplified E pulse going to a 
20-channel analyzer, the dE/dx pulse to a single-channel 
analyzer. The output of the single-channel analyzer 
made a slow coincidence with the output of the fast 
coincidence circuit ; the resulting coincidence pulse was 
suitably shaped and used to trigger the 20-channel 
analyzer. 


III. PRELIMINARY MEASUREMENTS 
AND CALCULATIONS 


Separation of Particles 


The proportional counter is used to distinguish the 
elastically and inelastically scattered alpha particles 
from reaction products — He’, H*, H?, H'. Since the 
(a, He*) reactions with Al and Cu are endoergic by more 
than 12 Mev, and only inelastic scattering with energy 
loss of 1-2 Mev was investigated, no discrimination 
against He* was necessary. The (a,/) and (a,d) reactions 
have Q values of about — 10 Mev, whereas those of the 
(a,p) reactions are of the order of —2 Mev. The chief 
reaction products to be eliminated are protons and 
possibly, at large angles, deuterons. 

The discrimination is made easy by the fact that the 
rate of energy loss of an alpha particle is four times 
larger than that of a singly charged particle of the same 
velocity. For an argon-filled counter one estimates, 
using a mean excitation potential of 200 ev, that the 
ionization produced by an alpha particle with energy 
less than 19 Mev is larger than that produced by pro- 
tons of energy above about 0.5 Mev or deuterons of 
energy above 1 Mev. The pulse height produced by the 
latter in the scintillation counter corresponds to that of 
an alpha particle of less than 3 Mev.* In principle, then, 
if only those events are accepted in which the pulse in 
the proportional counter is larger than that due to a 
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Fic. 2. Detection head; proportional-counter, 
scintillation-counter telescope. 


*F. S. Eby and W. K. Jentschke, Phys. Rev. 96, 911 (1954). 
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19-Mev alpha particle, one is sure that the scintillation 
detector counts exclusively alpha particles,. provided 
the pulse height corresponds to an alpha energy be- 
tween 3 and 19 Mev. In practice, the acceptable energy 
interval is appreciably less because of the straggling of 
both the proportional-counter and the scintillation- 
counter response and because of the finite amount of 
energy lost by the alpha particles in the proportional 
counter and in the gas space between the two counters. 


Calibration of dE/dx vs E Pulses 
for Alpha Particles 


Since the energy of the scattered alpha particles 
depends on the particular scattering foil (loss of energy 
due to ionization) and on the scattering angle (transfer 
of energy during the collision), the dE/dx and E pulse 
heights changed from one scatterer to another, and 
from one angle to another. In order to know the setting 
at which the dE/dx single-channel analyzer gates the 
20-channel analyzer for the correct-energy alpha par- 
ticles, a calibration curve was determined. 

The alpha beam was scattered by an Au foil, and the 
scattered particles were observed at an angle of approx- 
imately 30°. The Au foil was chosen in order to reduce 
the number of reaction products in the scattered beam 
and to give a large counting rate. To simulate the 
change in energy of the alpha particles scattered into 
the detection head during the actual measurements, 
aluminum foils of various thicknesses were inserted 
into the path of the incident beam. As the foil thickness 
increased and the energy of the alpha beam decreased, 
the dE/dx pulse height increased and the E pulse height 
decreased. The center of the region on the dE/dx 
single-channel analyzer discriminator at which the 20- 
channel analyzer was gated for the various alpha- 
particle energies was recorded. A curve of this dE/dx 
pulse height vs the £ pulse height was drawn and used 
during the actual scattering experiment to determine 
the correct setting of the single-channel analyzer. 








Fic. 3. Pulse-height distribution of particles observed at 131° 
with an Al target. a: analyzer not gated, mostly protons from 
(2,9) reactions. b: analyzer gated for alpha particles. The ordinate 
scale for 6 is expanded by a factor 2 10. 
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Fic. 4. Elastic scattering of 18.70-Mev alpha particles by Ag. 
The Rutherford cross section is given by o(@)rg=35.1 csc*(#/2) 
mb/sterad. 


Multiple Scattering 


In the calculation of the cross section it is assumed 
that the number of particles counted is proportional to 
the solid angle subtended by the defining aperture 
(see Fig. 2) at the target. In the actual measurement, 
however, a certain fraction of the particles entering the 
detection head in the proper direction will be lost be- 
cause of multiple scattering in the window and the gas 
of the proportional counter. For a given geometry and 
given materials the loss depends on the alpha-particle 
energy only. Since the calculation of the correction 
appeared rather complicated, it was determined experi- 
mentally by counting the number of alpha particles 
scattered from a gold foil at a fixed angle with and 
without counter window and gas. The energy of the 
scattered particles was varied by reducing the beam 
energy with Al absorbers. With the A+CH, filling, 
losses up to 30% were observed at the low alpha 
energies corresponding to backscattering from Al. For 
most of the measurements, He+CHy, was used as the 
counter gas. 


IV. RESULTS AND DISCUSSION 
Sample Scattering by Aluminum 


Figure 3 is a sample of the energy spectrum of the 
particles observed at a laboratory angle of 131° with an 
Al target. Curve a shows the total spectrum, measured 
with the dE/dx selector inoperative; curve 6 exhibits 
the alpha-particle spectrum. No identification of the 
various peaks is made here, since it is only the highest, 
or elastic scattering, peak which is being studied. Some 
separation of elastic from inelastic scattering was neces- 
sary, however, and data on inelastic scattering ob- 
tained in this way are also presented. 


Elastic Scattering by Ag, Cu, and Al 


Curves of o(®)/o(#)z vs ® for elastic scattering from 
Ag, Cu, and Al are given in Figs. 4, 5, and 6. The alpha- 
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Fic. 5. Elastic scattering of 18.68-Mev alpha particles by Cu. 
The Rutherford cross section is given by o(@)g=14.1 csc*(#/2) 
mb/sterad. 


particle energies quoted are the laboratory energies at 
the center of the target. In general, measurements were 
taken in steps of 2°, but additional readings were taken 
near deep minima. The rms deviations of the accepted 
scattering angles, due to the finite solid angle and mul- 
tiple scattering in the target, were 0.4° to 0.5° for Al, 
about 0.75° for Cu, and 0.85° for Ag. No resolution 
corrections were applied to the data since they were 
insignificant everywhere except at the deepest minima. 
There, they are small compared to the statistical error 
and the systematic error arising from the separation of 
the elastic and the inelastic groups. The latter may be 
as high as 20% at a few unfavorable angles, whereas the 
former were always kept below 5% and are negligible 
at most angles. 


Ag 


The general trend of o/cr is quite similar to that 
observed by Wall, Rees, and Ford‘ at E,=21.2 Mev. 
Our measurements extend to larger angles and (prob- 
ably as expected) fail to show any strong structure or 
rise of the kind obtained from the semiclassical strong- 
absorption model. It is doubtful if the sharp minima 
shown in Fig. 4 should be considered as real; lack of 
time prevented a thorough check. 

From the crossover criterion of Kerlee, Blair, and 
Farwell,’ an interaction radius of 9.4X 10~-" cm is calcu- 
lated, in good agreement with the best-fit radii of 
9.38X10-" cm at 21.2 Mev‘ and 9.26X10-" cm at 
38.6 Mev" given in Blair’s newest analysis." 


Cu 


For purpose of comparison the angular distribution 
obtained by Bleuler and Tendam* is also shown in 
Fig. 5. The agreement is very good, insofar as all small 
changes in slope as well as maxima and minima coincide. 
The extension to larger angles in the present work re- 


® Kerlee, Blair, and Farwell, Phys. Rev. 107, 1343 (1957). 
© Tgo, Wegner, and sang Phys. Rev. 101, 1508 (1956). 


4 J. S. Blair, Phys. Rev. 108, 827 (1957). 
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vealed the very deep minimum at 162° whose explana- 
tion presumably will provide a rather stringent test for 
an accurate theory. 

The crossover criterion would yield an interaction 
radius of 9.0X10—"* cm. If o/er is normalized to unity 
at small angles (the direct determination gave 0.90), 
the crossover radius is reduced to 8.5 10— cm which 
is still fairly large. On the other hand, Blair" found a 
best-fit radius of 8.1510- cm for the old measure- 
ments; the crossover criterion probably becomes less 
reliable the more oscillatory the experimental distribu- 
tion is. 


Al 


Again, there is good agreement with the previous 
results. The present work shows deeper minima, as is to 
be expected because of the better angular resolution. 
The very narrow minimum near 127° had escaped de- 
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Fic. 6. Elastic scattering of alpha particles by Al. @ Present 
data, 18.82 Mev. The Rutherford cross section is given by o(®)z 
= 3.27 csct(@/2) mb/sterad. O Bleuler and Tendam,? 18.95 Mev. 
a Control measurements with plates, 19.52 Mev. The arrows 
indicate the zeros of j,(¢R) for R=6.41X10-" cm. 


tection in the original measurements. It was checked 
independently with the aid of photographic plates 
positioned behind an array of slits every 2.5°. The 
results confirm the existence of the minimum. Between 
the two runs, the cyclotron had been reshimmed and 
the beam energy was increased. It is probable that the 
difference in the width of the minima is due to this 
energy shift. 

There is a striking contrast between the back-angle 
distribution (@> 130°) for Al and the distributions ob- 
served by Seidlitz et al.’ for Ne and A. The latter ex- 
hibited pronounced minima and maxima whereas the 
present Al curve shows essentially only a general rise. 
Some of the rapid fluctuations indicated in Fig. 6 are 
undoubtedly spurious. 

An interaction radius may be calculated by assuming 
the approximate validity of the Born-approximation 
formula for scattering from a square-well potential and 
identifying the minima with the zeros of ji(gR) 
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=ji(2kR sin(#/2)),” where k is the wave number of the 
system. The resulting value of 6.4 10" cm is appreci- 
ably larger than the value (5.4X10~-" cm) found by 
Igo et al. at 40 Mev, but agrees with the general trend 
at 18-19 Mev observed by Seidlitz et al. 


Inelastic Scattering 


The inelastic peaks observed do not correspond to 
single alpha-particle groups. For Al, the groups from 
transitions to the first two excited states at 0.842 and 
1.013 Mev are not resolved. The inelastic peak for Cu 
is due to at least four transitions, i.e., those to the two 
lowest levels in each isotope. 

Figures 7 and 8 show the angular distributions ob- 
served for Al and Cu. In both cases, the elastic peak is 
so much larger in the forward direction that the inelastic 
peak could not be measured with any reliability. As in 
the case of the elastic scattering, some of the rapid 
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Fic. 7. Inelastic scattering of 18.82-Mev alpha particles by 
Al; 0= —0.842 and —1.013 Mev. The arrows indicate the zeros 
of j2(qR) for R=6.41X 10-8 cm. 


fluctuations at large angles are doubtful ; the curves are 
shown chiefly to illustrate the general trend. 

The angular distribution for Al is much less regular 
than that found for Ne, A,' and Mg.” The same dif- 
ference was observed for elastic scattering; it is prob- 
ably due to the fact that Al has odd Z. In view of the 
success of direct-interaction theories for Ne, Mg, and 
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Fic. 8. Inelastic scattering of 18.68-Mev alpha particles by 
Cu; Q=—0.67 to —1.14 (—1.7?) Mev. 


A, one may try to apply them to Al. The spin of the 
ground state is 3, with negative parity, whereas the 
excited states are $~ and $-. The chief contribution to 
both transitions would have an angular dependence of 
the type [7j2(gR) ? where g is the magnitude of the 
difference between initial and final wave vector. The 
arrows shown in Fig. 7 indicate the zeros of this func- 
tion for a radius of R=6.41X10-" cm. There appears 
to be a fair correlation with the minima of the distribu- 
tion. For the transition to the second excited state 
there could also be a contribution involving 7;(¢R) 
since a vectorial spin change of 4 units (}- — }-) is 
possible. No attempt has been made to include this or 
to use the more elaborate formulas given by Butler,™ 
since the groups corresponding to the two levels were 
not separated. 
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Photoexcitation of Pb?’’™ 
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The 0.8-sec isomeric activity in lead has been excited by the photoneutron reaction in Pb™ and the relative 
cross section has been calculated from the measured yield. The cross section presents an extremely sharp 
peak in the giant resonance region with half-width not greater than 2 Mev. 

The isomeric level excitation efficiency, o(y,ny’)/o(y,n), has been calculated: it reaches a maximum value 
of 5%, which may be compared with the same quantity relative to inelastic neutron scattering in Pb™’, that 
already at the energy of 11 Mev, in the compound system, assumes a 14% value. 

A discussion is given to explain the complete disagreement between the above two values of the excitation 
efficiency, which is attributed to the difference in angular momentum transferred to the compound system 


in the above two reactions. 


1. INTRODUCTION 


HE study of Pb”” appears to be particularly 

interesting from the point of view of the shell 

model, as this nucleus is “magic” in protons and has a 
single hole in the neutron shell. 

A 0.8-sec metastable state of Pb’ has been found to 
follow 8 decay of TI’, K-capture in Bi*”’, and decay 
of Po*". This isomeric state can also be excited directly 
in many nuclear reactions.'* Among them, the following 
have been used: 


(I) Pb**(d,t)Pb””™, 
(Il) Pb*?(n,n’)Pb”™™. 


In particular, the (,n’) reaction has been elegantly 
employed by Campbell and Stelson* in studying the 
characteristics of this metastable state, measuring the 
half-life (0.83 sec), and determining the excitation 
function of reaction (II) at various energies up to 3.2 
Mev of the incoming neutron [see Fig. 1(b) ]. In their 
paper we also find the excitation function calculated 
on the assumption of formation of the compound 
nucleus and with the energy level scheme of Fig. 1(a), 
as proposed independently by different authors.‘ The 
calculated curve fits the experimental points very well, 
indeed. 

In principle this metastable state can also be excited 
in at least two types of nuclear photoreactions: 


(III) Pb*?(y,y’)Pb”™, 
(IV) Pb*8(y,ny’)Pb”™. 


Since natural lead contains both Pb” (21%) and Pb”* 
(52%), the contribution of reaction (III) could be 
detectable below the (y,) threshold, while reaction 
(IV) should become predominant at higher energies. 


* On leave from the University of Sao Paolo, Sao Paolo, Brazil. 
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(1950). 

3 E. C. Campbell and P. H. Stelson, Phys. Rev. 97, 1222 (1955). 

4M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
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A preliminary study of processes (III) and (IV) in 
Pb was done by Bendel et a/.* in 1955 using the brems- 
strahlung x-rays from the betatron at the Naval 
Research Laboratory. These authors found that the 
threshold of process (IV) was well above what could be 
predicted, and also that any yield from reaction (III), 
if present, was below the sensitivity of their apparatus 
and could not be detected. 

In the present work we have tried to investigate 
further the same processes (III) and (IV) in order to 
contribute quantitative data for what had been pre- 
sented mostly in a qualitative way. For this purpose, 
we have proceeded to measure accurately the excitation 
function leading to Pb*”’ metastable state, to determine 
the absolute value of the yield and to calculate the 
relative cross sections. 


2. EXPERIMENTAL APPARATUS 


We used for these measurements the x-rays from the 
betatron of the University of Turin. The beta- 
tron was operated at a fixed amplitude of the 
magnetic field and the energy of the electrons at the 
time of expansion was controlled manually by adjusting 
the phase of the expander circuit. A special device® 
was used to obtain a convenient energy stability 
(+30 kev at 15 Mev); it uses a megavoltmeter, 
giving a dc signal proportional to the flux at the 
moment of the x-ray burst multiplied by the 
frequency of the ac line. This voltage is measured by 
means of a potentiometer whose output is not constant 
but strictly proportional to the line frequency. The 
potentiometer was checked periodically with a Weston 
standard cell. 

The x-ray dose was measured by a parallel-plate 
ionization chamber, connected to a direct-reading 
electrometer, with a 5-cm thick Al converter in front 
of the chamber.’ The sensitivity of this chamber, 
calculated by Flowers ef al. and measured in this 


5 Bendel, Toms, and Tobin, Phys. Rev. 99, 672 (A) (1955). 

6 Farinelli, Ferrero, and Malvano, Nuclear Instruments 3, 218 
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7 Ferrero, Malvano, and Tribuno, Nuovo cimento 5, 510 (1957). 
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Fic. 1. Pb? level 
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laboratory, is very accurately proportional to the x-ray 
beam intensity. 

The y activity from the target was detected by a 
cylindrical NaI(T1) crystal (2-in. diameter, 1-in. thick) 
locked by a 6292 Dumont photomultiplier. The output 
of the photomultiplier was connected to a linear ampli- 
fier and a “one-channel” differential discriminator. 
The stability of the whole apparatus was periodically 
checked with a standard Na™ annihilation radiation 
source. The output from the discriminator was con- 
nected to a five-channel time analyzer made up of five 
gates operated cyclically by a stable pulse generator 
followed by a multistage scaler and a mechanical 
selector. The same selector also operated the betatron 
injector periodically at the end of each counting time. 

The whole cycle consisted of 2 sec of irradiation, 0.4 
sec of waiting, and five channels of 0.8 sec each. The 
photomultiplier was cut off during irradiation time by 
applying a negative voltage to the shield (pin 13), a 
gradual decrease of pulse height at the output of the 
multiplier having been observed, caused by damage 
due to the intense light delivered by the crystal during 
irradiation. 

In order to reduce the background as far as possible, 
the irradiation room was carefully shielded from the 
betatron by means of a thick water wall and a con- 
venient frame of boric acid. The x-ray beam, after 
passing through the Pb scatterer (~20 g/cm?), was 
caught in a cavity in a large tank full of water (beam 


catcher). 


pp*e? 


3. MEASUREMENTS 


The activity from Pb*’" was easily recognized. 
Before proceeding to measure the yield, two preliminary 
tests were made. First, the gamma-ray spectrum from 
the target was analyzed by means of the pulse-height 
selector and the results are shown in Fig. 2. The arrows 
in this figure indicate the positions of the annihilation 
radiation and the two photoelectric peaks of the 0.67- 
Mev line from Cs? and the 1.28-Mev line from Na”, 
respectively. The results show the very well-known 
0.57- and 1.06-Mev lines. 

Secondly, the half-life of the activity was carefully 
measured; the result found was 0.797 sec, in excellent 
agreement with the last result of reference 5. 

Very accurate measurements of yield were performed 
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Fic. 2. y-ray spectrum from 0.8-sec lead isomeric activity. 
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Fic. 3. Photoexcitation yield of 0.8-sec isomeric activity in lead. 


in the region of threshold. The experimental results are 
shown in Fig. 3. The calibration of the energy scale was 
obtained through a measurement of thresholds of the 
(y,n) reactions in Cu® (10.61 Mev), Si?® (16.8 Mev), 
and C” (18.73 Mev). The low-energy region of the 
curve is shown in the same figure multiplied by a 
convenient factor. The apparent threshold of the yield 
can be located quite well at 10.8 Mev. 

The absolute calibration of the yield was obtained by 
making a comparison with the annihilation radiation 
emitted by the activity induced in a Ca sample by 
irradiation at 30 Mev. This last value is known from 
measurements by Braams and Smith.® 

By applying the photon difference method, the cross- 
section curve shown in Fig. 4 (solid line) was obtained. 
The maximum is very close to 14 Mev. The full width 
at half height is not greater than 2 Mev. The dashed 
line in the same figure is the cross section, having a 
width of 2.4 Mev, of the total photoneutron reaction 
in Pb, as measured at the U. S. Naval Research Labo- 
ratory.* However, a higher value of the width (3.8 
Mev) was obtained at the National Bureau of Standards 
by Fuller and co-workers.” The cross-section shape 
above 15 Mev can be easily understood if we take into 
account the competition of the (7,2m) process whose 
threshold is 14.2 Mev. 


4. DISCUSSION 


The first observation to be made on the experimental 
results concerns the absence of any detectable activity 
below 10.8 Mev. This indicates that (y,y’) excitation 
in Pb*”’ gives no appreciable contribution to the yield. 


® R. Braams and C. L. Smith, Phys. Rev. 90, 995 (1953). 

®M. E. Toms and W. E. Stephens, Phys. Rev. 108, 77 (1957). 

” National Bureau of Standards Report NBS-5686, December, 
1957 (unpublished). 


More accurate measurements with a new system that 
will greatly increase the detection efficiency are in 
progress; however, a cross section for the (y,y’) re- 
action of the same order of that observed in Au'*™ 
can already be ruled out. This clearly appears from 
Fig. 3, where the excitation curve obtained by Schutz- 
meister and Telegdi"™ with Au" is shown (dashed line) 
in comparison with our curve in the same scale. As a 
matter of fact, we easily observed at 11 Mev the 7.5- 
sec activity excited by the (y,7’) reaction in gold and 
the result is consistent with the curve obtained in ref- 
erence 11. 
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Fic. 4. Cross section of the Pb®*(y,ny’)Pb®™ photoreaction 
(solid line), and that of the photoneutron reaction in lead (dashed 
ilne—from reference 10). 


11M. Schutzmeister and V. L. Telegdi, Phys. Rev. 104, 185 
(1956). 
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The reason for this fact can probably be ascribed 
(a) to the high value (13/2) of the metastable state 
spin, and (b) to the small level density in Pb*” in the 
region just above the metastable state. 

The (y,y’) metastable state excitation (all other 
conditions being the same) is proportional to the value 
of the inelastic y-ray cross section. Now inelastic 
scattering seems to be complementary to elastic scat- 
tering in the region below threshold for particle emis- 
sion. In fact, as is observed by Fuller and Hayward,” 
the value of the elastic cross section depends in part 
on the number of alternative modes of decay available 
for the excited nucleus, and therefore on the details of 
the level structure in the particular scattering nucleus. 
The experiments show that the elastic scattering is 
much stronger in lead than in gold: the inelastic scat- 
tering (and consequently the.metastable state excita- 
tion) should be much smaller in lead than in gold, as 
was indeed found. 

The yield curve effectively begins at 11 Mev. The 
calculated threshold of the Pb®*(y,7y’) process should 
be located at 9.0 Mev or 9.7 Mev, according to which 
value is chosen for the (y,) threshold in Pb™*: either 
the value of 7.37 Mev from (n,y) measurements® or 
the 8.1 Mev found from (y,7) measurements in a pure 
31-g sample of Pb”*.'*-'* 

We tried therefore to deduce the calculated yield 
curve of the isomeric state starting from the known 
values of the (y,) cross section, which however refers 
to the natural isotopic constitution of lead rather than 
pure Pb**.!” The cross section for the excitation process 
of the isomeric state can be calculated, in the framework 
of the compound nucleus formation, assuming that the 
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Fic. 5. Calculated yield of the Pb®*(y,2y’)Pb”™ reaction. 


1? E. G. Fuller and E. Hayward, Phys. Rev. 101, 692 (1956). 

8 P. B. Kinsey e¢ al., Phys. Rev. 78, 77 (1950). 
ie Lees, and Collie, Proc. Phys. Soc. (London) 63, 915 

1950). 

16 R, Palevsky and A. O. Hanson, Phys. Rev. 79, 242 (A) (1950). 

16 The value found by Palevsky and Hanson" for the same 
threshold is however, 7.44 Mev. 

17 Tn reference 15 it has been found that the contributions to the 
(y,n) yields from Pb®*, Pb®’, and Pb®®* in the threshold region are, 
respectively, in the ratio 1:0.8:1. 
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Fic. 6. Excitation efficiencies of the 0.8-sec metastable level in 
Pb*’ following photoneutron reaction (solid line), and inelastic 
neutron scattering (dashed line). 


probability for the compound nucleus decay through 
the isomeric-state channel is the same as the ratio 
between the o(n,n’y’) and the total reaction neutron 
cross section o,(m).}8 

The yield was then calculated by averaging the cross 
section over the bremsstrahlung spectrum according 
to the relation 


A A Eo a(n,n'y’) 
¥. wv(Ed= f P(E E)o(ym)| — lie, 
E 


Eth o,(n) 


where P(E,Eo) represents the bremsstrahlung spectrum. 
The calculated results, given in Fig. 5, are in striking 
disagreement with experiment, the calculated yield at 
11 Mev being ~50 times the observed yield. It should 
be pointed out that in the calculation the rather high 
value of 8.1 Mev has been assumed for the (y,m) 
threshold. Had we chosen, instead, the lower value of 
7.4 Mev, the disagreement would have been even 
greater. 

We have calculated the excitation efficiency o(y,ny’) 
a(y,”) of the isomeric level from the curve of Fig. 4, 
obtaining the results shown in Fig. 6. We see that the 
observed excitation efficiency reaches a maximum value 
of ~5%, whereas in the case of excitation by neutron 
scattering already at an energy of 11 Mev, in the com- 
pound system, this quantity attains a value of 14%, as 
can be seen from Fig. 6. A still higher value would most 
certainly be found for the inelastic scattering of higher 
energy neutrons: unfortunately no data are available 
at present to extend this comparison. 

The experimental results, now presented, could be 
explained in two different ways: 

(a) The excitation of the metastable level in Pb” 
follows essentially a direct process, namely, the Pb’ 
compound system” decays before it reaches thermal 
equilibrium. 

18D. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
compiled by D. J. Hughes and J. A. Harvey, Brookhaven Nationa! 
Laboratory Report BNL-325 (Superintendent of Documents, 
U. S. Government Printing Office, Washington, D. C., 1955), 

#9 V. F. Weisskopf, Physica 22, 952 (1956). 


/ 
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(b) The decay to the isomeric level follows the for- 
mation of the Pb”* compound nucleus. 

The states of the compound nucleus differ, however, 
in the two cases, in the value of their angular mo- 
mentum, the compound system formation being differ- 
ent. In the case of the photonuclear process, J=1; 


MALVANO, MENARDI, 
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without a detailed calculation of the excitation effi- 
ciency based on the two assumptions we have suggested 
above. 
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Positron Spectra of Eu’ and Eu’®?’"+ 


D. E. AtBurGER, S. Orer,* AND M. GOLDHABER 
Brookhaven National Laboratory, Upton, New York 
(Received August 26, 1958) 


An intermediate-image beta-ray spectrometer equipped with spiral baffles has been used to investigate 
positrons in the decays of Eu'® and Eu'®". Thirteen-year Eu emits a positron group to the 0.122-Mev 2+ 
first excited state of Sm? with an end-point energy of 0.715+0.010 Mev and an intensity of 1.6X10~ per 
disintegration (log ft=11.9) and a positron group to the 0.366-Mev 4+ second excited state with an end 
point of 0.47+0.03 Mev and an intensity of 0.8 10~ per disintegration (log ft=11.5). 9.3-hr Eu’ emits a 
positron group to the ground state of Sm'® with an end-point energy of 0.895+0.005 Mev and an intensity of 
7X10- per disintegration (log ff=8.65) and a positron group to the 0.122-Mev state with an intensity of 
4X10-* per disintegration (log ft=8.6). The shape of the latter group has not been established. However, 
its end point, when the alpha shape factor is applied, gives better agreement with the 0.122-Mev energy sep- 
aration from the ground-state beta ray than the end point of the uncorrected spectrum. The result is consist- 
ent with, but not positive proof of, the assumed spin of 0O— for Eu", The 8~ end-point energies of Eu'™ 
and Eu’ are 1.470+0.010 Mev and 1.855+0.010 Mev respectively. An energy separation of 0.050+-0.015 
Mev between Eu’ and Eu'® is derived from the various 8* and 8 end-point measurements. No L-con- 
version electrons could be found in Eu’ decay corresponding to a 0.05-Mev isomeric transition. An upper 


limit of 3X 10-5 per disintegration was obtained for the fractional decay of Eu'™ by positron emission. 


INTRODUCTION 


HE helicity of the neutrino has been determined 
recently by Goldhaber, Grodzins, and Sunyar' in 
an experiment using 9.3-hr Eu’. A combined measure- 
ment of circular polarization and resonant scattering of 
gamma rays following orbital electron capture showed 
that the neutrino is left-handed. In the analysis, one 
assumption, based largely on plausibility arguments with 
respect to existing experimental information, was that 
the spin of Eu'" is 0O—. Aside from a direct measure- 
ment of the spin of Eu", which has not been carried out 
thus far, there are several other ways in which the spin 
assignment can be made. Studies could be made of the 
beta-ray branching to the 0.344-Mev 2+ first excited 
state of Gd or of the positron branch emitted to the 
0.122-Mev 2+ first excited state of Sm’ (see Fig. 5). 
In either case a unique first-forbidden or so-called 
“alpha” shape should occur in the distribution if the 
spin-parity of Eu!" were actually 0—. 
* Guest scientist on leave from the Hebrew University, Jeru- 


salem, Israel. : ; 
+t Work done under the auspices of the U. S. Atomic Energy 


Commission. 
1 Goldhaber, Grodzins, and Sunyar, Phys. Rev. 109, 1015 


(1958). 


An experiment on Eu!" was carried out early in the 
present work with the intermediate-image spectrometer 
in which beta rays focused by the spectrometer were 
measured in coincidence with 0.344-Mev gamma rays 
detected by means of a 2X2 inch Nal scintillation 
crystal behind the source. Owing to the weakness of the 
branch to the first excited state of Gd! (~2%), the 
coincidence yield with a reasonable real-to-chance rate 
was found to be too small to permit a spectrum shape 
determination. 

Positrons are known’ to occur in the decay of Eu!" 
with an end-point energy of 0.83+0.05 Mev and an 
intensity of ~0.02% per disintegration, as established 
by means of a three-crystal pair spectrometer. It was 
presumed that the end point corresponded to the decay 
to the ground state of Sm'®™. The approach followed in 
the present work was to make a magnetic analysis of 
the Eu!" positron spectrum with the hope of detecting 
a branch to the 2+ first excited state of Sm'™, and of 
determining its shape if possible. Another aim of the 
experiments was to make a more accurate measurement 


2 L. Grodzins and H. Kendall, Bull. Am. Phys. Soc. Ser. II, 1, 
163 (1956). 
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Fic. 1. Intermediate-image beta-ray spectrometer showing the locations of the two spiral baffles. 
Initial tests described in the text were made with the right-hand spiral baffle only. 


of the positron end point, which determines the total 
decay energy and hence the neutrino recoil energy in 
the helicity experiment. Further, if positrons could also 
be detected in the decay of 13-yr Eu'® and their end- 
point energy measured, one would have a value for the 
energy separation between Eu'®" and Eu'™ independent 
of that based on measurements of the spectrum of 
negative beta-rays. 


THE SPECTROMETER SPIRAL BAFFLE SYSTEM 


For a recent series of experiments* on positrons in the 
decays of several iridium isotopes, a spiral baffle was 
designed for the intermediate-image beta-ray spectrom- 
eter.‘ This consists of a double-ring mounting holding 
48 flat blades spaced 7.5° apart, each blade being a 7g- 
inch thick brass plate 2} in. long (axial dimension) and 
2 in. wide (radial dimension). By turning the mounting 
rings with respect to each other, the pitch angle of all 
blades can be varied simultaneously and locked into 
position at a given angle. Figure 1 shows the location 
for which the baffle was designed, i.e., as close to the 
annulus as possible and on the detector side of the 
annulus for easy installation. The electron paths traced 
in the work of Slatis and Siegbahn® were taken as an 
indication of the approximate pitch angle to be expected 
and suggested that the trajectories near the annulus are 
straight enough to allow the use of short flat blades. At 
the annulus radius the blades are 0.95 inch apart so one 
would expect to lose 6.6% of the transmission because 
of the cross section of the blades. 


3 Scharff-Goldhaber, Alburger, McKeown, and Hudis (to be 
published). 

4D. E. Alburger, Rev. Sci. Instr. 27, 991 (1956); Phys. Rev. 
109, 1222 (1958). 

5H. Slaitis and K. Siegbahn, Arkiv Fysik 1, 339 (1949). 


Transmission tests were made by measuring the yield 
of the K conversion line of the 1.06-Mev transition of 
Bi without the baffle and then with the baffle in 
place. A plot of the yield as a function of pitch angle 
showed a maximum at an angle of 18° where the trans- 
mission is 85% of that without the baffle. The loss of 
8.4% transmission over and above that due to the blade 
cross section is probably accounted for by the curvature 
of the electron paths and by the lack of rigidity of the 
blade system. 

With the spiral baffle in place, it was possible to ob- 
serve the positron spectrum of internal pairs from the 
1.77-Mev transition of Bi’ (8% branch) using a 15- 
microcurie source. Measurements were then made on 
the rejection ratio, which may be defined as the ratio 
of the yield of electrons which reach the detector when 
the current direction is set so as to allow electrons 
through the spiral baffle to the yield when the current 
through the coils is reversed but has the same value. 
The latter yield arises from scattering. Two sources of 
widely different intensities were used, i.e., a weak one 
when electrons were passed through the spiral baffle 
and a strong one which gave an observable scattering 
yield when the field current was reversed. A rejection 
ratio of ~ 10° was thus measured when the K conver- 
sion line of the 1.06-Mev transition of Bi’ was focused 
on the annulus. 

In the decay of 9.3-hr Eu!” it was known that the 
total yield of positrons’ is only ~ 10~ per disintegration 
and that most of the decays proceed by negative beta- 
ray emission with an end-point energy of ~1.8 Mev. 
Initial tests made on Eu’ sources with the spectrom- 
eter set to pass positrons displayed a positron spectrum 
ending at about 0.9 Mev accompanied by a high-energy 
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tail due to the scattering of negative beta rays. The tail 
had about the intensity expected from the previously 
measured rejection ratio, i.e., the 8~ scattered yield just 
above the §* end point was 10% of the peak positron 
yield. Because of the uncertainty in the extrapolation 
of the scattering tail back below the positron end point, 
it was felt that a higher rejection ratio would be neces- 
sary. (A method of actually measuring the scattering 
contribution under the 8* spectrum is described in the 
section on Eu.) In order to obtain a higher rejection 
ratio, a second spiral baffle was constructed which is 
similar to the first except that it has a fixed pitch angle 
of 18°. It was placed in a symmetrical position on the 
source side of the annulus. Figure 1 shows a schematic 
diagram of the complete baffle system. With the orienta- 
tion of the second baffle adjusted visually so that the 
blades of the two baffles were in line, the transmission 
was measured and it was found that the second baffle 
resulted in a further 12% reduction in yield, making the 
transmission with both baffles in place 75% of that ob- 
tained with no spiral baffles at all. The rejection ratio 
at 1 Mev under these conditions was later found from 
strong Eu!" sources to be ~5X 10°, or a factor of 5 
higher than with one spiral baffle alone. 


MEASUREMENTS ON Eu'® (13-yr) 


An aged sample of ~0.2 mC of Eu'®, obtained from 


an irradiation of Eu,O; (enriched in Eu’*') for several 
weeks in the reactor, was deposited on a 1-mil thick Al 
backing and examined in the spectrometer at a resolu- 
tion setting of 4%. The spectrometer transmission at 
this resolution is 6% of a sphere (with the spiral baffles 
in place). Positrons, having a peak net yield of 360 per 
minute above a background of 36 per minute, were 
observed consisting of two distinct components. Their 
end-point energies, determined from the Kurie plot 
analysis shown in Fig. 2, are 0.715+0.010 Mev and 
0.47+0.03 Mev. This source, which we shall designate 
as sample A, was then used to measure the end point of 
the 6 spectrum at 2.4% resolution. It was found that 
in addition to beta rays ending at 1.470+0.010 Mev 
there was a weak tail above 1.47-Mev ending, according 
to a Kurie plot analysis, at 1.83 Mev. Because of the 
small intensity of the tail it was thought that scattering 
effects might be responsible for its occurrence. However 
a strong source of 9.3-hr Eu" showed no such tail 
when the § end-point region above 1.8 Mev was ex- 
amined. It was tentatively concluded that a smali 
amount of 16-yr Eu'™ was present in sample A. Esti- 
mates, based on the relative amounts of Eu! and Eu'®* 
present and the relative neutron cross sections, agreed 
with the ratio of the 1.47- and 1.83-Mev beta-ray yields 
observed. In order to check the Eu end point, a source 
(sample B) containing Eu’ and Eu'® in the ratio of 
2:1 was examined, and its end point was in agreement 
both with the tail observed in sample A and with the 
Eu'™ beta-ray end points reported in the literature. 


AND GOLDHABER 


Sample B was examined for positron emission, and 
the result obtained was a very low intensity positron 
distribution having approximately the same shape and 
end point as the curve from sample A. The positron 
yield from sample B was that expected from the relative 
amount of Eu!® present and it was concluded that there 
were no additional positrons which could be ascribed to 
Eu’, The upper limit on the fractional decay of Eu'™ 
by positron emission is estimated to be 3X 10-5. 

After an extrapolation of the Eu'® 6~ Kurie plot of 
sample A, the momentum distribution was constructed 
and the relative areas under the 8 and 8+ momentum 
distributions were deduced. The intensity of the 0.715- 
Mev positron component (see Fig. 2) is 1.6 10~* per 
disintegration, while the “inner group” has an intensity 
of 1.3 10~ per disintegration. However, as pointed out 
by Leisi and Scherrer (private communication), the 
1.405-Mev gamma-ray transition, an £1 transition 
which occurs in Eu'® decay with a strength of 25% per 
disintegration, will produce positron-electron internal 
pairs. By taking the £1 internal pair conversion coefti- 
cient as 2.0X10~, the integrated number of positrons 
resulting from this transition should be 0.5X10~ per 
disintegration, or about 40% of the intensity of the 
“inner group.” The presence of internal pairs is sug- 
gested by the shape of the “inner group” which is 
peaked at an energy considerably higher than expected 
for a simple beta-ray spectrum. A simple calculation 
shows that for a sample of only a few mg/cm? thickness, 
the estimated thickness of our source, the external pair 
production is at least two orders of magnitude less 
intense than internal pair production at this transition 
energy. We, therefore, subtract the internal pair con- 
tribution from the “inner group” to obtain the intensity 
of the 0.47-Mev positrons. The intensities of the 0.715 
and 0.47-Mev positron components are then 1.6X 10-4 
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Fic. 2. Kurie plot analysis of the positron 
spectrum of 13-yr Eu'®. 
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and 0.8X10-* per disintegration, respectively, and 
the corresponding log ft values are 11.9 and 11.5, 
respectively. 

The negative-electron spectrum from a source of 
13-yr Eu'® was measured in the region above 0.85 Mev 
at a resolution setting of 2.4%. Internal conversion 
lines corresponding to the known gamma-ray transi- 
tions of 0.866, 0.963, 1.085, 1.110, and 1.405 Mev were 
found superposed on the beta-ray continuum. A Kurie 
plot was made using points in those regions free of 
conversion lines and above the lower energy beta-ray 
groups, i.e. from 1.12 to 1.32 Mev and from 1.41 Mev 
to the end point. The points of this Kurie plot fell on a 
straight line. Thus we do not confirm the results of 
Bhattacherjee ef al.* that the highest energy group has 
the unique first-forbidden or alpha shape and that 
Eu! must have a spin of 4~. A further study of this 
shape should probably be made with a high-resolution 
spectrometer. 


MEASUREMENTS ON Eu’ (9.3-hr) 


mation of Eu'®" (1400 barns) very high specific activi- 
ties were obtained by irradiating EuCl; in the reactor 
for 1-2 hours at a flux of 2X10" neutrons/cm? sec. A 
small amount of the active powder was dissolved in 
water and a drop of the solution was evaporated onto a 
3-mil thick Al backing over an area ~1 cm in diameter. 
In the final runs the sources read (300-500) r of beta 
rays on contact and they were estimated to contain 
more than 20 millicuries of Eu'®" and to be a few 
mg/cm? in thickness. The procedure for taking the 
positron spectrum was to run a complete set of 2-min 
points spaced 4 min apart and then to reverse the order 
of taking points on the next run such that the sum of 
the two sets canceled the effect of the 9.3-hr decay. 

Figure 3 shows one of the distributions obtained at a 
spectrometer resolution setting of 2.4% (transmission 
4.5% of a sphere with the spiral baffles in place) when 
focusing positrons. Each point is the average of four 
2-min runs taken as described above over a period of 5 
hours. Only the upper half of the spectrum was taken 
in detail since this is the main region of interest. At an 
energy just above the positron end point about half the 
yield is field independent and it is ascribed to scattered 
gamma rays plus natural counter background. The 
field-dependent portion of the background just above 
the positron end point is ~2% as great as the peak 
positron counting rate and it is attributed to the 
scattering of beta rays through the spiral baffle system. 
In order to prove that the background is the result of 
scattering and at the same time to measure the field- 
dependent background under the positron spectrum, 
a technique suggested by A. Schwarzschild was used. 
Since the intermediate-image spectrometer has a final 


6 Bhattacherjee, Nainan, Raman, and Sahai, Nuovo cimento 7, 
501 (1958). 
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Fic. 3. Positron spectrum of 9.3-hr Eu!" above 0.4 Mev. The 
magnetic-field-dependent background is due to the scattering of 
beta rays through the spiral baffle system and was measured as 
described in the text. 


focus as well as an annular intermediate focus, one may 
move the detector axially far enough to avoid the de- 
tection of properly focused particles without greatly 
altering the scattering yield. As determined by focusing 
through the annulus the K-1.06-Mev electrons from a 
source of Bi’ (with the field direction set to allow nega- 
tive electrons through the spiral baffles), the detector 
(exit aperture 1.5 cm diameter) had to be moved axially 
only 20 mm away from the focus in order to reduce the 
number of electrons detected by a factor of 1000. With 
the detector in that position, no greater yield could be 
observed at any other magnetic field setting. Runs on 
the Eu'®" tail (spectrometer field set to pass positrons) 
when the detector was in the away-from-focus position 
then gave a yield above 4500 gauss-cm (see Fig. 3) 
which matched closely to the curve when the detector 
was at the focus. A change in the detector position, 
10 mm further away from the focus, also gave the same 
results. These tests show that the number of scattered 
electrons crossing the axis in the general vicinity of the 
final focus is approximately uniform and thus one 
would expect that a run over the whole spectrum, 
taken with the detector in the away-from-focus posi- 
tion, should display the true distribution of scattered 
electrons which lies under the positron spectrum at the 
focus. A background curve, corrected for decay only, 
is included in Fig. 3. Open-circle background points are 
not plotted above 4500 gauss-cm since they nearly 
coincide with the solid points of the main spectrum. It 
may be noted that if the scattering background de- 
pended only on the intensity of the negative electrons 
incident on the baffles, the background should follow 
the shape of the beta-ray spectrum and thus decrease 
below 4000 gauss-cm rather than increase. One may 
conclude that the scattering through the spiral baffles 
increases with decreasing energy. 
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Fic. 4. Kurie plot analysis of the Eu'@" positron spectrum. 
Curve A—total spectrum; curve B—normal Kurie plot after 
subtraction of the high-energy distribution ; curve C—alpha shape 
factor applied to the inner group. 


A Kurie plot of the net positron spectrum after cor- 
rection for counter dead time and subtraction of the 
background is shown in curve A of Fig. 4. The presence 
of two components is clearly indicated, the higher one 
having an end-point energy of 0.895+0.005 Mev. By 
making use of standard procedures the higher energy 
group was subtracted and a Kurie plot made of the 
remainder as shown in curve B. The best straight line 
through the points of curve B extrapolates to an energy 
of 0.788 Mev which is 0.107 Mev below the end point 
of the high-energy group. On the other hand, when the 
alpha shape correction factor is applied to the inner 
group, as shown in curve C, the best straight line fit 
extrapolates to an energy of 0.768 Mev which is 0.127 
Mev below the end point of the upper group. This same 
general behavior of the end points of the inner group 
occurred in the analysis of several different runs. The 
end-point energies of the two groups must differ by 
0.122 Mev in order to agree with the known gamma-ray 
energy. 

An assumption made in the above analysis is that the 
higher energy component has a linear Kurie plot. In 
order to support this assumption a run was made on the 
negative beta-ray distribution using a source of similar 
dimensions but having a suitable strength for counting 
negative electrons. The beta rays go mainly to the 
ground state of Gd! and thus the shape of this dis- 
tribution should be the same as that of the positrons to 
the ground state of Sm’ since both final states are 0+-. 
The Kurie plot of the beta-ray distribution was found 
to be accurately linear from 0.9 Mev to the extrapolated 
end point of 1.855+0.010 Mev. The small admixture 
of beta rays to the 0.344-Mev state of Gd'® was negli- 
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gible. We therefore feel that the assumption of a linear 
Kurie plot for the ground-state positron group is prob- 
ably justified over the upper half of the spectrum. 

The Eu'®” end-point energy of 1.855 Mev was also 
obtained with the 20-mC sources by making a Kurie 
plot analysis of points very close to the end of the spec- 
trum. From an area comparison of the momentum 
distributions of the positrons and of the beta rays, after 
extrapolating the Kurie plot to lower energies, the rela- 
tive positron branchings were derived. The 0.895-Mev 
and 0.77-Mev components occur in 7X 10~* and 4X 10-* 
of the disintegrations respectively and the correspond- 
ing log ft values are 8.65 and 8.6 respectively. 


Search for an Isomeric Transition in Eu?" 


According to the analysis given in the next section 
the energy separation between Eu'®” and Eu'® is 
0.050+0.015 Mev. If an isomeric transition exists it 
should convert in the L, M, and N shells and thus yield 
internal conversion electrons in the region of ~0.04 
Mev. Unfortunately the K Auger electrons following 
electron capture and internal conversion are also present 
in this vicinity. Nevertheless it was felt that a search 
should be made for lines of an isomeric transition even 
though the intermediate-image spectrometer is not a 
high-resolution instrument. 

A Geiger counter with a 50-ug/cm? thick grid- 
supported window was installed on the spectrometer 
and thin sources of Eu!" were made by evaporating 
EuCl, onto }-mil thick Al foil and irradiating them in 
the reactor. Runs on the low-energy spectrum were 
made at 1.0% resolution using sources 30-300 yg/cm? in 
thickness. The normal K-Auger electron spectrum con- 
sisting of the K-2L, K-L-M and K-2M groups, was ob- 
served but there was no evidence for additional lines. 
An upper limit of 5% may be placed on the intensity of 
the L line of an isomeric transition relative to the K-2L 
Auger line unless the lines of the isomeric transition lie 
under the Auger lines. In the latter instance, conversion 
lines of as much as 15% of the intensity of the K-2L 
line might go undetected if they lie under the K-2L or 
K-L-M groups. 
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DISCUSSION 


Those portions of the Eu!” and Eu'”" decay schemes 
affected by the present work are shown in Fig. 5. In 
view of the known spin of 3— for Eu'®, of the spins of 
0+, 2+, and 4+ for the ground and first two excited 
states of Sm!®, and of the energy separation between 
the two observed positron end points, it may be assumed 
that the Eu’ positrons represent decays to the 2+ and 
4+ states with no branch to the ground state occurring. 
The total energy in the decay of Eu'® to Sm'® is then 
1.859+0.010 Mev based on the end point of the 0.715- 
Mev positron going to the 0.122-Mev state. 

Eu!" has a total energy for decay to Sm’ of 
1.917+0.005 Mev based on the 0.895-Mev positron to 
the ground state. By subtracting 0.961 Mev one obtains 
0.956+0.010 Mev as the energy available for the elec- 
tron capture decay of Eu'®" to the 0.961-Mev 1— 
state of Sm!*. This result is 0.066 Mev higher than the 
decay energy derived previously’ from positron measure- 
ments and 0,031 Mev higher than the capture energy 
of 0.925+0.010 Mev derived recently from resonant 
scattering experiments by Moon et al.” 

The decay energies obtained from the positron meas- 
urements lead to an energy separation of 0.054+0.011 
Mev between Eu!" and Eu’. On the negative-beta- 
ray side the difference between the total decay energies 
is 0.041+0.014 Mev. A weighted average of 0.050 
+0.015 Mev is taken as the most probable energy of 
the isomer above the ground state. This is to be com- 
pared with earlier measurements leading to an energy 
separation of 0.080+0.025 Mev® and 0.030+0,.040 
Mev,’ respectively. 

It is interesting to note that the log ft values of the 
two first-forbidden positron groups and of the beta ray 
to the 0.344-Mev state from Eu! are all approximately 
the same (11.3 to 11.9) and that the log ft values of the 
two positron groups and of the beta ray to the 0.344- 
Mev state in Eu'®" decay are also close to each other 
(8.5 to 8.9). The total disintegration energies of both 
Eu! and Eu!” to the two sides differ by only 0.062 


7 Moon, Shute, and Sood, Phys. Rev. Letters 1, 21 (1958). 
8 See L. Grodzins, Phys. Rev. 109, 1014 (1958). 
90. Nathan and M. A. Waggoner, Nuclear Phys. 2, 548 (1957). 
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Mev, there being a slightly larger decay energy to 
Sm?®, 

The question of the spin of Eu!” has not been settled 
definitely by the present work. In all of the positron 
spectrum analyses the Kurie plot points of the inner 
spectrum fit a straight line equally well with or without 
the alpha shape correction factor. However, there was 
each time a tendency for the end point of the uncor- 
rected Kurie plot to be too high, by about 0.015 Mev, 
to agree with the 0.122-Mev first-excited state, whereas 
the end point of the alpha-corrected plot was close to 
the correct energy. The end point of the inner group is 
quite sensitive to the choice of straight line through the 
higher group points above 0.8 Mev. In view of the 
magnitude of the background which was subtracted and 
of the errors which might arise from the extrapolation 
of the Kurie plot of the higher energy group, we feel 
that we have not proved beyond doubt that the inner 
group has an alpha shape on the basis of energy argu- 
ments. However, the results agree more favorably with 
the alpha shape correction and thus support the as- 
sumed spin of 0— for Eu'®, 

From the upper limit on the intensity of lines cor- 
responding to an isomeric transition of ~ 0.05 Mev, the 
lower limit on the transition probabilities for various 
multipole orders may be derived. Factors used in the 
estimates include (a) the number of K-shell vacancies 
per disintegration (~0.3) resulting from electron cap- 
ture and from internal conversion, (b) the K-Auger 
conversion probability of 0.10, (c) the upper limit on 
the intensity of isomeric conversion lines relative to the 
Auger lines, as discussed in the preceding section, and 
(d) the theoretical internal conversion coefficients for a 
transition of 0.05 Mev. Lower limits on the partial 
half-lives for the emission of 0.05-Mev gamma radiation 
were derived and compared with theoretical single- 
particle half-lives for M3 and E2 multipoles. These are 
the two most likely radiations inasmuch as the spin of 
Eu!" is most probably 0— but could also be 1—. The 
retardation factor, which is the ratio of the theoretical 
to the observed transition probability, is > 5X 10° if the 
transition is M3 and >3X10" if it is an £2 radiation. 

We are indebted to Dr. Lee Grodzins for the prepara- 
tion of some of the sources and to Dr. A. Schwarzschild 
for helpful suggestions. 
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Small Deviations Observed in Beta Spectra: In™, Y°°, and P*+ 


O. E. Jounson,* R. G. Jounson,f anp L. M. LANGER 
Physics Department, Indiana University, Bloomington, Indiana 
(Received August 7, 1958) 


The beta spectra of In", Y®, and P® (all of which decay by pure Gamow-Teller radiations) have been 
very carefully studied in a magnetic spectrometer. The Fermi-Kurie plots of all three spectra exhibit small 
deviations from linearity corresponding to an excess of low-energy electrons. All of the evidence indicates 
that the observed nonstatistical shapes represent the true spectra and are not the result of instrumental 
distortions. The Fermi-Kurie plots of these three isotopes can be linearized by a (1+5/W) correction factor 
(in addition to the once-forbidden, unique shape factor in the case of Y™). 


INTRODUCTION 


NCIDENTAL to their investigation of the RaE 
spectrum, Plassmann and Langer also measured the 
supposedly well-known spectrum of Y” to check on the 
performance of the equipment.' After correcting the 
data with the unique once-forbidden shape factor, the 
Y™ spectrum still exhibited a small excess of low-energy 
particles. This effect was small but appeared to be 
outside the limits of experimental error. Preliminary 
studies at the time suggested that the deviation was not 
instrumental in origin. 

The observed Y® spectrum instigated a long and 
detailed investigation to determine whether the ob- 
served deviation was indeed real. Because of the small 
magnitude of the effect, caution had to be exerted in 
the interpretation of the data. Careful studies of the 
spectra of Y®, In™*, and P® were made under various 
experimental conditions. These three isotopes decay 
by pure Gamow-Teller radiations but differ in their 
type of forbiddenness. In™ is an allowed transition 
AI=1, no; Y® is a unique, once-forbidden transition 
AI=2, yes; P® is an allowed, presubably /-forbidden, 
transition AJ=1, no.*~* Similar deviations were found 
in the spectra of all three isotopes. 

Originally, before the advent of parity nonconserva- 
tion, the low-energy deviations were of interest because 
they seemed to indicate the presence of Fierz-type 
interference® between T and A for the pure Gamow- 
Teller transitions. Since this conclusion was in dis- 


* Present address: Purdue University, Lafayette, Indiana. 

¢ Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission, and by a grant 
from the Research Corporation. ; 

t Present address: Lockheed Missile Systems Division, Palo 
Alto, California. 

1£. A. Plassmann and L. M. Langer, Phys. Rev. 96, 1593 
(1954); E. A. Plassmann, Ph.D. thesis, Indiana University, 
September, 1954 (unpublished). » ed 

20. E. Johnson, Ph.D. thesis, Indiana University, January, 
1956 (unpublished); also see L. M. Langer, Proceedings of the 
Rehovoth Conference on Nuclear Structure (North-Holland Pub- 
lishing Company, Amsterdam, 1958), p. 437. 

3 Pohm, Waddell, and Jensen, Phys. Rev. 101, 1315 (1956). 
This article gives extensive references to earlier work on P® and 


« Mayer, Moszkowski, and Nordheim, Revs. Modern Phys. 23, 
315 (1951). 

5 L. W. Nordheim, Revs. Modern Phys. 23, 322 (151). 

6 M. Fierz, Z. Physik 104, 553 (1937). 


agreement with other evidence that Fierz interference 
was much smaller than determined from the measure- 
ments of beta spectra,’ much effort was expended to 
determine whether these deviations from the statistical 
shape were real or instrumental. A more definitive check 
on the interpretation of the observed deviations as 
Fierz interference would be to observe whether the 
effects are also present in positron emitters. The shape 
factor for Fierz interference is of the form (1+6/W), 
where the sign of the constant 6 would be expected to 
to be different for positrons and electrons. A careful 
investigation of a positron spectrum was eventually 
made with Na”. The results of that investigation and a 
general discussion of the whole problem are presented 
in the following paper.*® 


EXPERIMENTAL APPARATUS 
The Spectrometer 


In this investigation, a high-resolution, 40-cm radius 
of curvature, 180-degree focusing, shaped magnetic 
field spectrometer? was used. The magnet current is 
stablized to better than 0.01% by means of an elec- 
tronically regulated constant-current supply.” The 
magnetic field was measured to an accuracy of 0.1% 
with a null detection method described elsewhere." A 
magnet cycling procedure was followed such that the 
proper field shape was obtained independent of field 
strength. The spectrometer chamber was maintained at 
a pressure lower than 5X 10~* mm of Hg. The spectrom- 
eter was calibrated by means of the K internal con- 
version line arising from the 661-kev" gamma-ray 
transition of Ba’*’. ‘ 

The large size of this spectrometer and the baffle 
system minimize scattering of electrons into the detec- 
tor. The scattering of electrons might be expected to 
result in trajectories which would cause an electron to be 
counted in a momentum interval either higher or lower 

7R. Sherr and R. H. Miller, Phys. Rev. 93, 1076 (1954). 

® Hamilton, Langer, and Smith, following paper [Phys. Rev. 
112, 2010 (1958) }. 

*L. M. Langer and C. S. Cook, Rev. Sci. Instr. 19, 257 (1948). 


1 W. C. Elmore and M. Sands, Electronics—Experimental 
leeee (McGraw-Hill Book Company, Inc., New York, 1949), 
90. 


p. 390. 
1 L, M. Langer and R. F. Scott, Rev. Sci. Instr. 21, 522 (1950). 
21. M. Langer and R. D. Moffat, Phys. Rev. 78, 74 (1950). 
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than that of its truemomentum. The possible scattering of 
low-momentum electrons into higher-momentum regions 
was investigated by studying the shape of internal 
conversion lines for various baffle settings. It was found 
that the shape of the lines was independent of baffle 
position. The “high-momentum edge” of the line 
remained almost perpendicular to the momentum axis 
whereas scattering of this type would cause this edge to 
be less sharply defined. The absence of counts above 
normal background beyond the end point of various 
beta spectra constitutes further evidence against this 
type of scattering. Evidence against the scattering of 
high-momentum electrons into lower-momentum regions 
is based on the fact that the cutoff of counter windows 
occurs very sharply at the energy predicted by theory. 
It is believed that the scattering of electrons into the 
detector in this spectrometer is completely negligible. 


The Detector 


The determination of the “true shape” of a beta 
spectrum requires that the detection of beta particles 
be of constant if not 100% efficiency. The variation of 
detection efficiency because of count rate losses for the 
source intensities used in these investigations is com- 
pletely negligible. 

The Geiger-Miiller counter was a stainless steel end- 
window counter with a loop anode.! The counter gas con- 
sisted of a carefully dried mixture of one part ethylene 
and nine partsargon. The gas flowed through the counter 
at a uniform rate at a pressure of 9.8 cm of Hg, main- 
tained constant to 1.5% by a Cartesian manostat.” 
The operating characteristics of counters of this par- 
ticular design were studied to determine the optimum 
pressure with regard to constancy of efficiency, plateau 
length and slope, and pulse quality. Investigation 
showed conclusively that the regulation of pressure to 
1.5% at 9.8 cm of Hg and the regulation of counter 
voltage to better that 1% were more that adequate for 
the stable performance and constant efficiency of the 
counter. Comparison runs carried out with a side- 
window counter, a beaded-anode end-window counter, 
and, later, with a proportional counter® indicated that 
there was no inherent energy sensitivity in the operation 
of this detector. 

A typical counter had a threshold at about 950 volts 
at a pressure of 9.8 cm of Hg and a plateau over 200 
volts long with a slope of 0.6% per 100 volts. The 
counter windows were 0.25-mil Mylar with a 
100-ug/cm? aluminum coating on one side. The surface 
density of these windows was 910 ug/cm?. This window 
thickness corresponds to the range for 22-kev beta 
particles.“ These windows should not distort the beta 
spectrum above 110 kev. 


13 L. M. Langer and R. D. Moffat, Phys. Rev. 80, 651 (1950). 
4. E. Glendenin, Nucleonics 2, No. 1, 12 (1948). 
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Measurement Procedures 


Since comparisons were to be made among several 
measurements of spectra obtained from a single source 
and among measurements made on various sources of 
each isotope, definite experimental procedures were 
established. 

In all measurements, the resolution of the spectrom- 
eter was about 0.75%. In each experimental run at each 
measured point, an effort was made to obtain at least 
10* counts, without going to excessively long counting 
periods. A minimum counting period of 4 minutes was 
established so that timing errors were negligible. 

The performance of the counter was carefully checked 
before each run for threshold, plateau length and slope, 
pulse height and general pulse quality, and background. 
Throughout the progress of a run, the counter pulses 
were monitored on an oscilloscope and the gas pressure 
was checked for constancy. The background counting 
rate was measured periodically. 

At least two measurements of the magnetic field were 
made at each experimental point: one at the beginning 
and one near the end of the counting period. A third 
field measurement was made midway in counting 
periods longer than 20 minutes. The spread in field 
measurements was seldom greater than 0.04% and the 
average value was used in computation. 

At the beginning of the run, the magnet was put 
through a prescribed hysteresis loop to establish the 
correct field shape. After the first run over the spectrum, 
the magnet was recycled and a second group of points 
was obtained as a check on source decay and general 
instrumental performance. No measured spectrum was 
regarded as acceptable for which there was any evidence 
of malfunctioning of the operation of the spectrometer 
and associated equipment during any portion of the run. 


Preparation of Sources 


The sources used in these experiments were of two 
types: liquid-deposited sources and sources deposited 
through thermal evaporation. Sources produced by 
liquid deposition are known to be less uniform because 
of crystalization and/or localized deposition during the 
drying process.!* Various techniques have been used in 
an attempt to minimize these effects.!®17 

For each liquid-deposited source, the material, in 
aqueous solution, was distributed “uniformly” on a 
Zapon backing (Sug/cm*) over a well defined rectangu- 
lar area (0.5 cmX2.5 cm) which had been previously 
treated with a solution of 30 to 1 water to insulin.!*!8 
The source was then dried in a desiccator jar under 
vacuum. When thoroughly dry, the source was covered 
with a thin Zapon film (1.5 ug/cm?). 

Some of the most definitive measurements of beta 


16 Langer, Moffat, and Price, Phys. Rev. 76, 1725 (1949). 

16. M. Langer, Rev. Sci. Instr. 20, 216 (1949). 

17 Langer, Motz, and Price, Phys. Rev. 77, 798 (1950). 

18 V. J. Schaefer and D. Harker, J. Appl. Phys. 13, 427 (1942). 
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TaBLeE I. Sources of In™. 





Source 
thickness 
(ug /cm*) 


Cyclotron 
bombard- Source 
N 


ment No. Source* 





Ground- 
state “ ” 
Inner group 


group 
Wo(moc?) % Wo(moc*) 





Ld 190 
Ld 190 
Ld 80 


1 1 
1 
1 
2 Ld 70 
1 
1 
1 


Ld 60 
Evap 15 
Evap 15 


2.681 
2.838 
3.086 
3.031 
2.751 
2.610 
2.714 


4.837 94.1 
4.827 95.2 
4.886 96.9 
4.875 97.1 
4.883 97.1 
4.896 97.0 
4.889 97.5 


® Ld =Liquid-deposited sources: 5-u4g/cm? Zapon backing; 1.5-ug/cm* Zapon source cover; filament grounded. Evap-Thermally evaporated source: 


180-y~g/cm? aluminum leaf backing; 1.5-ug/cm*? Zapon source sover; contact grounded. 


spectra have been made using sources produced by 
thermal vaccum evaporation techniques.!*” Very thin 
and uniform sources can be prepared in this manner. 

After carrier-free separation, the source fraction 
sometimes contains some extraneous material. The 
differences in the rates of evaporation of the actual 
source material and the extraneous materials renders 
it possible through properly programmed thermal 
vacuum evaporation to effect distillation.” This dis- 
tillation leads to a reduction in source thickness. 
Through preliminary tests, the evaporation program 
was established for distillation as well as the final 
evaporation of source material. A stainless steel mask 
with a rectangular opening (0.6 cmX2.5 cm) was used 
to define the area of source deposition. 

Two means of preventing source charging were used: 
sources deposited on nonconducting backings are 
“grounded” by means of electron emission from the 
filament of a 2X2 vacuum tube” and sources deposited 
on conducting backings are grounded by direct contact. 


Indium-114 
The beta transition from the ground state of In" to 
the ground state of Sn! is a well known A/=1, no, 
transition. The interaction forms capable of producing 
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Fic. 1. F-K plots for In corrected with a shape factor 
(1+5/W) for various values of b. 


#1, M. Langer and R. D. Moffat, Phys. Rev. 88, 689 (1952). 
2” C. W. Sherwin, Rev. Sci. Instr. 22, 339 (1951). 


this transition in lowest order are tensor (7) and/or 
axial vector (A). In the absence of Fierz interference,® 
the spectrum is expected to have a “statistical shape,” 
i.e., a linear Fermi-Kurie (F-K) plot. 

Five different sources were prepared from four bom- 
bardments with the 11-Mev deuteron beam from the 
Indiana University cyclotron. The target material was 
chemically pure Cd; the production reaction was 
Cd"3(d,n)In"*. After carrier-free chemistry,’ relatively 
intense liquid-deposited or vacuum-evaporated sources 
were prepared. 

In each of seven runs, the measurements were made 
from W ~1.68 moc* to well beyond the endpoint of the 
In'* beta spectrum. Table I shows some of the pertinent 
features of each of the sources and the results obtained 
from the analysis of the measured spectra. 

The data were corrected for decay using a half-life of 
50 days. Repeat runs were made after intervals of 7 to 
14 days. The data from repeated runs were consistent 
within counting statistics when corrected with this 
half-life. If beta activities with significantly different 
half-lives were present in the source, their presence 
would have been detected by the use of this procedure. 

A conventional F-K plot was constructed with the 
aid of tables.”! The high-energy portion of the F-K plot 
is essentially linear. The data in the energy region 
W2>2.85moc* were fitted with a least-squares straight 
line. F-K plots for each source exhibited a slight sys- 
tematic upward deviation from linearity starting in the 
region 2.4mmgc? << W <2.8moc?. The F-K plot for 5=0 in 
Fig. 1 is a typical example. The root-mean-square per- 
centage deviation of the points used in the determina- 
tion of the least-squares line is 0.6% while on the basis 
of counting statistics a deviation of 0.5% would be 
expected. 

This low-energy deviation was treated in the manner 
of a postulated second beta group and a conventional 
subtraction was made. The resulting points were least- 
squares fitted with a straight line and an “end point” 
was determined for this “inner group’’. The analysis in 
the manner of a second group allowed the computation 
of “relative intensities”. The results of this analysis are 

"1 Tables for the ow end of Beta Spectra, National Bureau of 


Standards, Applied Mathematical Series No. 13 (U.S. Government 
Printing Office, Washington, D. C., 1952). 
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shown in Table I under the heading “Inner group”’. 
Accepting this analysis only as a measure of the devia- 
tion in the F-K plots from linearity, with the exception 
of the runs with the 190-yg/cm? source, the results are 
consistent. 

The possible presence of other activities in the sources 
was carefully investigated. Detailed searches were made 
for internal conversion lines and gamma rays that 
would indicate the presence of radio-isotopes which 
could contribute to the In'* beta spectrum above 
W =1.68myc?. Evidence for a true inner group of 3% 
intensity in In'* could not be found. The observed 
0.7-Mev inner group in In" is of such low intensity 
(0.09%) that its contribution can be neglected.”-* 

Assuming no Fierz interference, several theoretical 
refinements were considered. The correction for the 
finite de Broglie wavelength*> was made which de- 
creased the deviation very slightly. The finite nuclear 
size correction”®”’ for an allowed transition with Z=50 
is negligibly small and has a very weak energy depend- 
ence. The outer screening correction”*® is negligible 
over the portion of the spectrum investigated. 

The method of Owen and Primakoff” for correcting 
for certain distortions of instrumental and experimental 
origin was considered. For this instrument and the 
sources used, this correction was negligible. 

It was found that the In'* data corrected with a 
shape factor of the form (1+6/W) yielded a linear 
F-K plot (Fig. 1). The least-squares lines were fitted to 
points with W >2.85moc*. A statistical analysis of the 
percentage deviations of the experimental points from 
linearity indicates that the best value of 6 would be in 
the range 0.2<6<0.3. 


Yttrium-90 


The beta transition from the ground state of Y” to 
the ground state of Zr” is a once-forbidden, unique 
transition, AJ = 2, yes,* which arises from the T and/or 
A interaction forms. When either T or A, but not both, 
is included in the law of beta decay, the once-forbidden, 
unique shape factor takes on the simple form 
C,« (¢Lo+9L,). The terms Lo and L; are the combina- 
tions of radial wave functions given by Greuling® and 
tabulated elsewhere” and gq is the neutrino momentum. 
The momentum spectrum is given by 


N (yn) « F(Z,W)? (Wo—-W)?(q'Lot+- 911), 


*# L. Grodzins and H. Motz, Phys. Rev. 102, 761 (1956). 

% Johns, Williams, and Brodie, Can. J. Phys. 34, 147 (1956). 

“4M. E. Rose and C. L. Perry, Phys. Rev. 90, 479 (1953). 

*5 Rose, Perry, and Dismuke, Oak Ridge National Laboratory 
Report ORNL-1459, 1953 (unpublished). 

26M. E. Rose and D. K. Holmes, Phys. Rev. 83, 190 (1951). 

27 T. Malcom, Phil. Mag. 43, 1011 (1952). 

% J. R. Reitz, Phys. Rev. 77, 10 (1950). 

2% G. E. Owen and H. Primakoff, Phys. Rev. 74, 1406 (1948). 

*® Nuclear Level Schemes, A=40—A=92, compiled by Way, 
King, McGinnis, and van Lieshout, Atomic Energy Commission 
Report TID-5300 (U. S. Government Printing Office, Washington, 
D. C. 1955). 

3 E. Greuling, Phys. Rev. 61, 568 (1942). 
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and contains no nuclear matrix elements in an essential 
manner. 

Plassmann! analyzed beta spectra obtained from 
liquid-deposited sources of Y%(~20ug/cm*) on thin 
Zapon backings and found that the F-K plots corrected 
with the unique shape factor exhibited a slight sys- 
tematic deviation from linearity. The deviation ap- 
peared to begin at W=~2.0moc*. A search for evidence 
for an inner group gave negative results. 

In this investigation, Y* was separated from a Sr® 
— Y™ equilibrium solution obtained from Oak Ridge. 
Carrier-free Y® fractions were obtained by using the 
separation of Chetham-Strode and Kinderman® which 
is given in greater detail elsewhere.' Five different 
sources were studied: three liquid-deposited sources 
(~35ug/cm?*) on thin Zapon backings (3 ug/cm?); one 
vacuum-evaporated source (<10 yg/cm?) on a thin 
Zapon backing (<16 ywg/cm?); and one vacuum- 
evaporated source on a thin aluminum backing 
(180 ug/cm?). 

The measurements were made from window cutoff to 
well beyond the end point of the Y® spectrum. The 
experimental points were corrected for decay, 4;=65 
hours,®:** and background. Repeated runs on the same 
source, when corrected for decay with this half-life, 
were consistent within experimental errors. In addition, 
small samples of each separated fraction were taken for 
half-life measurements. No deviation from a 65-hour 
half-life could be found after a period of ten half-lives. 

An F-K plot was made from the experimental data 
corrected with the unique shape factor. Both the liquid- 
deposited and evaporated sources gave plots which 
exhibited slight systematic deviations from linearity. 
Figure 2 shows a plot for each type of source. The 
straight line is a least-squares fit to all points for which 
W > 3.0moc’. 
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Fic. 2. F-K plots for Y® comparing results obtained from 
liquid deposited and evaporated sources. 


® A. Chetham-Strode, Jr., and E. M. Kinderman, Phys. Rev. 
93, 1029 (1954). : 

3 R. W. Nottorf, Radiochemical Studies: The Fission Products 
(McGraw-Hill Book Company, Inc., New York, 1951), National 
Nuclear Energy Series, Plutonium Project Record, Vol. 9, p. 682. 
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An analysis of this deviation in the manner of a 
postulated second group yielded essentially the same 
results as were reported by Plassmann,! that is, an 
intensity of about 1.5% and an endpoint Wo= 2.0moc’. 
A comparison of the results of this type of analysis for 
the evaporated sources is shown in Table II. When the 
F-K plots resulting from these sources were normalized, 
no significant differences could be detected. This con- 
stitutes strong evidence against the backing leading to 
the distortion of the spectra over the energy range 
considered. 

The use of the tabulated values for Lo and 1, pre- 
sumably accounts for the effect of the finite de Broglie 
wavelength of the electron. The calculated finite- 
nuclear-size correction®® indicates that this correction 
would be completely negligible for Y®. The outer 
screening correction® is again very small. The ‘““Owen- 
Primakoff” correction” was found to be negligibly small 
over the entire spectrum. The combined effect of these 
corrections resulted in only a very small change in the 
spectral shape and could not account for the observed 
deviation from linearity. 

The possible existence of an inner group was further 
investigated using the magnetic spectrometer and 
scintillation techniques. No evidence was found for an 
inner group of the required intensity ; however, evidence 
for an extremely weak beta transition to a 0+ excited 
state in Zr® was found.*:* This excited state decays by 
pure radiationless transitions to the 0+ ground state. 

The complete shape factor for a once-forbidden, 
unique transition including the 7, A interference terms 
can be written as C, « (¢Lo+9L1)+b(¢Pot9P). The 
combinations of radial wave functions Py and P; are 
given by Pursey*® and tabulated elsewhere.” For 
aZ<1, the shape factor becomes C; « (¢+ p”)(1+6/W). 
It was found that correcting the Y*” data with a shape 
factor of this form produced a linear F-K plot. Figure 3 





y9o 
EVAPORATED SOURCE < 10 ug/cm® 
C= [(q2L.+9L,) + dig?h, + 9P,)] 
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Fic. 3. F-K plots for Y® corrected with a shape factor 
[(q?Lo+9L:1)+6(g*Po+9P;) ] for various values of 5. 


* K. W. Ford, Phys. Rev. 98, 1516 (1955). 
% Johnson, Johnson, and Langer, Phys. Rev. 98, 1517 (1955). 
3D. L. Pursey, Phil. Mag. 42, 1193 (1951). 
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gives F-K plots for several values of the parameter 6. 
The least-squares straight lines are fitted to all points 
with W23.0 moc*. The best value of 6 to yield a linear 
F-K plot is in the range 0.2<6<0.3. 


Phosphorus-32 


The beta decay of P® to S® is an allowed, presumably 
l-forbidden transition.‘ 

The sources used in this experiment were prepared 
from two shipments from Oak Ridge. It was found that 
both shipments contained a few percent P® contaminant. 
Two evaporated sources (<10ug/cm*) on aluminum 
backings (180 ug/cm*) were used. A second run was 
made on one of the sources after an interval of 48 days 
and the resulting spectrum was compared with that 
obtained in the original measurement. 

Measurements were made from window cutoff to well 
beyond the endpoint of the P® beta spectrum. The data 
were corrected for source decay with a half-life of 14.3 
days.*7 The maximum decay correction was less than 


TABLE II. Comparison of Y* evaporated sources on 
aluminum and Zapon backings. 


Inten- 
sity 
“inner 
group” 


(Wo)i* 
(moc?) 


**(Wo)2""> 
(moc?) 


Source 


Backing thickness 


Zapon 
<16yug/cm? 





<10ug/cm? 5.420 


Aluminum 
180ug/cm? 


5.428 


< 16ug/cm? 


® (Wo)1 =end point of ground-state group. 
b “*(Wo)2" =“end point” of fictitious “inner group’’. 


1.5%. A conventional F-K plot was constructed and is 
shown in Fig. 4. The points with W22.1 moc? were 
used to obtain a least-squares straight line. This least- 
squares line was subtracted from the data and a second 
F-K plot made (“beta group” B). The data in “beta 
group” B with 1.5 moc?< W <2.0 moc? were fitted with 
a least-squares line. This second least-squares line was 
subtracted from the data and a third F-K plot made 
(“beta group” C). A least squares straight line was 
fitted to the data of “beta group” C for 1.15 moc? < 
W<1.4 moc?. The analysis of the spectrum obtained 
from the same source 48 days later indicates that “beta 
group” B should be associated with P® and “beta 
group” C is actually a P®* contaminant. The deviation 
associated with “beta group” B amounts to ~2% of 
the transitions associated with P®. 

The small theoretical refinements considered for Y” 
and In" were considered for P®. These corrections tend 
to reduce the deviation from linearity but are very 
small. 

The P® data corrected with a shape factor (1+6/W) 
yielded a linear F-K plot (Fig. 5). The best value of the 


37 J. G. Bayly, Can. J. Research 28A, 520 (1950). 
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parameter 6 to yield a linear F-K plot is in the range 
0.2<b<0.4. 
CONCLUSIONS 


Each of the three isotopes investigated have one 
important feature in common—the only interaction 
forms which can contribute are pure Gamow-Teller. 
Consequently, in the absence of Fierz interference, the 
corrected Fermi-Kurie plots should be linear according 
to the present theory. Each experimental spectrum 
displayed a slight systematic deviation from linearity 
which could not be accounted for through the applica- 
tion of theoretical refinements. Instrumental and experi- 
mental effects which might lead to the distortion of the 
beta spectra were carefully considered. No evidence 
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Fic. 4. F-K plot of P® with P® contaminant. “Beta group” B 
is used only as a measure of the deviation from linearity in the 
F-K plot. 


was found to indicate that the deviations from linearity 
are of an experimental or instrumental origin. The 
possibility of complex decays was investigated and in 
each case evidence for inner groups of the required 
intensity could not be found. It is therefore concluded 
that the measured spectra represent the undistorted 
beta distributions associated with the isotopes studied. 
It was found that a shape factor of the form (1+0/W) 
would linearize the F-K plot of each of the three iso- 
topes. In each case, the value of the parameter } to 
yield linear F-K plots is in the range 0.2<6<0.4. 
Since the conclusion of these experiments, several 
other investigators have studied two of these same 
spectra in search of small deviations. Pohm, Waddell, 
and Jensen measured the spectra of Y” and P® and 
reported no observable deviations from the statistical 
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Fic. 5. F-K plots for P® corrected with a shape factor 
(1+6/W) for various values of 6. 


shape in either of these two isotopes.* Yuasa, Laberrique- 
Frolow, and Feuvrais have reported** a deviation at 
low energies in the Y® spectrum similar to that observed 
in the present work. Porter, Wagner, and Freedman 
have reported® a deviation at low energies in the spec- 
trum of P®, Graham, Geiger, and Eastwood have 
measured the P® beta spectrum in conjunction with 
their work on Pr™ and also report a deviation at low 
energy.” The deviation in the P® shape factor observed 
by Graham ef al. at low energy is somewhat greater 
than that observed by Porter e¢ a/. and is in closer 
agreement with that observed in the present work. 

It was pointed out in the introduction that studies of 
a positron spectrum would be of great aid in interpreting 
the observed deviations in these electron emitters. It is 
of interest to determine whether such deviations are 
present in positron spectra and whether they are in the 
same or opposite direction to those in the negative 
electron spectra. A more complete discussion and inter- 
pretation of the results of these experiments is given in 
the following paper after the work on the positron 
spectrum of Na” has been presented. 
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Small Deviations Observed in Beta Spectra: Na*t 
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The intense positron spectrum of Na® has been carefully measured in a magnetic spectrometer. This 
transition proceeds from a 3+ to a 2+ level. The observed Na* spectrum has a nonstatistical shape cor- 
responding to an excess of low-energy electrons. The well-measured spectrum of Pm"? was reinvestigated 
and found to have a statistical shape. The many tests of the experimental procedures all indicate that the 
observed nonstatistical spectrum of Na® is not the result of instrumental distortions. Theoretical refine- 
ments for finite de Broglie wavelength, screening, and possible contributions from the twice forbidden 
matrix elements were considered and found to be much too small to explain the deviation from the statis- 
tical shape observed in Na”. The Fermi-Kurie plot of Na® can be linearized by a (1+6/W) correction 
factor. This same factor has been used to linearize the Fermi-Kurie plots of In"*, Y*, and P® (in addition 
to the once forbidden, unique shape factor in the case of Y™). In all four cases, the value of the parameter b 
to yield a linear F-K plot is in the range 0.2<6<0.4. At present, no theoretical explanation is offered for 
the correction (1+5/W). It may be regarded as an empirical correction capable of explaining the observed 
shapes in the case of these four Gamow-Teller transitions. A search was also made for negative electrons 
accompanying the normal positron decay of Na®. A weak, low-energy electron distribution was observed. 
This distribution may be explained by the theory of ‘‘shake-off” electrons. 


INTRODUCTION 


ITH the improvement of experimental tech- 

niques, confidence has grown in the possibility 
of detecting in the shapes of beta spectra small devia- 
tions from the predictions of the present theory. Such 
deviations may correspond to higher order effects pre- 
viously neglected in the theoretical calculations or to 
refinements which should be made in the theory. Devia- 
tions from the present theory have been reported’ in 
the spectra of In™, Y®, and P*. All three of these 
isotopes are electron emitters which decay by pure 
Gamow-Teller radiations. 

The Fermi-Kurie (F-K) plots of the above three spectra 
are reported to exhibit deviations from linearity corre- 
sponding to an excess of low-energy electrons (for Y” 
after correction with the once-forbidden, unique shape 
factor). Before the advent of parity nonconservation, 
deviations could be interpreted in terms of Fierz inter- 
ference between the possible beta decay interactions. 
Other evidence indicated that Fierz interference is 
much less® or even nonexistent. If the deviations ob- 
served in the three electron spectra were the result of 
Fierz interference, the shape factor (1+-b/W) observed 
for these electron emitters would become (1—}/W) fora 
positron emitter (the Fierz parameter has a different 
sign for positrons and electrons). A positron spectrum 


* Present address: Purdue University, Lafayette, Indiana. 
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nase Gad the U. S. Atomic Energy Commission, and by a 
grant from the Research Corporation. 
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would be expected to exhibit deviations corresponding 
to a deficiency of low-energy electrons. Thus, more 
definitive evidence for the possible existence of Fierz 
interference in Ganow-Teller radiations can be obtained 
from the study of both positron and electron spectra. 
To make a more meaningful interpretation of the devia- 
tions observed in In'“, Y®, and P®, it is of value to 
know whether deviations arc present in positron spectra 
and what is the direction of the deviations. 

A careful investigation has been made of the intense, 
allowed positron spectrum of Na”. This decay also 
proceeds by pure Gamow-Teller radiations. The allowed 
Na” spectrum has been reported to have a linear F-K 
plot from its endpoint down to about 100 kev.*§ 
Because of its abnormally high log ft value of 7.4, the 
allowed positron spectrum of Na” is perhaps not an 
ideal case for comparison with the electron spectra 
(although the ft value of P® is also relatively high). 
From an experimental point of view, however, it is very 
suitable. Because of the low Z, it has the added virtue 
of small Coulomb corrections. The spectrum was 
measured under many different experimental condi- 
tions. With the improved techniques employed, a non- 
statistical spectrum has been observed for the allowed 
Na” positron spectrum.* 

Many new tests of the experimental techniques were 
made during the course of these studies. The well- 
measured beta spectrum of Pm"? was carefully re- 
investigated under various experimental conditions. 
The beta spectrum of Pr'* was also carefully measured 


6 Macklin, Lidofsky, and Wu, Phys. Rev. 78, 318(A) (1950). 

7B. T. Wright, Phys. Rev. 90, 159 (1953). 
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(unpublished). See also, L. M. Langer, Proceedings of Rehovoth 
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Company, Amsterdam, 1958), p. 437. 


2010 





SMALL DEVIATIONS 
with the magnetic spectrometer and with a 47 scintilla- 
tion spectrometer.” 

A thorough search was made for possible negative 
electrons associated with the normal positron decay of 
Na”. These studies yielded important information 
regarding the possibility of the deviations observed in 
the above three electron spectra arising from some 
secondary process associated with the normal decay or 
from some scattering process. Evidence was found for a 
weak, low-energy electron distribution accompanying 
the positron decay.?:!! 


EXPERIMENTAL PROCEDURES 
Magnetic Spectrometer 


The spectrometer used in these investigations was 
described in the preceding paper.’ All of the precautions 
described in the preceding paper concerning the opera- 
tion of the equipment were followed. Certain improve- 
ments were made and these have been described else- 
where.” The principal modification was the use of a 
specially designed end-window, loop-anode, stainless 
steel cathode, proportional counter as the detector.’ 
This counter was extremely stable and trouble-free in 
operation. Although very high counting rates may be 
detected with essentially no loss, the counting rates 
employed in these studies were all less than 5000 per 
minute. For energies greater than 30 kev, the counter 
window was an unsupported, aluminum-coated Zapon 
film with a measured thickness of 100-150 wg/cm?. The 
cutoff energy of such windows was about 5-6 kev." For 
the low-energy measurements, the counter window was 
a Zapon film (<10 ug/cm’) supported on a 56% trans- 
mission Lektromesh grid. The measured cutoff energy 
of some of these windows was less than 1 kev. In some 
cases, a gas pressure of 7-8 cm of Hg was used in the 
counter for the low-energy measurements because of 
the thin windows. 

At the beginning of the studies of the Na” positron 
spectrum, several different types of counters were used 
in measuring the spectrum. The spectrum was measured 
with each of the following types of counter: end-window 
GM-counter with a loop anode, end-window GM- 
counter with a straight wire, glass beaded anode, side- 
window proportional counter, and an end-window 
proportional counter with a loop anode (this is the 
counter described in detail)."° The measurements made 
with each of these counters yielded essentially the same 
spectral shape. These results indicate that the spectrum 
was not being distorted by the counters. The loop- 
anode proportional counter, however, had the best 
operating characteristics and was used in all of the later 
studies. 

The spectrometer was calibrated in terms of the 
10 Hamilton, Langer, Robinson, and Smith, Phys. Rev. 112, 
945 (1958). 

1 Hamilton, Langer, and Smith, Bull. Am. Phys. Soc. Ser. II, 
3, 61 (1958). 
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K conversion line of the 661.6-kev gamma ray" of Cs'87 
and the K conversion line of the 1064-kev gamma ray" 
of Bi”. The low-energy calibration was in terms of the 
internal conversion lines of the 238.6-kev gamma ray" 
of ThB (the F and J lines). 

Measurements of the Na” positron spectrum were 
made with the normal baffle system and with a modified 
beam-defining baffle which decreased the area of the 
accepted beam by more than 50%. This checked on 
scattering of beta particles and gamma rays in the 
vacuum chamber and on the transmission properties of 
different regions of the magnetic field. Measurements 
were made with a counter slit opening of 8 mm as well 
as the usual 5 mm. The thickness of the material used to 
define the slit was decreased by a factor of two to check 
on scattering in the slit edges. The pressure in the 
chamber was varied over a factor of ten in some experi- 
ments to test for possible scattering in the residual gas 
in the chamber. The normal vacuum was between 
5X 10-6 and 10~* mm of Hg. In all of these experiments, 
no change was observed in the shape of the Na” posi- 
tron spectrum. 


Source Preparation 


In these experiments, liquid-deposited and thermally 
evaporated sources were used. The process of preparing 
these sources is described in the preceding paper.' All 
of the sources used were 5 mm wide. 

Seven Pm"? sources were prepared; two were liquid 
deposited (thickness <40 ug/cm?) and five were ther- 
mally evaporated in vacuum (thickness <10 ug/cm?). 
Selective evaporation was used to further increase the 
specific activity which made possible the very thin 
sources. The liquid deposited sources were on ~5 ug/cm? 
of Zapon and 180 ug/cm? of Al foil. The five evaporated 
sources were prepared on backings of 180 ug/cm? of Al, 
100-150 ug/cm? of Zapon-LC600, ~ 20 ug/cm? of Zapon, 
=~ 10 wg/cm? of Zapon, and ~6 ug/cm? of Zapon. All of 
the sources were covered with ~2-3 ug/cm? Zapon 
films with two exceptions for which no covers were used. 
Later a cover was added to one of these. These sources 
were prepared from two different shipments of Pm’ 
from Oak Ridge National Laboratory. Careful searches 
for gamma rays confirmed that there were no impuri- 
ties, at least with gamma rays present. 

Carrier-free Na” was obtained from Nuclear Scienct 
and Engineering Corporation, Pittsburgh. The firse 
shipment contained more than the specified solids so a 
second sample was ordered. Two sources were prepared 
from the first shipment. Source 1 was liquid-deposited 
and source 2 vacuum-evaporated. The backings for 
both sources were 180-ug/cm? Al foil covered with 
LC600<25 ug/cm?. The source’ thickness was 
<100 ug/cm*? and each source was covered with a 


2Lindstrém, Siegbahn, and Wapstra, 
(London) B66, 54 (1953). 

13 P—). E. Alburger, Phys. Rev. 92, 1257 (1953). 

4K. Siegbahn and K. Edvarson, Nuclear Phys. 1, 137 (1956). 


Proc. Phys. Soc. 





HAMILTON, 














Fic. 1. Fermi-Kurie (F-K) plots for Pm'’. The three evapo- 
rated sources were identical except for backings which were 
(a) 180—yg/cm? Al foil, (6) ~10—yg/cm* Zapon, and (c) 
=~6—yg/cm? Zapon. 


Zapon film (<10 ug/cm?). Two sources were also pre- 
pared from the second shipment; both were thermally 
evaporated in vacuum. Source 3 was on a backing of 
180-ug/cm Al foil covered with LC600 and source 4 on 
an aluminum-coated Zapon-LC600 laminate. The thick- 
ness of the laminate was measured with an alpha 
absorption technique to be 20+ 10 ug/cm?. Both sources 
were covered with Zapon films (<10 ug/cm’). A radio- 
autograph of source 3 indicated that the activity was 
uniformly distributed. After many measurements had 
been made of the positron spectrum and electron dis- 
tribution, source 3 was covered with a 10-4g/cm? Zapon 
film. Then, after more measurements, it was covered 
with an additional (60+10)-ug/cm? film for further 
studies. These measurements yielded information 
regarding possible distortions produced by some forward 
scattering process. 


PROMETHEUM-147 


The spectrum of Pm’ was measured under various 
experimental conditions to test for possible instrumental 
distortions. Pm"? was selected because it has been well 
studied'*—"” and has been found to have a linear F-K 
plot down to 8 kev.” Essentially 100% of the transitions 
go by electron emission to the ground state of Sm'*’ 
with a half-life of 2.64 years.'* Transitions to a possible 
excited state at 121 kev (3X10~ photon per beta 
decay’.*) would produce no observable distortion of the 
ground state spectrum. The ground state decay is a 
once-forbidden, nonunique transition (}+—>3—) with 
a log ft value of 7.6. The statistical shape may be 
expected for the F-K plot from the theoretical point of 
view.”! This is because the energy-independent Coulomb 


15 Langer, Motz, and Price, Phys. Rev. 77, 798 (1950). 
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terms which are proportional to aZ/R would be ex- 
pected to dominate in the shape factor, especially since 
Wo is so small. 

Measurements were made from 8 kev to beyond the 
end point of the Pm"? spectrum. This complete energy 
range was measured with the aid of two counters; one 
with an unsupported window and the other with a 
Lektromesh supported window. The data taken with 
the supported window were normalized to the data 
taken with the unsupported window. The energy region 
of overlapping data for normalization was 30 to 65 kev. 
This energy interval is long enough to make a reliable 
overlap possible. The normalization constants at 1.06, 
1.08, 1.10, and 1.12 moc? were constant to within 0.2%. 
The measurements were made over a period of 8 
months. The decay of the sources agreed with the 
reported half-life of 2.64 years. No decay correction was 
necessary for any single spectral measurement. Essenti- 
ally every point had a mean statistical error in the 
counting rates of 1%. Below 20 kev, this value increased 
towards 2%. 

Fermi-Kurie plots were constructed with the aid of 
tables” and graphs.* Figure 1 gives F-K plots of the 
data obtained from three different sources. The three 
sources (each vacuum-evaporated, <10 ug/cm? thick) 
are identical except for backing. Their backings were 
Al foil, (6) ~10 ug/cm? of Zapon, and (c) ~6 ug/cm? 
of Zapon. A comparison of the three plots makes it 
quite obvious that there are large distortions possible 
from backing thickness effects. As the backing thickness 
decreased, the linearity of the F-K plot extended to a 
lower energy. F-K plot (c) in Fig. 1 is linear down to 
about 15 kev where a slight rise in the plot begins. The 
linear F-K plot corresponds to a linear shape correction 
factor, C=N/7’?F(W,—W)? (Fig. 2). The F-K plot 
reported linear to 8 kev was obtained with a source on 
a 1.5-ug/cm? backing. Thus the present data are not 
inconsistent with past measurements. The deviations 
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Fic. 2. Shape factor, C=N/n?F(Wo—W), plot for Pm'*’. The 
dashed curve is the factor (1+0.1/W and the solid curve 
(1+0.3/W). 


“ Tables for the Analysis of Beta Spectra, National Bureau of 
Standards, Applied Mathematics Series No. 13 (U. S. Government 
Printing Office, Washington, D. C., 1952). 
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begin in plot (b) at about 25 kev and in (a) between 75 
and 100 kev. From this work and the Na” studies, it is 
concluded that backings <180 ug/cm? are required to 
make undistorted measurements below 100 kev and 
preferably backings of 10-20 ug/cm? should be used for 
studies down to 30-50 kev. 

A least-squares fit of the data for 1.14 moc’?<W 
<1.34 moc? yielded an end-point energy of (1.439+ 
0.002) moc?. Considering uncertainties in the absolute 
calibration, this corresponds to an end point of 
224.3+1.3 kev. 

Various experimental parameters were varied to 
determine their effect on the spectrum. No change was 
observed in the spectrum for pressures in the vacuum 
chamber as high as 3X10-* mm of Hg. The effects of 
source charging were studied. It was confirmed that 
either method of source grounding described in the 
previous paper is sufficient. Without proper grounding, 
the spectrum was greatly distorted with a deficiency of 
low-energy electrons and a shifted end point (215 kev). 

Corrections for outer screening™** were found to be 
negligible over the momentum range measured 

An analysis was made to set limits on Fierz-type 
interference in the Pm"? spectrum. This was previously 
done by Mahmoud and Konopinski.” It should be 
noted that Pm’ is not to be considered in the same 
manner as In'*, Y®, and P® since the Pm'*’ decay is 


once-forbidden, nonunique. It has been suggested” . 


that a shape factor of the form (1+aW+6/W), where 
a and 6 are adjustable parameters, should be used to fit 
the experimental spectra of once-forbidden, nonunique 
transitions. This equation was fitted to the Pr’ spec- 
trum” which is a 3+ to 3~ transition like Pm'’. Thus a 
shape factor of the form (1+6/W) with a0 might 
easily be expected from a theoretical standpoint. 

Figure 2 gives a shape factor plot of the data [from 
plot (c) of Fig. 1] where C=N/n?F(W o—W)*. The 
curves represent the factor (1+6/W) for 6 values of 
0.1 and 0.3 and the flags represent one mean statistical 
deviation in the counting rate. A straight line is the 
best fit to the data down to about 15 kev, however, the 
correction for b=0.1 would be difficult to exclude. 

The data are plotted for Wo= 1.439 moc*. To compare 
factor (1+6/W) for 6=0.3 to the data, C should be 
calculated for Wo= 1.442 moc® (as obtained below). For 
this higher value of Wo, the high-energy points are 
brought down relative to the low-energy ones for a 
better comparison. This 6 value, however, is the ap- 
proximate upper limit of permissable values to fit the 
data. 

In Fig. 3 are F-K plots of the same data as in Fig. 2 
corrected with (1+6/W) for 6=0 and 0.3. The straight 
lines are least squares fits of the data in the energy range 
(1.14-1.34) moc*. Note that a slightly higher endpoint 
of 1.442 mec? is obtained with the data corrected for 


% J. R. Reitz, Phys. Rev. 77, 10 (1950). 
#6 T. Kotani and M. Ross [submitted to Progr. Theoret. Phys. 
(Kyoto) ]. 
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Fic. 3. F-K plots for Pm’ corrected with C=1+6/W: 
(a) b=0 and (0) b=0.3. 


b=0.3. This 6 value of 0.3 is approximately the upper 
limit of the parameter b which will yield a linear F-K 
plot. The short energy range makes a more definitive 
limit difficult. It should be restated that even if a shape 
factor (1+6/W) is needed to fit the spectrum it could 
be explained by the once-forbiddenness of the transition 
and would not necessarily be of the same nature as the 
effect found in In", Y®, and P®. 


SODIUM-22 
Positron Spectrum 


Na” decays by positron emission and K-capture 
(half-life 2.58 years'*) to an excited state at 1.28 Mev 
which in turn decays to the ground state of Ne” through 
emission of a 1.28-Mev gamma ray.®’ This mode of 
decay represents essentially 100% of the transitions. 
The transition to the ground state is approximately 
0.06%7 and is completely negligible in these studies. 
The measured spin and magnetic moment of Na” lead 
to a 3+ assignment for its ground state.*® The ground 
state of the even-even nucleus Ne” is 0*. With this 0* 
assignment, the 1.28-Mev level in Ne” is 2* as deter- 
mined from the measured internal conversion coefficient 
of the gamma transition.?” With these level assignments 
for Na” and Ne”, the Na” decay to the 1.28-Mev level 
should be allowed. 

The reported statistical spectrum of Na” is consistent 
with that of an allowed transition but the log ft of 7.4 
is high for such transition. ‘‘/-forbiddenness” or the 
accidentally poor overlap of the initial and final nucleon 
wave functions has been assumed to account for the 
high ff value. Although this transition is slower than 
most allowed transitions, it is still fast in comparison to 
twice forbidden ones. There should be negligible contri- 
bution to the Na” decay from the twice forbidden 
matrix elements. This will be discussed in greater detail 
below. 

The initial measurements of the positron spectrum 
were made with sources 1 and 2 described above. A 
similar nonstatistical spectral distribution was observed 

26 L. Davis, Phys. Rev. 74, 1193 (1948). 

27 R, D. Leamer and G. W. Hinman, Phys. Rev. 96, 1607 (1954). 
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Fic. 4. F-K plots for Na®: (a) The crosses represent data 
taken four months after that plotted as solid circles for source 3. 
(b) The open circles represent data from source 2. 


with each source. (Recall that source 1 was liquid- 
deposited and source 2 vacuum-evaporated.) Measure- 
ments made with source 3, which was a factor of 10 or 
more thinner than sources 1 and 2 but otherwise identi- 
cal, agreed with the data from sources 1 and 2 (see 
Fig. 4). The straight lines in Fig. 4 are fitted to the 
points with W>1.3 moc*. Both plots exhibit a very 
similar deviation from linearity beginning between 
1.25 moc* and 1.35 moc. This agreement indicates there 
is little if any distortion from source thickness in the 
measured energy range (E>70 kev). The normalized 
repeat spectrum obtained four months later with source 
3 indicates that the deviation is decaying with the Na” 
half-life as is the remainder of the spectrum. 
Measurements were made from about 50 kev to 
beyond the end point of the allowed Na” spectrum with 
source 4. Seven measurements were made over a period 
of 4 months. Figure 5 gives a F-K plot of data taken 
with source 4 which had the thin backing (20 ug/cm?). 
The straight line is least-squares fitted to the data with 
W>1.5 mec? and yields an end point energy of 
(2.0626+0.006) moc? (54343 kev). The deviation from 
linearity for source 4 begins in the same energy region 
as for sources 2 and 3 but is considerably less below 














U 


Fic. 5. F-K plot for Na® source 4. F’ includes the 
screening correction. 
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100 kev for the other sources. The only difference be- 
tween sources 3 and 4 is the backing thickness which 
must be responsible for the added deviation in the data 
for source 3. Studies were made of the effects of source 
backing with Pm'’ sources. All of the evidence indicates 
that there should be no distortion in the spectrum 
measured with source 4 for W21.1 moc*. These studies 
also confirmed that backings > 180 g/cm? thick would 
produce spectral distortions which begin around 100 
kev. An added 15 ug/cm? of Al was vaporized on the 
back of source 4 to insure that source charging was not 
distorting the spectrum. The measured distribution 
before and after the extra Al was added agreed down to 
about 64 kev. Below this energy, the distribution after 
adding the Al exhibited a slight excess of particles as 
would be expected for the thicker backing. 

Two tests were made for possible effects arising from 
scattering or annihilation of the positrons in the material 
used to define the detector acceptance slit which is 
located directly in front of the counter. The thickness 
of the material was decreased a factor of two and 
measurements were made for slit openings of 5 and 8 
mm. There was no observable change in the shape of 
the spectrum. A further test for possible scattering in 
the spectrometer chamber was made by decreasing by 
more than 50% the area of the accepted beam. The 
extra baffle decreased the opening both radially and 
axially. The spectrum measured with the extra baffle 


agreed well with that taken without the baffle, con- 
firming the absence of scattering in the spectrometer. 
To determine whether the observed deviation from 
linearity was in any way the result of some forward 
scattering process in the thin cover film or even thinner 
source, the Na” spectrum was measured with two 


additional Zapon cover films (total thickness 
70+15 ug/cm?) over the source. The F-K plots (Fig. 6) 
of the data taken with and without the two cover films 
agree. The good agreement of the data indicates that 
there is negligible distortion produced by the cover 
films. The possibility of compensating effects yielding 
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Fic. 6. F-K plots for Na* source 3. The data plotted as crosses 
were taken after a 70-ug/cm? Zapon cover film was added over 
the source. 
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the same spectrum would be most unlikely for a positron 
spectrum measured in a 180-degree focusing spec- 
trometer. 

Two theoretical refinements of the data were con- 
sidered. The correction for the finite de Broglie wave- 
length,?*-* although in the right direction, is much too 
small to account for the observed deviation. The data 
were corrected for outer screening”** with the aid of 
tables” for Z=10 and Vo=0.7. This correction was 
somewhat larger but still resulted in less than 1% 
relative change in the spectrum over the measured 
energy range. This correction is also in the right direc- 
tion to linearize the F-K plot but is again much to small. 

The high ff value for the allowed Na” decay may 
imply that there is some destructive interference among 
the radiations contributing to the decay. If this were so, 
it might be possible for small energy-dependent terms 
from the twice forbidden matrix elements to exert their 
presence in the spectrum. From the known /t values of 
twice-forbidden transitions, the possibility that there 
would be any contribution of the required magnitude 
to explain the Na” spectrum appears extremely un- 
likely. There would be a cross term between the allowed 
and second-forbidden terms which would introduce a 
shape factor correction. Although the contributions of 
this cross term is approximately 100 times larger than 
that of the second-forbidden matrix elements, approxi- 
mate calculations for Na” indicate that even this is 
completely negligible. 

The Na” spectrum can be linearized by a correction 
of the form (1+4/W). In Fig. 7 are plots of the data 
from source 4 corrected with (1+/W) for various 
values of 5. The lines are least-squares fits to the points 
with W>1.5 moc?. The best value of 6 to yield a linear 
F-K plot is in the range 0.2556<50.35. The data from 
source 3, corrected with (1+0.3/W), are also plotted 
in Fig. 7. Note that this correction does not linearize 
the F-K plot below about 100 kev. This again empha- 
sizes the difference in the data from sources 3 and 4. 
This distortion in the source 3 data is attributed to 
effects arising from the thicker backing. Figure 8 gives 
a plot of the shape correction factor C=N/7?F’ 
(Wo—W)?. The curves are the factor (1+/W) for 
b=0.25 and 0.30. The data are plotted as closed circles 
for Wo= 2.0626 moc? as obtained from a least-squares 
straight line of the data without the factor (1+0/W) 
and as crosses (normalized to fit the curves) for 
W o= 2.0680 moc? as obtained from a least-squares fit 
of the data corrected with (1+0.3/W). A correction 
factor of this form is a reasonable fit to the data. The 
flags represent the standard deviation in the counting 
rates which was ~ 1.7% for all points. 

A search was made for possible negative electrons 
associated with the normal decay of Na”. It is possible 

28M. E. Rose and C. L. Perry, Phys. Rev. 90, 479 (1953). 


*® Rose, Perry, and Dismuke, Oak Ridge National Laboratory 
Report ORNL-1459, Special, 1953 (unpublished). 
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Fic. 7. F-K plots for Na®* source 4 corrected for screening and 
for (1+6/W) for various values of b. The open circles represent 
data from source 3 corrected with (1+0.3/W). 


that some secondary process of electron emission might 
be responsible for the deviations observed in the spectra 
of In'*, Y”®, and P®, Positron decay offers a good 
opportunity to search for secondary processes of elec- 
tron emission. This search provided useful information 
relating to the principal problem of this paper. These 
studies indicated that the films normally used to cover 
the sources should not be distorting any of the spectral 
measurements. A further important conclusion is that 
there do not appear to be any secondary modes of decay 
or scattering processes with magnitudes large enough 
to explain the observed deviations in the electron spectra 
of In", Y®, and P® or in the positron spectrum of Na”. 
An electron distribution was observed accompanying 
the positron decay. The results and conclusions of this 
investigation are found in the Appendix. 


CONCLUSIONS 


The allowed positron spectrum of Na®, which decays 
by pure Gamow-Teller radiations, has been measured 
and found to exhibit a nonstatistical shape. The spec- 
trum of Pm"? was measured as a further test of the 
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Fic. 8. Shape factor, C= N/n?F’(Wo—W)*, plot for Na® source 
4. The closed circles are for Wo=2.0626mgc? and the crosses for 
W=2.0680moc?. The curves represent the factor (1+)/W) for 
(a) b=0.30 and (6) b=0.25. 
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experimental techniques. The spectrum of Pr’ was 
measured with magnetic and scintillation spectrometers” 
during the course of this work. The good agreement of 
the Pr'* data taken with these two different spectrom- 
eters is strong evidence that the measurements are not 
being distorted by instrumental effects. All of the 
evidence indicates that the observed nonstatistical 
spectra of Na”, In™, Y®, and P® represent the undis- 
torted beta distributions for each isotope. 

All four of these isotopes decay by pure Gamow-Teller 
radiations. It was found that a shape factor of the form 
(1+5/W) would linearize the F-K plots of each of the 
four isotopes. The value of the parameter 6 to yield a 
linear F-K plot is in the range 0.2<8<0.4 in each case. 

It was mentioned earlier that the shape factor for 
Fierz interference (1+5/W) has a different sign for } 
for positrons and electrons. The deviations observed in 
these four spectra are not consistent with an interpreta- 
tion of Fierz interference since the experimental shape 
factor does not change sign for positrons and electrons. 

At the present time, the theory provides no explana- 
tion for a shape factor of the form (1+6/W). The finite 
de Broglie wavelength correction included in the 
analysis is in the right direction to account for the 
observed deviations but the magnitude of the correction 
is much too small to explain the observations. It is 
possible that further considerations of refinements of 
this type may offer an explanation of the observations. 

The outer-screening correction is in the right direction 
to explain the deviation observed in the Na” spectrum 
but in the wrong direction to explain the spectra of 
In™, Y%, and P®. Because of the low Z of Na”, it is 
unlikely that even more exact calculations of the 
screening correction would account for the observed 
deviation in this spectrum. 

Other experiments have confirmed the deviations in 
Y® and P® but there appears to be some disagreement 
about the magnitudes of the deviations observed in 
these spectra. Since the observed effect is small, the 
differences possibly arise in part from differences in the 
treatment of the data. 

At present, the term (1+0/W) may be regarded as 
an empirical correction which is capable of explaining 
the observed shapes in the case of these four pure 
Gamow-Teller transitions. 
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that the interaction strengths are such that Cy=Cy’ and C4a=Cy’, 
Fierz interference is expected to be zero. 
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APPENDIX. Na® ELECTRON DISTRIBUTION 


It was pointed out earlier in the paper how these 
studies were correlated to the principal problem of this 
paper. This work was also motivated by the work of 
Bruner who reported* an electron distribution accom- 
panying the positron decay of Sc“. He observed an 
electron distribution in the energy range 30-150 kev 
with an intensity of ~4% relative to the intensity of 
the positron spectrum. There was no satisfactory ex- 
planation given for the observed electrons. Blue and 
Bleuler repeated the work on Sc“ and reported” fewer 
electrons by a factor of 5-10 than Bruner reported. 
They felt that their results were consistent with no 
electrons observed in this energy range 30-150 kev. 
They also reported® electrons observed in the decay of 
Na”, Their Na” measurements were made, however, 
only as tests of the procedures and little was reported 
concerning this work. 

Na” sources 3 and 4 were used in this investigation. 
Six measurements were made from 20 to about 200 kev 
with a proportional counter which had a thin unsup- 
ported window (cutoff ~5 kev) and six measurements 
from 2-60 kev with Lektromesh-supported Zapon 
windows with cutoffs either <1 kev or <2 kev. The 
two sets of data were normalized. 

An electron distribution was observed which de- 
creased rapidly with energy, approaching the back- 
ground counting rate in the region between 40 and 150 
kev.?" In Fig. 9, the observed electron distribution as 
a function of momentum is plotted for the two sources. 
The curves are the best fit to the data. Only a few points 
are shown in order to indicate the size of the errors. The 
limits of error, which include the statistical deviation 
in the counting rates and background, are large because 
of the low counting rates (maximum counting rate was 
10 counts/min above a background of about 25 counts/ 
min). 
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Fic. 9. Na® electron distribution as a function of 


momentum for sources 3 and 4. 


% J. A. Bruner, Phys. Rev. 84, 282 (1951). 

# J. W. Blue and E. Bleuler, Phys. Rev. 100, 1324 (1955). 

33 W. Paul and H. Steinwedel, in Beta- and Gamma-Ray S pectros- 
copy, edited by K. Siegbahn (Interscience Publishers, Inc., New 
York, 1955), Chap. 1, Eq. (2). 
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Fic. 10. Na™ positron spectrum and electron distribution 
as a function of momentum for source 4. 


Figure 10 gives a comparison plot of the positron 
spectrum and the electron distribution obtained with 
source 4. The extrapolation of the electron distribution 
will be discussed later. The measured ratio g-/Ng* is 
(2.2_1.1*°*) X10 for source 4. The electron intensity, 
Ng-, was measured only for energies > 2 kev (the lowest 
energy at which reasonably reliable electron data were 
measured) and .Vg* is the total positron intensity. The 
errors quoted arise from the different areas under the 
electron distribution curves drawn through the upper 
and lower limits of error placed on the experimental 
points. The distribution measured with the more thinly 
backed source fell lower (Fig. 9). Other studies of the 
effects of source backing indicate that the value 2.2 should 
be decreased by possibly 10-20%. Several tests were made 
to determine the origin of the observed electrons. In 
Fig. 11, one notes that the counting rates do go to zero 
as the energy decreases. This is because of counter 
window cutoff. Although not plotted, the data taken 
with the unsupported window decreased to zero at 
«5 kev as expected. This indicates that the observed 
electrons are not particles producted in the walls of the 
chamber by positron scattering, Compton scattering, or 
pair production of the 1.28-Mev gamma ray. Such 
particles scattered into the detector would not result 
in a window cutoff. Careful measurements were made 
of the background in the spectrometer both with and 
without the Na” sources in the spectrometer. 

A test was made to see whether the electrons originate 
through some forward scattering process of the posi- 
trons or gamma rays in the source material or cover 
film by placing additional cover films over the source. 
An additional Zapon cover film of about 10+5 wg/cm? 
was placed over source 3 and then a second Zapon film 
of 60+ 10 ug/cm? was added. A plot of the data taken 
with and without the two cover films (70+15 wg/cm?) is 
seen in Fig. 11. Measurements were made only one day 
apart with the 10- and then with the additional 
60-ug/cm? cover with the same counter and window. 
The two sets of data agreed above 10 kev with each 
other and with the previous data (Fig. 11). The thicker 
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counter window used in these measurements is probably 
responsible for the drop in intensity beginning at 10 kev 
in comparison to the data without the extra cover 
films. From the experimental values of counter window 
cutoff, the range-energy relation of Flammersfeld® 
(which appears to give slightly higher values for the 
cutoff energy as a function of the thickness below 
100 ug/cm’) and the energy loss equation,® it seems 
safe to conclude that the 10-ug/cm? film and most 
probably even the 70-ug/cm? film should not distort 
the observed distribution above 10 kev. It seems safe 
to conclude that the electrons do not originate through 
some forward scattering process of the positrons or 
gamma rays in the cover films. If the electrons did 
originate in this manner, then the electron distribution 
would be expected to increase rather sharply with the 
added cover films over the source and it does not. 

The decay of the electron distribution was checked 
over a period of five months. The half-life of the decay 
agreed with that of Na”. The shape of the distribution 
excludes the interpretation of the electrons resulting 
from a beta disintegration process in either Na” or an 
impurity. All of the evidence indicates that the observed 
electrons are directly associated with the decay of Na”. 

The intensity and distribution of the observed elec- 
trons from Na” are in sharp disagreement with the 
observations of Bruner*! on Sc#. The large number of 
electrons observed by Bruner in the range 30-150 kev 
is difficult to explain and appears from the work of 
Blue and Bleuler® to be at least partially of instrumental 
origin. Their results are essentially in agreement with 
the present Na” studies although they did not go to 
very low energies in their measurements. 

A possible theoretical explanation of the electrons 
observed in the Na* decay is found in the independent 
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Fic, 11. Na® electron distribution as a function of 
momentum for source 3. 
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Fic. 12. Na®™ electron distribution plotted as a function of 
energy. The extrapolation is made in a manner consistent with 
the theory of “‘shake-off” electrons. 


work of Feinberg,* Migdal,* and Levinger.** They have 
shown that, because of the sudden change in the nuclear 
charge in the process of beta decay, excitation and 
ionization of the atomic electrons are expected. In this 
process, the energy release of the decay is shared be- 
tween the beta particle, neutrino, and atomic electron. 
This small effect does not measureably change the dis- 
tribution of the particles in beta decay. 

The probabilities of atomic electrons being excited 
or ejected in the process of beta decay were calculated 
(Feinberg for the K shell, Levinger for the K and L 
shells, and Migdal for the K, L, and M shells). The 
K-shell calculations agree with each other, but the 
L-shell calculations do not. Primakoff and Porter have 
treated the case of K capture.*” The ejected electrons 
are sometimes referred to as “shake-off” electrons. 

To compare the Na” electron data with the prob- 
abilities predicted for ‘shake off” electrons, a plot of 
N(W) vs W was made (Fig. 12). The extrapolation of 
the data from 2 kev to zero energy in this plot was made 
in a manner consistent with the distribution predicted 
for “shake-off” electrons. The extrapolation is still 
somewhat arbitrary. The extrapolation in Fig. 10 was 
constructed from that in Fig. 12. If this extrapolation 
of the experimental curve to zero energy is included, 
then the ratio of the total number of electrons to 
the total number of positrons, Vs-/Ng*, becomes 
(4.3_2.4*'4) X 10 for the data from source 4. The limits 
of error do not include possible changes in the extra- 
polation but are statistical deviations about the average 
curves. Changes in the extrapolation of not too un- 
reasonable a nature could increase the 4.3 by a factor 


4 E. L. Feinberg, J. Phys. U.S.S.R. 4, 423 (1941). 

36 A. Migdal, J. Phys. U.S.S.R. 4, 449 (1941). 

36 J. S. Levinger, Phys. Rev. 90, 11 (1953). 

37 H. Primakoff and F. T. Porter, Phys. Rev. 89, 930 (1953). 
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of 2 or possibly more but could not decrease the value 
much below 3. 

If screening effects and the change of one in Z are 
neglected, the ionization probabilities for the K+L 
shells per positron decay (Ng~/N gt) are 7.410 from 
Migdal’s work and 2.75X10~ from Levinger’s work. 
The agreement between theory and experiment is most 
likely partly fortuitous considering the large experi- 
mental and theoretical uncertainties. The neglected 
effects mentioned above are quite large for Na”. The 
correction to the theoretical numbers for the ~10% 
K-capture in Na” is quite small. 

The observed Na” electron distribution does not 
appear to peak as strongly at low energy as predicted 
by the theory of “shake-off” electrons. The theory 
predicts that the mean energy of the electrons from a 
given shell is approximately the binding energy of the 
shell and that the distribution should fall off as 1/W4 
for energies much greater than the binding energy of 
the shell. The best fit to the Na” data for W/Ex>5 is 
W7, where x= —2.3_9 st! 8 and Ex is the K-shell binding 
energy in Ne”. The errors represent the curves drawn 
through the limits of statistical error. The theoretical 
value is just within the experimental limits of error. 
The intensity of electrons observed for energies > 2 kev 
appears to be larger than predicted by Levinger or 
Migdal. Two of the approximations made in the general 
calculations of Levinger and Migdal are poor for Na”. 
From Feinberg’s paper, it is possible to estimate the 
error introduced in the K-shell probability arising from 
neglecting the change of one in Z. For Na”, taking into 
account the change in Z, the probability of K-shell 
ionization becomes 0.92/Z? in comparison to the value 
of 0.64/Z? given by Levinger and Migdal. This is about 
a 45% increase. Further corrections of this nature would 
be expected for the L-shell probabilities. 

The other poor approximation is the neglection of 
screening of the electrons. Because of screening, the 
probabilities are proportional to 1/Z—«)*, where @ is 
the screening constant, instead of 1/Z*. This correction 
is small for the K shell but becomes large for the L shell. 
If the theoretical probabilities are calculated from 
Migdal’s equations with screening constants given by 
Hartree,** the total probability of ionization for the 
K+L shells becomes 15.8% for Z=11 and 20.8% for 
Z=10. These values do not include the change in Z 
correction mentioned in the last paragraph. 

In addition to the work of Bruner, and of Blue and 
Bleuler, there are two other measurements of electron 
distributions accompanying positron decay or K 
capture. Soltysik observed electrons accompanying the 
K-capture decay of Be’ with a 180° magnetic spectrom- 
eter.*® Miskel and Perlman observed electrons accom- 
panying the K-capture decay of A*’ with a proportional 


% PD. R. Hartree, The Calculation of Atomic Structures (John 
Wiley and Sons, Inc., New York, 1957). 

*®E. A. Soltysik, Ph.D. thesis, Indiana University (un- 
published). 
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counter.” The total number of electrons observed in 
both experiments agreed reasonably well with the 
“shake-off” theory but, in both cases, the observed 
distributions were in disagreement with the theory. In 
Soltysik’s work, the total experimental and theoretical 
probabilities agreed only if the experimental curve was 
extrapolated in a manner consistant with the experi- 
mental data but contrary to the theoretical curve. In 
the measured electron momentum range (0.20-1.50) moc, 
the experimental value of the electron intensity in Be? 
is 10-40 times greater than predicted by theory. The 
proportional counter experiment would not be expected 
to give a good measure of the electron distribution but 
the magnetic spectrometer measurements should have. 
In both experiments, the experimental distributions do 
not peak as sharply at low energies as the theory 
predicts. 

Other investigators have looked at the K and L 
x-rays accompanying beta decay or K capture in other 
isotopes. In such studies,’ reasonable agreement has 
been found between the total theoretical ionization 
probabilities for the K and L shells and the experimental 
values. 

Two other recent papers concerning the ionization of 
the atomic electrons following the beta decay of Kr*® 
are of interest in this problem. Snell and Pleasonton 
studied the ionization of the atomic electrons following 
the beta decay of Kr* by observing the charge spectrum 
of the recoiling ions.” Experimentally, they found the 

# J. A. Miskel and M. L. Perlman, Phys. Rev. 94, 1683 (1954). 

“| For references to these works see reference 37, F. Boehm and 
C. S. Wu, Phys. Rev. 93, 518 (1954), and W. Rubinson and 


J. J. Howland, Phys. Rev. 96, 1610 (1954). 
# A. H. Snell and F. Pleasonton, Phys. Rev. 107, 740 (1957). 
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ionization of the K+L+M shells to be 9.9% and that 
of the N shell 10.9%. Migdal’s equations predict the 
probability of ionization of the K+L+M shells to be 
1.65% (for the probability ~1/Z*) or 3.17% [prob- 
ability ~1/(Z—«)?]. The predictions of Levinger are 
even lower than Migdal’s for the K+Z shells. 

To explain the experimental results, Green calculated 
for Kr® the probability of ionization of the K, L, M, 
and N shells.“ For his more exact calculations, Green 
used Hartree wave functions for the initial and final 
states of the specific nuclei in question and took into 
account the electron screening. He obtained a value of 
9% for the N-shell ionization probability and 4.4% for 
the K+L+M shells. He also suggested how this value 
of 4.4 might be increased to 6.5. His work suggests that 
the results of the general calculations of Levinger and 
Migdal are too low and that for a comparison of theory 
with experiment the ionization probabilities should be 
calculated for the specific isotope. 

In conclusion, an electron distribution from Na” has 
been measured for energies >2 kev. The intensity of 
the electron distribution in this range relative to the 
positron spectrum is (2.2_,.:*°*) X 10-? (excluding a few 
percent decrease for backing effects). On the basis of 
the Na® and Kr*® results, it seems likely that the ioni- 
zation probabilities predicted by the general calcula- 
tions of Levinger and Migdal are too low. The distribu- 
tion predicted for ‘“‘shake-off” electrons may also be 
questioned on the basis of the present results. For a 
more meaningful comparison of theory and experiment, 
ionization probabilities should be calculated for the 
isotope being studied as was done for Kr*. 


# A. EF. S. Green, Phys. Rev. 107, 1646 (1957). 
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Angular Distributions from Deuteron Bombardment of Beryllium and Boron* 
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The angular distributions, from 10° to 160°, of the emergent particles from the reactions Be®(d,p) Be, 
B"”(d,p)B""*, and B" (d,n)C2* have been investigated. The proton distributions were obtained at incident 
deuteron energies of 10, 9.2, and 8.1 Mev while the neutron distributions were obtained with 10-Mev 
deuterons. The proton distributions are analyzed using the Butler theory of deuteron stripping and, with the 
exception of the distributions from B"*, are in agreement with /,=1 at forward angles. The distributions 
from the first excited state of B" are not in agreement with any curves based upon the Butler theory, 
indicating that stripping does not play a major part in this reaction. The neutron distributions are analyzed 
using the treatment of Owen and Madansky, which allows heavy-particle stripping as well as Butler strip- 
ping. Reasonable agreement between the data and this theory for the ground state is obtained by using 
approximately equal amplitudes for Butler and exchange stripping and angular momenta of /=1 and /=0, 
respectively, for deuteron and exchange stripping. The analysis of the distribution for the first excited state 
of C® shows /=1 for deuteron stripping, but does not provide a unique choice for the angular momentum 
in exchange stripping. 


INTRODUCTION spins, a differential cross section of the form 


HE study of the angular distributions at forward a i ee 2 

angles for emergent particles from (d,p) and (d,n) - |Ga(K)j1(kiR1) +-—Gu(K2)jo(keR2)|, — (1) 
reactions at intermediate energies has provided a dw | Ay 
considerable amount of useful information. When these 
distributions are analyzed in terms of deuteron stripping 
theory, limits upon the spins and parities of the final 
nuclear states can be set. A number of authors'~’ have 
treated the problem, making use of different assump- 
tions and formalisms, and have obtained similar results. 
In all cases, the theoretical treatments predict forward 
peaks with a rapid decrease in intensity at angles 
larger than that of the primary peak. Recently, studies 
of the reaction B"(d,n)C®, in which the angular distri- 
butions were extended beyond 90°, showed a significant 
contribution at backward angles.* Owen and Madansky® 
proposed that the nucleon detected at large angles may 
have originated in the target nucleus, rather than in 


where the quantities in the matrix element are 
Ki=[kne+thi— kaka cosd}!, 
ki={k?+((11/12)k, P— (11/6)k ka cosd}#, 
Ko={k2+[(1/11)ka P+ (2/11) kaka cosd} 4, 
ky= [ki+ (4k,)?+ tka cos6 |}, 
j 2(2maa)* 
GAK)«————_, 
a’v+K ? 
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the incident deuteron. This mechanism, heavy-particle 
stripping, predicts significant contributions to the 
differential cross section at backward angles. The treat- 
ment is patterned after the method of Bhatia? and 
includes both deuteron and exchange stripping and 
allows interference between the two mechanisms. 
Using the Born approximation and employing anti- 
symmetrical wave functions for the outermost neutron 
in the boron nucleus they obtain, after a sum over the 


* Supported in part by the U. S. Air Force through the Office 
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The 7,(kR) terms are the spherical Bessel function of 
order (/+4) and k, and kag are the wave numbers 
(center-of-mass system) for the outgoing neutron and 
incident deuteron. The quotient A»/A; gives the ratio 
of heavy-particle stripping to deuteron stripping and 
is treated as an adjustable parameter. The B"(d,n)C” 
reaction has previously been investigated and analyzed 
in this manner for incident deuteron energies from 0.6 
to 4.7 Mev and the experimental distributions are in 
good agreement with the theory. In the present work, 
the reaction was investigated and analyzed at 10 Mev 
to extend the range of measurements, as a test of the 
effectiveness of the heavy-particle stripping theory, 
and thus to determine the relative importance of the 
two mechanisms. In order to observe the effects of 
heavy-particle stripping in other reactions, the angular 
distributions from the reactions Be*(d,p)Be”* and 
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B(d,p)B"-"* were investigated at incident deuteron 
energies of 10, 9.2, and 8.1 Mev. Heavy-particle strip- 
ping should be most apparent in a nucleus where the 
last proton or neutron is loosely bound. The fifth 
proton in B” has a binding energy of 8 Mev as compared 
with a binding energy of 15 Mev for the fourth proton 
in Be’, so that comparison of the angular distributions 
of protons from the (d,p) reactions on the two nuclei 
should indicate the effects of heavy-particle stripping. 
An investigation of the reaction B(d,p)B"* has the 
feature of providing additional information concerning 
the spin of the first excited state of B". Theoretical 
calculations" of the level structure lead to the expec- 
tation that the spin and parity of this state is }-. 
Measurement of the lifetime of the state by Wilkinson,” 
Thirion’s® determination of the angular correlation of 
the gamma rays from the reaction B!°(d,p)B"*(y)B", 
and a determination of the angular distribution of 
gamma rays following inelastic proton scattering from 
this level by Bair ef al.‘ have confirmed this prediction. 
Work by Evans and Parkinson,’ who have investigated 
the angular distributions of protons from the (d,p) 
reaction on B" at deuteron energies ranging from 6.1 
to 8.1 Mev, indicated some agreement between the 
Butler curves for /=1 and the distributions from the 
first excited state of B“. This would set a lower limit of 
}- for the spin and parity of this state. Recently, Lee 
and Wall'® have reported agreement with the Butler 
curve for /=2 at a deuteron energy of 14.3 Mev. This 
satisfies the angular momentum requirements, but 
leads to a positive parity for the state. The present 
work attempts to remove the apparent disagreement 
between the possible values of the spin predicted by 
stripping processes and the values of the spin as deter- 
mined by other methods of investigation. 


EXPERIMENTAL ARRANGEMENT 
A. Beam and Energy Variation 


The Washington University 45-in. cyclotron provides 
an external deuteron beam of 10-Mev energy. Since 
the beam fans out in the fringing field of the cyclotron, 
a pair of strong-focusing quadrupole magnetic lenses, 
five feet from the collimating slits at the exit position, 
afford an eightfold increase in intensity 20 feet from 
the exit slits. The beam enters the scattering chamber 
through a ;-in. hole in a bismuth collimator, so that 
the effective area of bombardment on the target is a 
circle }in. in diameter. In order to obtain the 9.2-Mev 
beam, 16 mg/cm? of Al foil was placed directly after 
the slit system of the cyclotron. In addition to lowering 

1D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 

1 D—D, Kurath, Phys. Rev. 101, 216 (1956). 

2 DZ), H. Wilkinson, Phys. Rev. 105, 666 (1957). 
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the energy, the foil increased the energy spread of the 
beam and decreased the intensity on the target by an 
order of magnitude. The 8.1-Mev beam was obtained 
by focusing the 10-Mev beam upon the bismuth col- 
limator and inserting 31 mg/cm? of aluminum in that 
position. The resultant intensity was again an order of 
magnitude lower and the energy spread greater. The 
8.1-Mev beam was collimated so that the effective area 
of bombardment was a circle ? in. in diameter. 


B. Scattering Chamber 


The scattering chamber was a pillbox 16 in. in 
diameter and 5 in. deep. The side walls were 3-in. brass ; 
the top and bottom were steel plates 3-in. thick; {-in. 
circular ports were cut in the side wall of the chamber. 
On one side, the ports were spaced at 10° intervals 
from 10° to 90° and at 20° intervals from 90° to 150° 
with a port at 160°. On the other side, the ports were 
spaced at 10° intervals from 15° to 85° and at 20° 
intervals from 100° to 140° with an additional port at 
155°. Thin aluminum foils with a surface density of 20 
mg/cm? covered the ports from 10° to 130°, while 
10-mg/cm? foils covered the ports from 140° to 160°. 


C. Targets 


Three targets were used in the experiment. The 
beryllium target was a foil 1 mil thick and 1/¢ in. in 
diameter. It showed evidence of oxygen contamination 
in addition to the single stable isotope of beryllium. 
The boron targets were prepared from enriched isotopes 
which were in the form of a “‘metallic’’ powder. For the 
B” target, a water suspension of the powder was allowed 
to settle onto a }-mil polyethylene foil, leaving a fairly 
uniform target with a surface density of ~3 mg/cm’. 
Targets prepared in this manner retained their uni- 
formity, losing only a small amount of target material 
under sustained bombardment by deuteron beams of 
the order of 0.1 wa, but deteriorated rapidly when 
much higher beam intensities were employed. Since 
intense beams, of the order of 1 wa, were required for 
the neutron work, a backing of 0.1-mil nickel foil was 
used. A suspension of the B" powder in polystyrene 
Q-dope thinner was prepared and a very small amount 
of polystyrene Q-dope was added to the suspension to 
serve as a binder. The suspension was then allowed to 
settle out onto the nickel foil as the liquid evaporated, 
leaving a uniform target 6 mg/cm? thick. After the ini- 
tial deterioration, there was no noticeable change in the 
target throughout the entire course of bombardment. 


D. Proton and Neutron Detection 


The detector was a proton spectrometer modeled 
after that of Trail and Johnson,!’ modified so as to 
detect protons directly. A longitudinal cross section of 
the detector is shown in Fig. 1. Protons enter a thin 
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Fic. 1. Longitudinal cross section of the detector when 
used for neutron detection. 


foil above the axis of the proportional counter section, 
pass through the proportional counter, and are stopped 
in the scintillation crystal. When neutrons are being 
detected, appropriate foils prevented all charged 
particles from reaching the detector. A polyethylene 
radiator was placed directly before the counter and the 
recoil protons from the radiator were detected in the 
same fashion as for direct detection of protons. When 
a 40-mg/cm? polyethylene radiator was used, the 
efficiency for neutron detection was 1.75X10-> times 
the numerical value of the n-p scattering cross section 
measured in barns. 

The proportional counter was filled with a mixture 
of 90% argon, 10% CO: at a pressure of 14 cm Hg. A 
section of a cylindrical shield (whose voltage cor- 
responded to the undistorted field at the same position) 
covered a 240° angle and effectively limited the active 
volume of the counter to the region through which the 
protons passed. For the (d,p) investigation, a single 
collection wire of 3-mil tungsten was used, while for 
the (d,m) reactions the wire was separated into two 
parts, and in the region where the two wires met, the 
shield covered the full 360°. This provided two pro- 
portional counters having no partition between them, 
with the radial symmetry of the field being maintained 
throughout almost the entire volume of the counter. 
For the (d,p) investigations, the scintillation counter 
consisted of a CsI(TI) crystal 1 mm thick mounted on 
a Dumont 6291 photomultiplier tube. For the (d,n) 
work, a NaI(TI) crystal 2 mm thick was used. 

Identification of the proton groups was made in the 
scintillation counter. By requiring a coincidence be- 
tween the pulses from the proportional counter and the 
scintillator, with appropriate delays to account for the 
differing response times, the proton groups were 
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Fic. 2. Block diagram of electronic system: P one section of 
proportional counter; S scintillation counter. When the propor- 
tional counter was used in two sections, a similar counter-amplifier 
sequence was connected in parallel. 
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isolated. The use of thin crystals required the insertion 
of additional absorbers in front of the detector in order 
to insure that the protons would stop in the crystal. 
In addition to stopping elastically scattered deuterons, 
the absorber also improved the effective resolution of 
the detector. Because the energy loss per unit path 
length for charged particles varies inversely as the 
velocity, proton groups initially differing in energy are 
further separated in energy after passing through the 
absorbers. With the absorbers used, the detector had 
about 6% resolution for the proton work. The width of 
the observed peaks was increased by the thickness of 
the target and, in the case of neutron detection, by the 
thickness of the radiator. 


E. Electronics 


A block diagram of the electronic system is shown 
in Fig. 2. The pulses from the proportional counters 
were fed into preamplifiers and then into linear ampli- 
fiers. The pulses from the scintillator were sent into a 
cathode follower and, after being delayed to bring 
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Fic. 3. Proton energy spectra at 100°. The indicated pulse 
height represents channel number on the analyzer. Since a biased 
amplifier is incorporated into the analyzer, zero pulse height 
would correspond to a large negative number. 


them into coincidence with the proportional counter 
pulses, were also fed into a linear amplifier. The pulses 
from the discriminator output of the amplifiers were 
sent into a coincidence circuit which was operated with 
a resolving time of 1.5 usec. The output of the co- 
incidence circuit gated a multi-channel pulse-height 
analyzer to accept the delayed pulse from the scintilla- 
tion counter. The multi-channel analyzer uses pulse- 
height-to-time conversion as in the design developed 
by Hutchinson and Scarrott.'* 


F. Monitoring 


Normalization of the runs at each angle was per- 
formed by a monitor consisting of a double proportional- 
counter coincidence telescope fixed at an angle of 35° 
to the beam. Absorbers were placed in front of the 
monitor and bias levels on the coincidence circuit were 
set so that only protons which stopped in the second 


18G. W. Hutchinson and G. G. Scarrott, Phil. Mag. 42, 792 
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chamber were counted. In this way, only protons of a 
specified energy resulting from one of the (d,p) reactions 
in the target were detected. To avoid systematic errors 
resulting from changes in bias levels, etc., the runs at 
the various angles were made in random order. 


G. Analysis of the Data 


The spectra of the protons from the reaction 
Be*(d,p) Be” and B"(d,p)B" at 100° are shown in Fig. 3. 
The spectra from the Be*(d,p)Be™ reaction included 
protons from oxygen present as a contaminant. By 
taking an independent angular distribution for the 
reaction O'*(d,p)O", this contaminant could be sub- 
tracted from the spectra. One sees that the general 
background is quite low. 

The angular distributions for the (d,p) reactions 
were obtained by integrating the area under the peaks, 
normalizing to a fixed number of monitor counts, and 
then transforming intensities and angles from laboratory 
to center-of-mass coordinates. 

For the (d,n) work, the number of counts at each 
angle was much lower so that the observed intensities 
at each angle were obtained by simply adding the 
number of counts in each group. Since the neutron 
detector had an efficiency ~10~* times that of the 
proton detector, the background from chance co- 
incidences was important here. The primary source 
of background was the high gamma-ray background 
from the target. In order to determine this background, 
a run with the radiator in position for neutron detection 
was made and, immediately afterward, the run was 
repeated under the same conditions, but with the radia- 
tor removed. This second run gave the number of 
counts from all sources except the radiator. The number 
of recoil protons was given by the difference in counts 
between the two runs over the energy interval covered 
by the group being observed. The observed neutron 
spectrum at 20° is shown as Fig. 4(a). At forward 
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Fic. 5. Angular distributions from Be®(d,p)Be”: (a) Ea=10 


Mev, (b) Ea=9.2 Mev, (c) Ez=8.1 Mev. The curves are calcu- 
lated from Butler’s stripping theory. 


angles the energy separation between the ground state 
and the first excited state was so large that they could 
not be observed simultaneously. At backward angles 
they could both be observed, as is shown in Fig. 4(b). 

The (d,n) data were handled in the same manner as 
the (d,p) data except for an additional correction to 
take into account the energy dependence of the n-p 
scattering cross section. 


RESULTS AND DISCUSSION 
A. Proton Distributions 
Be'(d,p) Be® 


The angular distributions of protons from the ground 
state and first excited state of Be", produced by 
bombardment of Be® with the deuterons of energies 
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10.0, 9.2, and 8.1 Mev, are shown in Figs. 5(a), 5(b), 
and 5(c). The differential cross sections for both states 
are plotted in the same units so that comparison, at a 
given energy, can be made directly from the ordinates. 
The errors shown are an estimate of the possible sys- 
tematic errors ; the primary source being the subtraction 
of the contribution from the oxygen contaminant. 
Statistical errors are small compared to these possible 
systematic errors. The angular distributions from the 
excited state also show the forward stripping peak. At 
110° is a second weaker peak, which is not accounted 
for in the Butler theory and is strongly energy de- 
pendent. At forward angles, the distributions of both 
groups are well fitted by the theoretical Butler curves 
for /=1, using a radius of 5.1% 10~-" cm. Comparison 
of the intensities at different energies can not be made 
since no absolute cross sections were measured. The 
angular distributions from the reaction Be*(d,p)Be"” 
have previously been investigated over a wide energy 
range by a number of authors.!*** The work at an 
energy most nearly approximating that used in the 
present experiment is that of El-Bedewi.*® Using 7.7- 
Mev deuterons, he found distributions in excellent 
agreement with the present results. Since the distinct 
peak which occurs at 110° in the distribution for the 
excited state seems to be strongly energy dependent 
both in shape and intensity, one would suspect that it 
is the result of interference effects. A similar peak has 
been observed in O” by Burrows ef al.”* 


B"(d,p) BY 


The angular distributions of protons from the ground 
state and first excited state of B“ produced by bombard- 
ment of B® with deuterons of energies 10, 9.2, and 8.1 
Mev are shown in Figs. 6(a), 6(b), and 6(c). The 
relative differential cross sections for the ground state 
and first excited state at a given energy can be com- 
pared from the ordinates. The error bars on the points 
again indicate an estimate of the possible systematic 
errors. The angular distribution from the ground state 
all show well-defined deuteron-stripping peaks which 
are adequately fitted by the theoretical Butler curves 
for /=1 using a radius of 5.2X10-" cm. The distribu- 
tions for the excited state, however, show marked 
variation with deuteron energy and are not in agreement 
with any Butler curves. 

The present work is in agreement with the angular 
distributions obtained by Evans and Parkinson’ at 
7.7 Mev. The trends noted in the present work are 
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continued in their observations. At 7.7 Mev, the 
distribution for the excited state shows no trace of the 
peak at 70°, as would be expected from its rapid 
decrease in intensity over the energy range covered in 
the present investigation. The distribution shows a 
slight rise at backward angles, and the forward peak 
continues the trend of peaking nearer to 0° as the 
energy decreases. 

The lack of agreement between the Butler curves 
and the distributions for the excited state is not too 
surprising. Since the spin and parity of B” is 3+ and 
that expected for B" is }~, the conservation of angular 
momentum and parity requires /,=3,5... The 
theoretical calculations of the level structure’-" have 
been made under the assumption that the low-lying 
states can be described purely in terms of excitation 
within the p state. In deuteron stripping, the additional 
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Fic. 6. Angular distributions from B"°(d,p)B": (a) Ea=10 Mev, 
(b) Ea=9.2 Mev, (c) Ea=8.1 Mev. The curves are calculated 
from Butler’s stripping theory. 
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nucleon is accepted into the target nucleus in a definite 
state of angular momentum, so that for /=3, the 
neutron added to the B” nucleus to form B” in its first 
excited state would be in an f state. It is therefore 
improbable that the state can be formed in a deuteron- 
stripping process. The low cross section for the state is 
consistent with this conclusion. In view of the strong 
energy dependence of the shape of the distribution, it 
seems probable that the agreement between the Butler 
curve for /=2 and the data at 14.3 Mev is purely 
accidental.'® 

Inasmuch as there is some tendency toward agree- 
ment between a curve for /=1 and the observed distri- 
butions for the excited state, the possibility of another 
mechanism, spin-flip stripping, has been discussed.!*:!® 
This process is essentially deuteron stripping, but as the 
proton leaves the target nucleus, an interaction be- 
tween the two flips the spin of the proton, thereby 
providing an additional unit of angular momentum. 
In this way, it is possible for the neutron to be accepted 
into the nucleus in a p state and still conserve angular 
momentum. An investigation of the polarization of 
protons from the reaction B'(d,p)B"* has shown the 
sign of polarization to be consistent with this me- 
chanism.”’ Evans and French** have recently made a 
calculation in which nucleon exchange in the B"(d,p) B" 
reaction is considered. Their results are in fair agree- 
ment with the data at 8.1 Mev, but fail to predict the 
strong peak in the vicinity of 70° that is exhibited by 
the data for 9.2 and 10 Mev. It should be noted that 
this treatment differs markedly from the “heavy 
particle” treatment. 

Although no quantitative calculations concerning the 
presence of a contribution from heavy-particle stripping 
have been made, the features of the distributions allow 
several inferences to be drawn. Comparison of the 
distributions from the ground states of Be!’ and B" 
indicate that the expectation of relative enhancement 
of exchange stripping in B" is justified. The isotropy of 
the “background” for the ground-state distributions 
of Be" implies that heavy-particle stripping is probably 
of little importance. No attempt has been made to fit 
the data with theoretical distributions. The angular 
distributions from the ground state of B™ show strong 
deviations from isotropy at backward angles, however, 
and these shapes seem energy dependent. Since the 
angular distributions from compound-nucleus formation 
are essentially isotropic at the deuteron energies 
involved, the observed distributions indicate the in- 
fluence of another mechanism, which may be heavy- 
particle stripping. 


B. Neutron Distributions 


The angular distributions of neutrons from the 
reactions B"(d,n)C”"* are shown in Fig. 7. The 


27 J. C. Hensel and W. C. Parkinson, Phys. Rev. 110, 128 (1958). 
28 N. T. S. Evans and A, P. French, Phys. Rev. 109, 1272 (1958). 
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Fic. 7. Angular distributions from B"(d,n)C” at 10 Mev. The 
curves are calculated from the Owen-Madansky stripping theory. 
In both cases Ri: =R2=5.9X10-" cm, /p=1, 1-=0. The ratios 
between deuteron and heavy-particle stripping theory are shown 
in the figure. 


energy of the incident deuterons was 10 Mev. Com- 
parison of the relative intensities of the ground state 
and first excited state can be made directly from the 
ordinates. The errors in the neutron data are the 
statistical errors resulting from the low counting rate 
and subtraction of the background. 

The angular distributions of both states show the 
strong forward peak characteristic of deuteron stripping 
with /=1, as had been found previously by Maslin 
et al. for 9-Mev deuterons.”® By the use of Eq. (1), the 
differential cross section for heavy-particle stripping, 
the fit was attenpted for the ground state and is shown 
as a solid curve in Fig. 7. With the parameters shown, 
the curve is in qualitative agreement with the data. 
At lower energies, Owen and Madansky® have fitted 
the same reaction and their choice of /=0 for heavy- 
particle stripping with A,/A,~1 is in good agreement 
with the parameters used in this distribution. 

The fit to the distribution for the excited state, 
shown as a solid curve in Fig. 7, is not as impressive as 
that for the ground state. A backward peak is predicted 
and present in the observed data; but there is a peak at 
60°, which is not accounted for by the theory. Several 
variations of the parameters for heavy-particle stripping 
were employed with no improvement. Considering the 
rough nature of the derivation of the differential cross 
section and the generality of the assumptions employed, 
the agreement is probably as good as could be expected. 


SUMMARY AND CONCLUSIONS 


The present work has presented further evidence 
that the dominant mechanism involved in the (d,p) 
reaction forming the first excited state of B" is not 
deuteron stripping. The low relative cross section, the 
energy dependence of the angular distributions, and 
the general poor fit of the standard stripping distribu- 
tions are all evidence of this. Since the assignment of 
the value /=1 cannot now be justified, the assignment 


*® Maslin, Calvert, and Jaffe, Proc. Phys. Soc. (London) A69, 
754 (1956). 
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of }~ for the spin and parity of this level is not excluded. 
Since the mechanism which is usually most probable 
is apparently not allowed, one must consider less 
probable ones, such as spin-flip, heavy-particle strip- 
ping, and, of course, compound-nucleus formation and 
interference between the various mechanisms. 

The experimental data considered for evidence of 
heavy-particle stripping give some useful results. As 
one would qualitatively expect in the contribution 
from heavy-particle stripping, there is more anisotropy 
in the angular distributions of the protons from the 
B"(d,p)B" reaction, in which the last proton is more 
loosely bound, then from the Be*(d,p)Be" reaction. 
The agreement of the B“(d,n)C” data with the theory 
now provides an energy region from 0.6 Mev to 10 Mev 
over which this reaction is fitted by the heavy-particle 
stripping theory, with only the radius of interaction as 
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a variable parameter. Since this parameter must 
simulate the various distortions of the wave functions, 
which are certainly energy dependent, it does not seem 
unreasonable that it should vary, as it does, from 
3.8X 10-" cm for the low-energy data to 5.9 10-" for 
the present data. The success of this crude theory in 
this reaction indicates that the heavy-particle stripping 
mechanism must be considered as an important con- 
tribution to the stripping reactions. 
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Internal Conversion Electrons from Coulomb Excitation of Ta!*'} 


E. M. BrernstEern* 
Duke University, Durham, North Carolina, and University of Wisconsin, Madison, Wisconsin 
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The conversion electron spectrum following Coulomb excitation of Ta’ has been remeasured with greater 
accuracy. The results are internally consistent with the rotational model of Bohr and Mottleson and are in 
excellent agreement with the gamma-ray angular distribution and yield data of McGowan and Stelson. 


INTRODUCTION 


OULOMB excitation of highly deformed odd-A 
nuclei offers an excellent means of testing the 
rotational model of Bohr and Mottelson,! since one can 
excite the first two rotational states above the ground 
state. Thus, one can compare the ratio of the energies 
of the states, the reduced transition probabilities for 
exciting the two levels, and the £2 to M1 mixing ratios 
for the first rotational state transition and the cascade 
transition from the second to the first rotational state. 
The most extensive measurements*~* of the quanti- 


¢ This work was supported by the U. S. Atomic Energy 
Commission. 

* Now at the University of Wisconsin, Madison, Wisconsin. 
The data reported here were obtained at Duke University. 
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ties mentioned above have been made for Ta!*. In 
particular, McGowan and Stelson’ have made accurate 
measurements of the yields and angular distributions 
of the gamma-rays following Coulomb excitation of the 
first two rotational states above the ground state. The 
results of these measurements are in good agreement 
with the theoretical predictions. The previous conver- 
sion electron experiments*® seemed to indicate some- 
what smaller £2 to M1 mixing ratios than the gamma- 
ray experiments ; however, the experimental uncertain- 
ties were quite large. 

The conversion electron spectrum following Coulomb 
excitation of Ta'*' has been remeasured with greater 
accuracy, particularly for the cascade transition. The 
results are in good agreement with the theory and the 
gamma-ray results. 


EXPERIMENTAL PROCEDURE 


The experimental arrangement has been described 
previously.* The only change has been to replace the 
Geiger counter by an anthracene scintillation counter. 
This reduced background from the accelerator and also 


Danske Videnskab. 


®*Huus, Bjerregaard, and Elbek, Kgl. 
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eliminated counter window corrections (see discussion 
of errors). 

Protons from the Duke University 4-Mev Van de 
Graaff were used as the bombarding particles. 

Targets were prepared by vacuum evaporation of 
Ta metal onto thick carbon backings. The two targets 
used had a relative thickness of 10 to 1 as determined 
by the relative yields. Measurements on the thicker 
target were made at 3.0-Mev proton energy. The energy 
was increased to 3.5 Mev for the thinner target meas- 
urements. The absolute target thicknesses were not 
known, but were estimated to be ~0.5 mg/cm? and 
~0.05 mg/cm? thick to the electrons. 


RESULTS AND ANALYSIS 


The K and L conversion lines from the first rota- 
tional state transition (136 kev) and the cascade from 
the second to the first rotational state (167 kev) were 
observed with both targets. The spectrum obtained 
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Fic. 1. Conversion electron spectrum from Coulomb excitation 
of Ta'*! by 3.5-Mev protons. The conversion lines are labeled 
according to the atomic shell and the transition as indicated by 
the level diagram. Note the different quantities of charge collected 
for each line. 


from the thinner target at 3.5-Mev bombarding energy 
is shown in Fig. 1. A summary of the experimental re- 
sults along with the calculated £2 to M1 mixing ratios 
is given in Table I. The K and Z conversion coefficients 
used in the analysis of the data were obtained from 
recent calculations of Rose."” These include the static 
effects of the finite nuclear size, but not dynamic 
effects" due to the nuclear matrix elements. The per- 
centage of #2 in a transition is obtained from the K/L 
ratio by comparing the experimental value with a plot 
of the theoretical K/L ratio vs % E2. The theoretical 
curves along with the experimental results are shown 
in Fig. 2. 

For Ta!*(Jo=7/2) the rotational model! predicts 
that the £2 to M1 mixing ratio for the cascade and the 
first rotational state transition differ by 2%. Within 


10M. E. Rose (private communication). 
T, A. Green and M. E. Rose, Phys. Rev. 110, 105 (1958). 
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TABLE I. Experimental results. 








Ep =3.5 Mev 


Intensity 
ratio 


Ep =3.0 Mev 


Intensity 
ratio 


4.1° . 48 +0.5 
5.1 +0.5 2247 5.3 +0.5 
a 0.098+0.01 
20+4 0.47 +0.04 
16+5 0.090+0.01 


% E2 


18+6 
19+6 
12+7 
17+3 
12+7 


% E2 





0.33 +0.04 
0.066+0.007 


* The relative intensity of K1 for the thicker target (Ep =3.0 Mev) is low 
and is therefore not used to calculate the % E2. It is felt that this is due to 
self-absorption in the target. See section on Sources of Error. 


the accuracy of this experiment the two mixing ratios 
are considered to be equal. The comparison of the rela- 
tive yields of conversion lines from one transition with 
another (for example,” K21/Z1) with the theory is 
made in the following manner. The ratio of the reduced 
transition probability for exciting the first and second 
rotational states is predicted by the model.' Using this 
predicted ratio, the theoretical conversion coefficients 
for pure M1 and pure £2 transitions, and the variation 
in the Coulomb excitation cross section for exciting the 
two different levels, one can calculate the theoretical 
dependence of the relative yields (i.e., K21/Z1) as a 
function of the % £2 in the transitions. The experi- 
mental value is then compared with this theoretical 
curve to find the % £2. If the rotational model is 
correct the % E2 determined in this manner should 
agree with the values obtained from the K/L ratios. 
Figure 3 shows the theoretical curves for two cases 
along with the experimental points. The uncertainty in 
the % E2, caused by a given uncertainty in a measured 
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Fic. 2. K/L ratios for the 136 (denoted by 1) and 167 (denoted 
by 21) kev transitions in Ta!*! vs the % E2 admixture. The curves 
are theoretical. The experimental points are indicated for the two 
bombarding energies and targets. For the significance of the 3.0- 
Mev results see the section on Sources of Error. The horizontal 
bars through the experimental points indicate the range of % E2 
allowed by the uncertainty in the measured K/L ratio. 

2 Throughout this paper the conversion lines are labeled ac- 
cording to the atomic shell and the transition. The 136-kev 
transition is denoted by 1 and the 167-kev transition is denoted by 
21. See Fig. 1. 
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Fic. 3. Relative yields of conversion lines from the two trans- 
itions vs the % E2. The curves are calculated from the theory of 
Bohr and Mottleson. The bars through the experimental points 
indicate the range of % E2 allowed by the uncertainty in the 
measured value. 


ratio, depends on the slope of the theoretical curve at 
that point. Thus, the uncertainties in the % £2 for the 
two measured values shown in Fig. 3 differ by a large 
amount even though the errors in the measured values 
are very nearly the same. 


SOURCES OF ERROR 


The experimental quantities of interest are the rela- 
tive yields of the various conversion lines. The largest 
sources of error in determining these ratios from the 
experimental data are: the counter efficiency, the ab- 
sorption of the electrons in the target material, and 
background subtraction. As can be seen in the electron 
spectrum, Fig. 1, the point scatter due to statistical 
fluctuations is quite small since the total number of 
counts for each point was large. Thus, one can neglect 
any error due to statistical fluctuations compared with 
the other errors. 

The scintillation counter was assumed to have the 
same efficiency for all the electron energies involved 
(69 kev to 154 kev). As a check of the counter efficiency, 
the K/L ratio for the pure £2, 84-kev transition in 
Sm!** was measured. The determination of the K/L 
ratio for this transition is complicated by the presence 
of Sm!® in the target which has a level at 124 kev, the 
K line of which is unresolved from the L line of the 
Sm! transition. However, the relative contributions 
could be calculated from the measured? relative B 


values for exciting the two levels. The K/L ratio for 
the 84-kev transition was found to agree very well with 
the theoretical value for an £2 transition. This indicated 
that there was very little, if any, change in efficiency of 
the counter for electron energies of 37 and 76 kev. 
Since an energy-dependent efficiency would produce a 
larger effect for the case just considered than for the 
Ta transitions, the assumption of constant efficiency 
seems to be quite good. 

It was assumed that the thinner target (~0.05 
mg/cm?) should have a negligible self-absorption of the 
electrons. The largest effect should be noticed in the 
K/L ratio for the 136-kev transition with a smaller 
effect for the K/L ratio of the 167-kev transition. The 
measured value of the K/L ratio for the 136-kev tran- 
sition with the thicker target is 15% lower than the value 
obtained for the thinner target, whereas for the 167-kev 
transition the difference is only 3%. Since an increase of 
a factor of 10 in the target thickness made only a 15% 
difference in the K/L ratio for the 136-kev transition, 
the assumption of no absorption for the thinner target 
should not introduce any appreciable error in the rela- 
tive yields for this target. Also, it was felt that the 
results for the thicker target (except the K line of the 
137-kev transition) could be used without concern over 
self-absorption in the target. 

For all the conversion lines an appreciable back- 
ground, due mainly’*’ to “stopping electrons,”’ had to 
be subtracted. Because of this background subtraction, 
the intensity ratios could be determined only to an 
accuracy of the order of +10%. The errors estimated 
for the individual cases are given in Table I. This 
uncertainty is much larger than those which have been 
discussed above. 


DISCUSSION 


The K/L ratios, although not too sensitive to the 
mixing ratios, agree with the theory in that they yield 
the same % £2 for the two transitions. Also, they agree 
with the gamma-ray angular distribution results® which 
give 20+2% E2 for both transitions. The relative 
yields of conversion from one transition compared to the 
other agree with the K/L measurements quite well. 
The most sensitive ratio is K21/L1 which gives values 
of 17+3 and 20+4% E2. These latter results actually 
test the theory insofar as the relative reduced transition 
probabilities for exciting the first and second rotational 
states are concerned. 
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Inelastic Scattering from Light Nuclei—the Alpha-Particle Model for Be°t* 


J. S. Bratr,t Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 


AND 


E.M. Hen ey, Department of Physics, University of Washington, Seattle, Washington 
(Received June 16, 1958) 


The inelastic scattering of nucleons, deuterons, and alpha particles from light nuclei is discussed in terms 
of direct interactions. The validity of this description, and of the approximations made here and by other 
authors in calculating cross sections, are analyzed in detail. Physical arguments are given for the use of a 
collective representation of light nuclei, in order to explain the preferential excitation of certain well-defined 
nuclear states by short-wavelength projectiles. As an example, the alpha-particle model is used to char- 
acterize Be® and the inelastic cross sections for excitation of rotational, vibrational, and single-particle 
states are calculated with an impulse approximation. The model, and results computed from it, are examined 


and compared to experimental findings. 


I. INTRODUCTION 


ONSIDERABLE attention has been directed in 

recent years to the experimental investigation of 
the angular distribution of particles with wavelengths 
of the order of 10~" cm which are inelastically scattered 
by light nuclei to discrete final states. The experiments 
of interest include those carried out with incident 
beams of 10- to 200-Mev protons, 10- to 20-Mev 


deuterons, and 20- to 48-Mev alpha particles. 

The general characteristics of the observed cross 
sections to definite final states are as follows: (1) The 
angular distributions display marked oscillations with 


angle. Such oscillations are particularly regular and 
sharp and persist to rather high “order” in the case of 
many alpha-particle experiments.! In these experiments 
the wavelength, 4, is quite small, being of the order of, 
or less than, 0.5 10~™ cm. (2) The inelastic scattering 
cross sections to some of the final] states are surprisingly 
large. For example, the differential cross section, aver- 
aged over the range of center-of-mass scattered angles 
of 15° to 145°, for 43.5-Mev alpha particles which 
excite the 4.43-Mev level in C” is estimated? to be 5.3 
mb. This implies a total cross section to this one level] 
alone of 7% of the geometric cross section. Indeed, it 
appears that the sum over final states of such inelastic 
scattering may comprise a major share of the nonelastic 
cross sections in light nuclei, in contradiction to the 
usual belief that “direct processes” form a small but 
Blair and E. M. Henley, Bull. Am. Phys. Soc. Ser. I, ix 20 
(1956), and Physica 22, 1126 (1956). 

* This work has been supported in part by the U. S. Atomic 
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1 This is strikingly illustrated by the excitation of the 1.37-Mev 
state of Mg* by 42-Mev a particles, P. C. Gugelot and M. Rickey, 
Phys. Rev. 101, 1613 (1956), and of the 1.63-Mev state of Ne” 
by 18.9-Mev a particles, see Seidlitz, Bleuler, and Tendam, 
Phys. Rev. 110, 682 (1958). 

?G. Farwell and A. I. Yavin, Cyclotron Research, University 
of Washington, Annual Progress Report, 1957 (unpublished), 
and A. I. Yavin, Ph.D. thesis, University of Washington, 1958 
(unpublished). 


t Portions of this work have been 5 mage previously : 


interesting subset of nuclear reactions.’ (3) The shape 
of the angular distribution and the magnitude of the 
cross section are strong functions of the final state. 
Some states, such as the 1.8- and 3.1-Mev levels of Be® 
and the 7.65-Mev level of C”, are quite difficult to 
excite by inelastic scattering. 

It is possible to draw several qualitative conclusions 
from the angular distributions of the cross sections. 
(1) They sticmaiie suggest that we are dealing with 
simple optical interference phenomena, i.e., the scat- 
tered wave receives coherent contributions from differ- 
ent locations inside, or at the edge of, the nucleus and 
the angular distribution is a sensitive function of the 
phase, K-r, suitably averaged over the spatial coordi- 
nate r (K is the momentum of the recoil nucleus). This 
statement is reinforced by the observation that, except 
in a few special cases, the maxima and minima of the 
alpha-particle angular distributions shift in a reasonable 
way as the wavelength is changed; as a specific example 
we cite the angular distributions when the 1.37-Mev 
state in Mg” is excited with incident 48-Mev,* 42-Mev,! 
and® 31-Mev alpha particles. The variation of the 
angular distributions with wavelength is less regular in 
the case of inelastically scattered :10-20 Mev protons 
where the wavelength is larger than 10-8 cm and the 
number of oscillations is small. Even here the optical 
interference interpretation is supported by the obser- 
vation that the distribution of gamma rays coincident 
with (p,p’) is usually symmetric about the recoil 
direction®; this may be easily understood if K defines a 
preferred axis of quantization.’ 

(2) The observation of interference patterns implies, 
by analogy to physical optics, the existence of a well- 
defined and localized “radius” R; such a radius might 


3 For example, about $ the geometrical cross section is exhausted 
in Ne® by alpha-particle inelastic excitation of discrete states 
with energy less than 8 Mev. See Seidlitz e¢ al., reference 1. 

*F. J. Vaughn, University of California Radiation Laboratory 
Report, UCRL-3174, 1955 » he ublished). 

H. J. Watters, Phys. Rev. 103, 1763 1956). 

®R. Sherr and W. F. Hornyak, Bull. Am. Phys. Soc. Ser. II, 1, 
197 (1956). 

7G. R. Satchler, Proc. Phys. Soc. (London) A68, 1057 (1955). 
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be associated with the location of the scattering units 
of the nucleus which participate in the excitation or 
with the extent of homogeneous nuclear matter. The 
persistance of the interference patterns to high order 
indicates that the “radius” is extremely sharp. The 
“radii’’*® which one obtains by simple optical arguments 
are usually large compared to electromagnetic radii. 

& A simple formula for the inelastic differential cross 
section, do/dQ, incorporating the above conclusions has 
been developed by Austern, Butler, and McManus’: 


da/dQ~> 1 (l’,1’,0,0| 1,0)? 72(KR), (1) 


where (J',l’’,0,0|1,0) is a Clebsch-Gordan coefficient, J’ 
and /” are initial and final angular momenta character- 
istic of the bound nuclear states, and 7; is a spherical 
Bessel function. The above angular distribution is a 
consequence of four drastic assumptions, which are 
independent of the choice of nuclear model: (1) The 
reaction proceeds through some “direct” (single-step) 
interaction in which angular momentum is conserved ; 
the conservation of angular momentum is, of course, 
responsible for the occurrence of the Clebsch-Gordan 
coefficients and the order of the Bessel function. The 
assumption of a one-step interaction maximizes the 
interference oscillations obtainable since it guarantees 
that the coherence in inelastic events is not smeared 
out by subsequent secondary events. (2) There is 
only a slow variation of the direct interaction itself with 
angle and energy so that there is no dramatic modu- 
lation of the angular distribution given by Eq. (1). 
(3) The incident and final unbound particles are well 
represented by plane waves in the nuclear surface 
region, an assumption which guarantees that the 
angular distribution is a simple function of K. (4) The 
direct interaction occurs at the well-defined radius, R. 
We should not be surprised to find that Eq. (1) displays 
the desired interference oscillations since the assump- 
tions necessary for its derivation essentially include our 
previous qualitative conclusions; what is surprising, 
however, is that many physical observations are so 
well described by a formula based on such crude 
assumptions, or equivalently, by the qualitative con- 
clusions previously listed. 

We have already noted that the derivation of the 
ABM formula does not depend explicitly on the choice 
of nuclear model": Eq. (1) was first derived in the case 
where the direct interaction links the projectile and a 
target nucleus which is described by a shell model; it 
also follows, under similar approximations, for an inter- 


8 It is perhaps worth noting that, for incident alpha particles, 
these “radii” are of the same order as those obtained by extra- 
polation to small A of the formula for sharp cutoff radii obtained 
by analysis of elastic alpha scattering. See Kerlee, Blair, and 
Farwell, Phys. Rev. 107, 1343 (1957). 

® Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 
This paper will be referred to as ABM in the text. See also R. 
Huby and H. C. Newns, Phil. Mag. 42, 1442 (1951). 

1 This point also has been made recently by H. Ui, Progr. 
Theoret. Phys. (Kyoto) 18, 163 (1957). 


AND 


E.'M. HBENLEY 

action with a distorted nuclear surface” or with an 
alpha-particle substructure in the nucleus, a result 
which we shall derive later. (There are some differences 
in the appropriate Clebsch-Gordan coefficients and 
other angular momentum coupling factors for the three 
models above ; however, in practice, it has been difficult 
or impossible to distinguish between these models on 
the basis of the different coupling factors.) Thus the 
primary questions which now face anyone attempting 
to construct a more complete theory of inelastic 
processes in light nuclei are: (a) Is it possible to obtain 
an angular distribution approximating Eq. (1) when 
the sweeping assumptions (1)-(4) are not explicitly 
introduced, and will this shed any light on which 
nuclear model is to be preferred? (8) Which model 
most naturally explains the further observations (2) 
and (3), that the magnitudes of the inelastic cross 
sections may be very large and are strong functions of 
the final state? (y) In cases where there are marked 
deviations between observations and the ABM formula, 
is there a unique explanation for the deviation? 

We shall not be able to answer completely and 
satisfactorily any of these questions in the present 
paper. Nonetheless, we believe that a partial solution 
is to be found in the use of some collective nuclear 
model for light nuclei, and especially for those states 
that are strongly excited by short-wavelength pro- 
jectiles.” The recent success® of the collective model in 
the d shell particularly tempt us to apply similar ideas 
to the shell. 

The reasoning that leads us to advance the above 
suggestion can best be demonstrated by discussing a 
direct process with a target nucleus that is described 
by the independent-particle model. In the original 
derivation of the ABM formula and a subsequent 
derivation of a related expression,“ the plane wave 
assumption and the occurrence of a definite radius are 
justified on the grounds that the direct interaction takes 
place when the target nucleon and projectile are both 
outside the main body of the nucleus; an extremely 
short mean free path of the projectile for compound- 
nucleus formation is presumed to concentrate the direct 
interaction at the surface. We note that without this 
surface assumption it is not possible to obtain the 
desired structure in the angular distribution; if the 
relevant radial integrals are evaluated throughout the 
nucleus, the diffraction structure is washed out because 
of the large spatial extent of the wave function of the 
struck nucleon or, in classical terms, there simply is not 
enough momentum in the initial and final states of the 

1S. Hayakawa and S. Yoshida, Progr. Theoret. Phys. (Kyoto) 
14, 1 (1955); Proc. Phys. Soc. (London) A68, 656 (1958). S. 
Yoshida, Proc. Phys. Soc. (London) A69, 668 (1956). 

2 This point has also been made by K. Nishimura and M. 
Ruderman, Phys. Rev. 106, 558 (1957), and by Th. A. J. Maris, 
Nuclear Phys. 3, 213 (1957). 

%S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955); A. E. Litherland e¢ al., Can J. of Phys. 


36, 378 (1958). 
4S. T. Butler, Phys. Rev. 106, 272 (1957). 
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struck nucleon to absorb the large momentum transfer 
of the projectile. On the other hand, it is not clear 
that the short mean free path and plane wave assump- 
tions are mutually compatible; if the mean free path 
is really so short that the interaction is effectively 
localized at the surface, then the projectile wave 
function is highly distorted from a plane wave. How- 
ever, use of a reasonable mean free path may not lead 
to the desired localization. 

Furthermore, the surface assumption leaves so little 
of the target nucleon visible to the projectile that it is 
difficult to explain the very large observed cross sections. 
The relative cross sections for excitation of definite 
final states have been discussed in terms of fractional 
parentage arguments!®: the relative population of some 
states in Li® and Li’ and the inhibition of the 7.65-Mev 
level in C” can be explained with reasonable shell-model 
assignments.’* An investigation of the relative cross 
sections to some of the low-lying states of Be® on the 
basis of the shell model is presently being made by 
Pinkston.!” 

Calculations performed by Levinson and Banerjee'® 
bear on these points.'® Cross sections for inelastic 
scattering of protons to the 4.43-Mev level of C were 
evaluated when the proton-nucleon interaction was 
treated in Born approximation but the projectile and 
target nucleons were described by complex optical- 
and shell-model wave functions, respectively; radial 
integrals were performed throughout the nuclear vol- 
ume. Reasonable fits of the proton angular distribution” 
and gamma-ray angular correlation® could be obtained 
with realistic nuclear parameters for proton energies 
between 14 and 31 Mev, a range where the ABM 
formula fails to match experiment. For higher incident 
energies and large momentum transfer, however, the 
calculated cross sections became very small and lost 
their oscillatory behavior. Further, in all examples, the 
strength of the two-body potential needed (in Born 
approximation) to fit the magnitudes of the inelastic 
cross sections was more than a factor of two times 
reasonable strengths as estimated from effective range 
theory. We conjecture that these difficulties will persist 
when similar calculations are extended to inelastic 
alpha-particle scattering. 

In contrast to the independent-particle model, both 
the ellipsoidally deformed nuclear surface and alpha- 
particle models introduce a sharp radius in a natural 
way, without essential need for a short mean free path. 
The interference pattern will be damped in the de- 
formed-surface model by the extent of the taper in the 


18 A. M. Lane and D. H. Wilkinson, Phys. Rev. 97, 1199 (1955): 

16C, A. Levinson and M. K. Banerjee, Ann. Phys. N. Y. 2? 
471, 499 (1957); 3, 67 (1958). 

17M. T. Pinkston, Bull. Am. Phys. Soc. Ser. II, 3, 223 (1958). 

18 See also J. R. Lamarsh and H. Feshbach, Phys. Rev. 104, 
1633 (1957); Kajikawa, Sasakawa, and Watari, Progr. Theoret, 


Phys. (Kyoto) 16 (1956); and R. Kajikawa and W. Watari. 
Progr. Theoret. Phys. (Kyoto) 18, 103 (1957). 
RK. Peele, Phys. Rev. 105, 1311 (1957). 
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nuclear potential” and the finite deformation,” and in 
the alpha-particle model by zero-point fluctuations 
about the equilibrium value of the distance between the 
centers of the alpha particles. Such damping should be 
no larger than that resulting in the independent-particle 
model from the use of finite mean free paths. In addi- 
tion, large values for the inelastic cross sections can be 
obtained with known values of the nuclear wel! depth! 
and projectile-alpha-particle interactions, respectively. 
Physically, the large cross sections arise from the now 
highly correlated motion of the nucleons. The strongly 
excited states will be those belonging to the same 
rotational band as the initial state. But while these 
arguments make a collective mode of excitation more 
appealing to us, a thorough distorted-wave treatment 
of collective excitation has yet to be carried out in the 
regions of critical interest.” 8 

In the preceding discussion, little mention has been 
made of the compound-nucleus theory of reactions. 
Where the dominant processes are qualitatively de- 
scribed in terms of the direct theory, we believe that 
the usual statistical theories have small relevance.™ 
This is generally the case for inelastic scattering of 
high-energy projectiles to low-lying levels of light 
nuclei since the decay of the compound nucleus to 
such levels tends to be very improbable. In particular, 
we feel that it is then incorrect to attempt to separate 
such angular distributions into a compound-nucleus 
contribution, symmetric about 90°, and a direct contri- 
bution as given by simple Born-approximation argu- 
ments. For these cases, an understanding of the devi- 
ations from the simple direct theory should be sought 
in terms of all the neglected (higher order) corrections, 
such as effects due to nuclear binding forces, and 
multiple events. In other words, we believe that the 
true physical situation here converges towards the 
direct-interaction description and is not a linear combi- 
nation of two diametrically opposite, highly simplified 
points of view. The phrase “compound-nucleus for- 
mation” should not be used to hide everything that is 
not understood about reactions in light nuclei. 

The remainder of the paper will be devoted to the 
alpha-particle model, as an example of a model incorpo- 
rating collective dynamical effects. Our discussion will 
be concentrated on the nucleus Be*, which seems 


*” Chase, Wilets, and Edmonds, Phys. Rev. 110, 1080 (1958). 

*1 J. Sawicki, Nuclear Phys. 6, 613 (1958). 

2 Yoshida, reference 11, has considered the inelastic scattering 
of 10-Mev protons from Mg* due to a deformed surface without 
employing the Born approximation. Unfortunately, the experi- 
mentally observed rapid variation of the inelastic cross sections 
in this energy range indicates a rather complex situation, so that 
it is not surprising that his simple direct-interaction theory has 
difficulty in matching experiment. 1 

Chase, Wilets, and Edmonds, reference 20, have treated 
low-energy neutron inelastic scattering by heavy nuclei in a 
particularly careful fashion. Such computations are being extended 
to high-energy scattering from light nuclei. (L. Wilets, private 
communication. ) 

*4 See, however, G. E. Brown and C. T. De Dominici 
Phys. Soc. (London) A70, 686 (1957). SYN 
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Fic. 1. Level structure of Be® and Be®. The experimental levels® 
of Be® and* of Be® are given in Mev in the left-hand margins of 
parts (A) and (B), and the spins of the levels are given in the 
right-hand margins. The rotational band of Be® is shown in (C) 
for a moment of inertia that is taken to be equal to that of Be’®. 


particularly appropriate to this model; arguments 
supporting this statement are presented in Sec. II. 
Cross sections for inelastic scattering into rotational, 
vibrational, and “single-particle” excited states are 
calculated in the impulse approximation in Sec. IIT. A 
critique of the model is made in Sec. IV. An appendix 
contains a general derivation of the inelastic scattering 
cross section in the impulse approximation. 


Il. ALPHA-PARTICLE MODEL FOR Be® 


The alpha-particle model for nuclei, proposed many 
years ago,”* has not met with the success accorded the 
shell model. In recent years, however, it has been 
revived to discuss the energy levels of** O'* and” C” 
as well as*® Be* and Be®. Further, theoretical investi- 
gations have shown similarities between shell-model 
and alpha-particle wave functions.” 

Consideration of the energy levels of Fig. 1 and 
experimental results on inelastic scattering from Be’ 


25 J. A. Wheeler, Phys. Rev. 52, 1083 and 1107 (1937); L. R. 
Hafstad and E. Teller, Phys. Rev. 54, 681 (1938). 

26D). M. Dennison, Phys. Rev. 96, 318 (1954). 

27 A. E. Glassgold and A. Galonsky, Phys. Rev. 103, 701 (1956). 

28 R. R. Haefner, Revs. Modern Phys. 23, 228 (1951); D. R. 
Inglis, Revs. Modern Phys. 25, 390 (1952); A. Herzenberg and 
A. S. Roberts, Nuclear Phys. 3, 314 (1957); A. Herzenberg, 
Nuclear Phys. 3, 1 (1957). 

»j.K. Foss and T. H. R. Skyrme, Proc. Phys. Soc. (London) 


A69; 600 (1956). 
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first suggested to us that it might be appropriate to 
picture Be® as a dumbbell of two alpha particles to 
which a neutron is strongly coupled. At the left are 
indicated the experimental levels of Be® as deduced 
from a-a scattering” and in the center are the experi- 
mental levels of Be’.*! On the right is the expected 
rotational band for Be® if the same moment of inertia 
is used for both Be® and Be’, and if the projection of 
neutron angular momentum on the body axis, Q, is 
assumed to be 3. The fact that the relative spacing of 
states in Be* approximately fits the ordering of a rigid 
rotator cannot of itself be taken as evidence for the 
alpha-particle model since essentially the same sequence 
results from intermediate-coupling shell-model calcu- 
lations. However, if it is assumed that inelastic 
scattering preferentially excites states of the same 
rotational band and if the 2.43-, 6.8-, and 11.3-Mev 
levels are identified as those of angular momenta 5/2, 
7/2, and 9/2 of the 2=3/2 band, one has a qualitative 
explanation for the large excitation of these levels® at 
moderate momentum transfer in contrast to the weak 
excitation of the 1.8-, 3.1-, and 4.8-Mev levels. 

There is additional evidence favoring a collective 
approach: (1) Shell-model calculations have not been 
able to explain unambiguously the properties of the 
A=9 nuclei. The observed magnetic moment can be 
matched only for a value of the spin-orbit parameter, 
¢=1.4, which may not fit the energy levels; further 
such a small value of ¢ indicates a puzzling discontinuity 
between A=9 and A=10, where ¢~4. (2) The high- 
energy (p,d) reaction on Be® suggests that the strongly 
bound neutrons have a momentum distribution similar 
to neutrons from He‘ and C while the weakly bound 
neutron has a distribution weighted towards smaller 
momenta.” 

We note that the above arguments can be applied 
equally well in favor of the Bohr-Mottelson model.** 
The preferred Nilsson configuration,” 


(s, Q=4)*(p, Q=3)*(p, Q= 3), 


leads to a prolate nucleus with the same band structure 
as that which we have assumed in our alpha-particle 
model. 

As an expression of the alpha-particle model, we 
adopt the following molecular-type wave function for 
Be’: 


(1,M x) =[(21+1)/162*}}R(£)[b0(0’) Du, 2 (0) 
psoas +(—1)"-¢_9(0’)Dmu,-.4(9)], (2) 


* Nilson, Jentschke, Briggs, Kerman, and Snyder, Phys. Rev. 
109, 850 (1958). 

( aa: Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
1955). 

® DPD. Kurath, Phys. Rev. 101, 216 (1956). 

3% R,. Summers-Gill, Phys. Rev. 109, 1591 (1958). 

%S. Glashow and W. Selove, Phys. Rev. 102, 200 (1956); 
J. Dabrowski and J. Sawicki, Acta Phys. Polon. 14, 143 (1955), 
and Nuovo cimento 12, 293 (1954). 

85 A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 26, No. 14 (1952). 
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where J is the total spin, M the projection on an 
external z axis, x the projection on the body axis (which 
joins the two alpha particles), 7 and 2 are the neutron 
angular momentum and its projection on the body axis. 
Let x; and x, be the coordinates of the centers of mass 
of the alpha particles and x, the neutron coordinate; 
then 

o’ =x,’ — } (X1+X2) 


7 


= |x.:—x2|, 


(primed quantities signify that angles are referred to 
the body system), and © symbolizes the Eulerian angles 
for the alpha dumbbell. The wave function is separated 
into neutron motion (specified by ¢g), vibrational 
motion [specified by ®(£)] and rotational motion 
[indicated by the symmetric-top function Dy,./(@)]. 
The second term in (2) makes the wave function 
symmetrical under exchange of the alpha particles. 

We shall assume that the vibrational wave function, 
®(E), is concentrated at the equilibrium separation of 
the alpha particles §=2R. The equilibrium distance is 
estimated to be ~4.6X10-" cm from comparison of 
the energy spacings in Be* and Be® to the familiar 
rotational formula, 


E=?( (I+1)—Io(Io+1) J/29, 
where J=2M ,R’ is the moment of inertia. We assume 
that the neutron wave function may be written 
da(o’)=> (I, 3, Q—n, n| 7, 2) file) Vi®-"(0)X%". (3) 


This may be easily generalized to the case of Nilsson 
wave functions," where 7 is not a good quantum 
number, by insertion of the expansion coefficients C;, ;* 
so that 


¢a(o’) _ 5, l Ci" Za ;, Q—n, n ly; 2) 
X file) V2" (9")X4". 


For the rotational band built on the ground state of 
Be’, we have 


(3a) 


j=lt+}=0=c=}. 


III. CALCULATION 


The cross section for inelastic scattering from state a 
to b is** 
Oba= (29/hv) | Tral 2wo, (4) 


where w, is the density of final states and »v is the 
relative velocity of the incident particle and target 
nucleus. We derive in the Appendix expressions [ Eqs. 
(1.17), (1.18), and (1.20) ] for the scattering amplitude, 
T+, where in addition to the impulse approximation,*’ 
it is assumed that the two-body scattering amplitude 
may be factored outside the spatial overlap integral of 


( 053). Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398 
1953). 

7G. F. Chew, Phys. Rev. 80, 196 (1950); G. F. Chew and 
» G. C. Wick, Phys. Rev. 85, 636 (1952); G. F. Chew and M. L. 
Goldberger, Phys. Rev. 87, 778 (1952). 
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initial and final states.’ For a spinless projectile, T 4 is 
then 

Tra= 2 hi KX 5(Xp— Xi) X_*)). (5) 
Here, i labels constituent particles of the nucleus, p 
the incident particle, (¢;) is the appropriately sym- 
metrized matrix element of the two-body scattering 
amplitude [see Eq. (1.20) for a precise definition ]. 
X,‘+) represents a plane wave plus an outgoing (+) or 
incoming (—) solution of the scattering of the incident 
particle by those constituents of the nucleus not 
labeled by 7 [see Eq. (1.9) ]. 

For the case of Be’, described by an a-particle model, 
there are only two scattering amplitudes. These are /, 
and ¢, [we drop the bracket (+) for convenience of 
notation |] which represent, respectively, the interaction 
of the projectile with an alpha particle and with the 
extra neutron of the nucleus. There are then no particles 
in the nucleus not labeled by the index 7 in Eq. (5), 
and consequently X,‘*) and X,“ are the free-wave 
solutions for the projectile (the phenomenological 
potential, U’, representing an interaction with a core, 
is zero) : 

x = ¢ ‘ko’ Xn, (6) 


“2 


(tT) = e ‘ko Xr, X, 
Here ®,,, is given by Eq. (2) and 


T ra= (Po| la expliK- (&—$e) ] 
+t, exp[ —iK- (&+$o) ] 
+t, exp(8iK-0/9)|@,), (7) 


since X;= Rom.+3&—$o, X2=Rem.—}E—$o, and Xx, 
= R..m.+(8/9)o, where R..m. is the center of mass of 
Be’. In what follows, quantum numbers referring to 
state a will be unprimed, and those referring to state b 
will be primed. 

To evaluate the matrix 7, the plane wave is 
expanded in spherical harmonics with K chosen as the 
direction of quantization in the fixed frame. Functions 
of the neutron relative coordinate, 9’, referred to the 
body axis, are expressed in terms of functions of the 
coordinate, , referred to the fixed frame, by means of 
the representations of the rotation group. The integrals 
are then evaluated; geometrical sums over magnetic 
quantum number are evaluated with the aid of Racah 
algebra.** The square of the scattering amplitude, 
summed over final spin and averaged over initial spin 
orientations, may be written as 


1 


E [TiC lAtNal, (8) 
2-41 war . 


38 We are indebted to Dr. G. R. Satchler for pointing out the 
simplification : 
[ (27+-1) (20’+-1) }#(0,1,0,0| L,0)W (1, 7,0',7’; 4,L) 
=4$(1+(—1)'*""](j, 7’, 4, —4[L, 0), 
where W is a Racah coefficient as defined, for example, by M. E. 


Rose, Elementary Theory of Angular Momentum (John Wiley and 
Sons, Inc., New York, 1957), Chap. VI. 





2034 ae 3 
where 
a5 (27’+1)(2j+1)}) 1 peer 
=z | (2j’-+1) ia 2 | 
X (—4)*(2L+-1)(9,L,3,0| 7,3) (fr | jx(Ko/9) | fr) 
X (i) [1+ (—1)*](24+1) (A,L,0,0 AO) 
x ("| jx(KE/2)| @){(I', I, —K’, x|A, O—@) 
x (j, L, —2, 2-2" j’, -2’) 
x (A, L, 0, 2—2’|.A, 2-2’) 
+(—1)"-"'(I’, I, x’, «| A, 94-0’) 
X(j, L, —2, 2+0’ | 7’, 2’) 
X (A, L, 0, Q+0'|A, 2+0)}, 
(27’+1)(2j+1) p+ (—1) "4 
rant f TEVA HHA ag 
(237’+1) 
X (4)*(9,L,3,0| 73) fr | jx(8Kp/9) | fir) 
X{(I', I, —x’, «| L, 2-2) 
x (j, L, —2, 2-2" | j’, -2) 
+(-1)"-"'(I', I, x’, «| L, +2) 
x (j, L, 2, 2+0' | 7’, 2). 





(8a) 





(8b) 


The term Ax, arises from the interaction with the 
alpha-particle dumbbell; such an interaction also per- 
turbs the neutron motion relative to the dumbbell and 
is evidenced by the second line of Eq. (8a). We remark 
here that such “shaking” of single nucleons through 
coupling with a collective mode of motion will be 
present whenever the projectile interacts with such 
collective modes; it is essentially a center-of-mass effect, 
however, and should become progressively less impor- 
tant with increasing nuclear mass. The term N4, arising 
from the interaction with the neutron, can be easily 
generalized to several particles outside the core and 
Nilsson orbitals§; one merely multiplies (7b) by the 
product Cy°Cj1®’, sums over j, l, 7’, l’, and coherently 
adds the amplitude from each orbital. [The Clebsch- 
Gordan coefficients in Eq. (8) have been so chosen that 
no additional phase factors are required. ] The argument 
8Kp/9 must be appropriately modified according to the 
masses involved. The second term in the brackets of 
(8a) and (8b), multiplying the factor (—)*—”’, is due 
to the symmetry of the wave function, Eq. (2); only 
when the neutron angular momentum transfer, L, is 
larger than or equal to 2+’ will this term contribute. 

The expression for the cross section, as given by 


§ The contribution to the scattering — from interaction 


with single nucleons in a deformed target also been calculated 
recently by J. Sawicki, Nuclear Phys. 7, 503 (1958) and by H. 
Matsunobu and S. Yoshida, Progr. Theoret. Phys. (Kyoto) 19, 
599 (1958). 
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Eq. (8), appears rather complex but simplifies when 
applied to specific types of excitation. In what follows, 
we consider excitation of (A) rotational, (B) vibrational, 
and (C) single-particle states. 

(A) Excitation of Rotational States 


Rotational excitation is characterized by the require- 
ment that Q=’ and that there be no change in parity 
of the neutron wave function. We shall assume that 
the dumbbell is stiff enough to centrifugal stretching 
so that ®’=. To avoid unessential complications, we 
have restricted ourselves to the case where j and / are 
good quantum numbers (which is true for Be®). Equa- 
tions (8a) and (8b) now become 


(27’+1)! 

—nonnnemanl 
nteven 2A+1 
X (—1)*(2L+1)(7,£,3,0| 7,3) fr| ju($ Ko) | fd) 
X (i)*(2A+1)(A,L,0,0| A0)(R| j,(4KE)| R) 
x{(I', I, —x, «A, 0) 
x (j, L, —2, 0| 7, —2)(A,L,0,0]A,0) 
+(—1)-"'(I',1,x,x|A,22) 

x (j, L, —2, 20| j, 2) (A,L,0,20|.A,20)}, 


A,= 


(9 
and 3) 


1+(—1)4 
Na=6q, 1(2I'+ »|———|. 


X (i)*(j,L,3,0| 5,9fal ju(8K0/9)| fi) 
xX{(', I, —Ky «| L, 0)(j, L, —2, 0} 7, —2) 
+(—1)-" (1, 1x,x| L,20) 


X(j, L, —O, 22) 7,2)}. (9b) 


Let us consider the cross section when the following 
additional conditions are true: (a) The “shaking” of 
the neutron has negligible effect, i.e., 


(fi| ju(Ko/9) | f)=6x, 0. 


(b) The vibrational wave function is so concentrated 
around ¢=2R, so that 


(R| jrxGKE) | R)= jr. (KR). 


(c) Nx is small compared to Ay. We shall discuss later 
the validity of these conditions. The cross section then 
has a form similar to the simple ABM expression: 


de “do,” 
—= — 40 (2r’4+1)(1', 1, —«, «|, 0) 
aQ dQ d even : 
Xjr(KR), (10) 

where 

“daa” dad Ie (11) 

cohen Gmenn ae Lt", 

dQ h ov 
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We note that “do,/dQ” is not the elastic cross section 
for projectile-alpha scattering; w, is the energy density 
for the projectile-Be® collision and the matrix element 
of t. is evaluated between plane wave states which do 
not conserve energy in the two-body collision [see Eqs. 
(1.18) and (I.20)]. Thus the experimental two-body 
cross section (laboratory system) at the same incident 
energy provides an estimate of “do,/dQ” which has 
merit only at small scattering angles. What “da,/dQ” 
is for large momentum transfers is a matter of specu- 
lation at the present time. We also observe that whereas 
there is a kinematical limitation placed on possible 
scattering angles in elastic projectile-alpha scattering, 
there is no such restriction implied in “do_/dQ.” 

The angular momenta for Be® are believed to be 
j=2=x=}, 1=1. Let Eq. (10) be expressed in the form 


do a Pia 
—_—_—=—=— Cl z; Byj2(KR), 
dQ dQ 


(12) 


then the values of B, for various \ are given in Table I. 

We now consider the range of validity of our simpli- 
fying assumptions. (a) The “shaking” of the neutron 
is not important for small momentum transfer because 
of the factor $ occurring in the argument of jz. To 
determine the detailed effect of neutron shaking, let us 
calculate the cross section for the specific rotational 
transition J= }— J’=§ when only assumption (c) is 


adopted : 


da “dog 72 | Kp\ | 2 
a me TS) 
X {4R| ja(x)— Fo jo(x)— (10/7) jal) 
+ (18/7) ja(x)]| a 
+I ja(x)— (2/T)rL jaa) — (10/11) jaa) 


+ (35/22) jo(x)]| RP}, (13) 


where 
x= hKé and v=(fi| j2(Kp/9)| fi)/(fi| jo(Ke/9) | fi). 


The effect of neutron shaking will be of most interest 
when Kp212; for such values of K it is justifiable to 
use the large-argument approximation for j,, i.e., 
jx(x) =a sin(a—Aw/2), in which case Eq. (13) be- 


comes 
sinx| \? 
R)——| KR 
|} & | 


do “hy? 
—= 124 
da ada 
X (fil jo(Kp/9) | fir(1+y7)*. 


(14) 


Thus the rapidly oscillating diffraction structure from 
the term in x is modulated by slowly varying terms 
expressing the neutron “shaking.”” The magnitude of 
these latter terms may be easily estimated when three- 
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TABLE I. Coefficients By occurring in Eq. (12). 





a 
~ 
5/2 72/7 
7/2 40/7 
9/2 ans 





72/7 wee 
180/11 40/11 


dimensional harmonic-oscillator functions are used to 
describe the neutron motion. We obtain*® 


(fi| jo(Ke/9) | f1)?(1+-)?=exp[ — 3 (Kb/9)?], 


where 8 is defined through | f;)~9r exp(—r*/2b*). For 
the specific case of 40-Mev alpha particles on Be’, the 
center-of-mass value of k~2X10*" cm-, while } should 
be of the order 2X10~-" cm; thus Eq. (15) is approxi- 
mately exp[ — (4/9)?(1—cos@) ]. The reduction of cross 
section due to neutron shaking is not negligible for 
angles larger than about 90°, but is not catastrophic 
even at the largest angles. 

(b) To investigate effects due to the zero-point vibra- 
tions, let us assume that ®(£) is represented by a 
simple harmonic-oscillator wave function centered 


about £=2R: 
®(E) = (a! /x*) exp{ —}a?(E—2R)?}. 


(15) 


(16) 


The values of a? that we choose will be large enough so 
that we can extend all integrals over the range — © 
<<, The vibrational matrix element is then 


(R| jrx(KE/2) | R) 


=~ f expl—et(e— 28) p(Ke/Dak 
To? 


ra (=) f ; exp| - “1 ita, (17) 


2re has 


where y=£/2R, a? = M ghw/2h?= (2R)?* (hw/26), tw is 
the energy spacing of vibrational states, ¢ is a rotational 
energy = h?/(4M ,R*) ~} Mev for Be’ and Be®. We have 
no reliable prescription for determining fw; if we assume 
that the 6.13-Mev state in O'* and the 7.65-Mev state 
in C” correspond to dilatational vibrations of an alpha- 
particle structure,”* 2’ naive classical arguments lead to 
a two-particle vibrational energy, #w=4.3 and 6.2 Mev, 
respectively. For tw=4 and even 8 Mev, however, 
numerical integration of Eq. (17) shows that the matrix 
element is considerably damped below j,(KR) for 
moderate momentum transfer. As an example the 
magnitudes of computed matrix element of j2(x) when 
hw=8 Mev and 16 Mev, and j2(KR) are plotted as 
functions of KR in Fig. 2. From this graph we see that 
in order to explain the sharpness of the oscillatory 


*® There is a misprint in these matrix elements as given by 
Levinson and Banerjee!* [Part 1, Eq. (47) ]; the denominator of 
the exponential should be 4 instead of 2. 
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Fic. 2. Dependence of the expectation value of j2(x) on the 
strength of the zero-point vibrations of the alpha particles. In 
the figure, Aw is the natural frequency of the harmonic oscillator 
in which the alpha particle is bound. 


pattern in “high order,” the bond joining the alpha 
particles must be much stiffer than usually assumed. 
This difficulty is not unique to the alpha-particle 
model; for any nuclear model, almost any realistic 
improvement over the assumptions necessary to derive 
the ABM formula tends to wash out the diffraction 
structure at higher orders. 

It remains to consider assumption (c). The collisions 
with the neutron will contribute little to the cross 
section except at very small momentum transfers. For 
the 3-—+ § transition, only the matrix element of 
j2(8Kp/9) enters; if the neutron motion is represented 
again by a three dimensional harmonic-oscillator wave 
function, we have 


lis") 


According to this estimate, the matrix element will 
have its maximum value (~}) when K?~5/# and will 
rapidly diminish for higher momentum. transfers. 
Continuing our earlier example (40-Mev a and b~2 
10-8 cm), we find the maximum to occur at 6~30°. 

The large reduction in the neutron radial integral 
occurs primarily because the neutron is not localized. 
The question can be raised, “Why not restrict the 
radial integration to p greater than some critical radius, 
Pmax, Such as is usually done in direct process calcu- 
lations, since then the damping is not so dramatic?” 
In answer to this, we make two comments: (1) Agree- 
ment between theory and experiment in the (p,d) Be® 


32 16 
fr) =—#°K? exp| tie . (18) 
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reaction,™ involving the same single neutron, is defi- 
nitely better for an over-all space integration than for 
the Butler formula. (2) If we do restrict the integration 
to p2Pmax, the matrix element is greatly reduced 
because the projectile sees only a small part of the 
wave function. 

The direct neutron interaction is also inhibited by 
the angular momentum coupling factors. The cross 
section due solely to the neutron interaction would be, 
for the } — } transition, 


“dan” al 
 —{fx| ju(8Ko/9)| fi 
m i5''* h 


(19) 


which is to be contrasted with the cross section with 
only alpha interaction, Eq. (12) and Table I. Thus, 
almost regardless of the value of ‘“do,/dQ” (which is 
drastically far from the energy shell and accordingly 
difficult to estimate), the direct neutron collision should 
make little contribution to the excitation of this state. 


(B) Excitation of Vibrational States 


Vibrational excitation is characterized by the prop- 
erties of rotational excitation with the additional 
requirement that ®’(é) be an excited wave function. 
There is no evidence for vibrational states in Be® but 
the 6.13-Mev state of O'® and the 7.65-Mev state of 
C” have been so interpreted; the expressions derived 
below can be easily generalized to apply to dilatational 
excitation of these nuclei. 

In consideration of the previous discussion, let us 
retain assumptions (a) and (c) of Sec. A. Then the 
cross section is given by Eq. (12) where now j,(KR) 
is replaced by 

(&'(8)| jAGKO| KE). (20) 
For a $— 3 transition, Bo= B,=4; all other By, are 
zero. The spherical Bessel function can be expanded 
about the equilibrium position so that, to first order in 
d 
HGKE)= jr(KR)+4K (E— 2) fala) (21) 
x 


\2mKR 


We again assume that the vibrational states are approx- 
imately represented by simple harmonic-oscillator wave 
functions centered about =2R. The cross section for 
one-quantum excitation is then 


da ‘dog’ f « d e 
—= — (~)x Bl x00) ‘ 
dQ dQ hw/ >» dx z=<KR 


where ¢ and Aw have been defined following Eq. (17). 
The comments made in Sec. A (b) regarding damping 
of the angular distribution due to the zero-point motion 
also apply for vibrational excitation. 


(22) 
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(C) Single-Particle Excitation 


Transitions to states characterized by a neutron 
wave function, ¢9, differing from that of the ground 
state may be induced by collisions with the neutron, 
Eq. (8b), or by collisions with the collective mode of 
motion, which couples to the neutron motion. In the 
former case, arguments similar to that of Sec. A(c) show 
that the cross section for single-particle excitation 
should be appreciable only in the forward direction 
(small K). In the latter case, the neutron “shaking’’ is 
effective only for large K as it arises from the non- 
coincidence of the center of mass of the collective 
motion and that of the nucleus. A considerable simplifi- 
cation can be achieved in the expression for A, in the 
region of greatest interest, where j,(x) can be repre- 
sented by x sin(x—4}Am). The portion of Eq. (8a) 
which involves X is 


Ya (41+ (—1)9](2A+1) (A,L,0,0].A,0) 
X (A, L, 0, 2-2’ |A, 2—O’) j,(x). (23) 


The factor [1+(—1)*] guarantees that ZL and A are 
of the same parity; for large x, Eq. (23) becomes 


sinx 
—— }[1+ (—1)*](2A+1)(A,Z,0,0| A,0) 
% 
X (A, L, 0, 29—2’|A, 2-0’) 


(24) 


a (2A+1)[1+(—1)"+* Bora 


x 


by the completeness relation for Clebsch-Gordan coeffi- 
cients. Similarly the symmetrization term in Eq. (8a) 
always vanishes in this approximation. Thus, we have 
the selection rule that 2’ must equal 2 in order to have 
appreciable single-particle excitation from the “shaking” 
mechanism. The cross section for single-particle exci- 
tation at large angles then has the following simple form 
(after summation over A): 


da “da,” AF +0Qs+)) 
aE (2j’+1) 

x /E1(-) 401+ (- 
X (7, L, —2, 0] 7’, —2) fr | ju(Ko/9)| fr)? 


(&’ | sinx/x| RP? 


1)" \(2L+1)(9,L,3,0| 7’,3) 
(25) 


For Be® there is only one 2=}3 p orbital and this 
presumably defines the band based on the ground 
state; therefore, the only other reasonable 2’= $ single- 
particle states will be d states. With the further assump- 
tion that 7’=§, the large-angle cross section into such 
a state is given by 


da “do, 288 adi ; 
aa —fo| j1(Kp/9)+ js(Kp/9) | fi 
dQ 25 


X(R' | sinx/x|R). (26) 
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The cross section displays the rapid oscillations of the 
interaction with the collective mode, modulated by the 
square of single-particle matrix elements, which increase 


with increasing momentum transfer. 


IV. DISCUSSION 


Let us first review the experimental information 
concerning inelastic scattering from Be*, which comes 
from studies with 48-, 43-, and 21.6-Mev alpha parti- 
cles,* #4! 24-, 10.8-, 15.1-, and 8.9-Mev deuterons,®4!-# 
and 31-, 12-, and 10-Mev protons.“~* In all cases the 
2.43-Mev level is strongly excited; the 6.8-Mev level 
is prominent for bombardment by 48- and 43-Mev 
alpha particles, 24-Mev deuterons, 31- and 12-Mev 
protons; 48-Mev alpha particles and, less certainly, 
31-Mev protons excite the 11.3-Mev state. The 1.7-Mev 
level, be it a final-state interaction or true state,‘ is 
difficult to excite; it has been seen with 21.6-Mev alpha 
particles, 10.8-Mev deuterons, and 12-Mev protons. 
Similarly the 3.1-Mev level has been weakly excited by 
21.6-Mev alpha particles, 10.8-Mev deuterons, and 
possibly 43-Mev alpha particles and 24-Mev deuterons. 
For angles less than 75°, the data with 43-Mev alpha 
particles exclude cross sections for excitation of the 
1.8- and 3.1-Mev levels greater than 10% of the 2.43- 
Mev cross sections; at larger angles there is some 
indication of excitation of the 3.1-Mev state, which 
suggests the possibility of single-particle excitation via 
the shaking mechanism (Sec. IIIC). There is no 
unambiguous evidence for a transition to the 4.8-Mev 
level. 

Angular distributions have been measured only for 
2.43- and 6.8-Mev excitation. The cross section to the 
6.8-Mev state due to 31-Mev protons, o¢.s (31.3-Mev ), 
has a maximum around 50° (c.m.) but otherwise shows 
little structure; when this maximum is fitted to the 
first maximum of Eq. (12) (where J’ is assumed=}), 
then R is found to be approximately 4.8X10-" cm. 
Similarly the cross section to the 2.43-Mev state, 
72.43(31.3-Mev p), shows a maximum at 45°; the corre- 
sponding R is 4.1X10-" cm (if 7’=$). Both of these 
radii are quite large. According to the simple Eq. (12), 
the ratio o2.43/a6.3 at the first maximum should be 1.64; 
in fact o2.43(31.3-Mev p)/o6.3(31.3-Mev p) is around 4. 
However, since the simple formula given by Eq. (12) 
does not fit the curve too well and since the radii needed 
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Fic. 3. Inelastic scattering of 48- and 42-Mev alpha particles to the 2.43-Mev level of Be®. The experimental curve at 48 Mev has 

been multiplied by a constant of 2.4. The experimental curves at 42 Mev labeled 42a and 42 correspond, respectively, to no excitation 

of the 3.1-Mev level (unresolved) and maximum possible excitation of this level. The theoretical curve is that obtained from Eq. (12) 

— coe “daa/dQ” =66 mb/sterad and a radius of 5.5X10~ cm. The 48-Mev curve should be credited to Summers-Gill, not 
aughn. 


to match the experimental peaks for the two levels are 
different, this discrepancy is not surprising. We remark, 
nevertheless, that the discrepancy cannot be attributed 
to neglect of the neutron interaction, N4, since the ratio 


N#(I'=§)/N2(I'=9) =18. 


The energy and angle dependence of “do,/dQ” may be 
partially responsible for the difference between experi- 
mental and theoretical results; we note that the elastic 
cross section, of protons on alphas (even though not 
directly related to “do,/dQ”) is fairly energy- and 
angle-dependent. 

The angular distribution to the 2.43-Mev state 
obtained with 12-Mev protons is strongly peaked for- 
ward and shows no fit to an ABM-type formula. Such 
behavior appears to be characteristic of protons with 
A>10-* cm. Banerjee and Levinson" find that distor- 
tion of the incident and final wave functions critically 
affects the angular distributions of protons in this 
energy region. 

Cross sections to the same state due to 24-Mev 
deuteron bombardment show more angular structure. 
The locations of the first two maxima are given by 


Eq. (12) with a radius R=5.6X10-" cm. The corre- 
sponding “do./d2”=13 mb at the first maximum. 
15.1-Mev deuterons lead to an angular distribution 
which has insufficient structure to analyze. 

The most interesting angular structure is apparent 
for inelastic alpha-particle scattering. The differential 
cross section with 48-Mev incident alpha particles 
shows 4 maxima; there is an almost quantitative match 
to Eq. (12) (with constant “do,/dQ” ~50 mb/steradian 
and for a radius R=5.4X10~* cm). Alpha particles of 
43 Mev lead to a similar pattern, shifted slightly to 
larger angles. A comparison of the experimental results 
at these two energies with Eq. (12) and a constant 
“da,/d®”’ is shown in Fig. 3. It is not clear how to 
predict “do./d®” from measured alpha-alpha elastic 
cross sections. Not only is “do,/dQ” far “off the energy 
shell” except at small angles, but also the observed 
elastic cross sections for energy around 40 Mev are 
quite energy and angle sensitive. The total elastic 

cross sections, which are of the order 500-1000 mb, lead 
to “average differential cross sections” which are 
consistent with “do./dQ”=50 mb. 

With respect to this collected data, the alpha-particle 
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model has the following virtues: (1) The varying ease 
with which different levels are excited finds a natural 
explanation: strongly excited levels belong to the 
rotational band built on the ground state and are 
reached by collective transitions; weakly excited states 
have different neutron orbitals and are excited either 
through a direct interaction with this single particle or 
through a “shaking” via the core interaction. The 
meager experimental information leads us to refrain 
from speculating about possible single-particle orbitals. 

(2) It is relatively easy to obtain the large magnitude 
for the cross section to the 2.43-Mev state. The relevant 
alpha-particle “‘cross sections,” “do_/dQ,” are uncertain 
but should be ample. We note that the constructive 
interference of the scattering from both alpha particles 
of the dumbbell contributes a factor 4 to the cross 
section. 

(3) Sharp structure of the angular distribution is 
consistent with a large cross section; the possible 
sharpness is associated with amplitude of the oscillations 
about the equilibrium distance in the alpha bond rather 
than the penetration depth of the projectile. 

There are, however, some serious discrepancies be- 
tween our calculation and observation: (1) The equi- 
librium radius suggested by the energy levels of Be® 
and Be’, R&2.310~", is decidedly smaller than the 
radii appropriate to the angular distributions, ~ (4 to 
5.5)X10-" cm. This defect may well be a calculational 
deficiency. The size of the alpha particle should have 
considerable bearing on the elementary projectile-alpha 
particle interaction; this influence, however, has been 
disregarded in our calculation since the factorization of 
the scattering amplitude outside the overlap integral 
is equivalent, in a sense, to use of a zero-range projectile- 
alpha particle potential. We naively expect that intro- 
duction of a hard-core radius, Rie, in the two-body 
interaction will lead to effective radii in the angular 
distributions of the order R+R},., but we have not 
succeeded in formulating this modification.** 

(2) The oscillations of the alpha bond must be very 
small [oscillator width 1/a=2R(2¢/hw)'S1X10-" cm] 
to avoid unwanted damping of the angular distribution. 

By making the impulse approximation, we have 
neglected the influence of nuclear binding forces on the 
two-body interactions and also “multiple scattering” 
(or equivalently, distortion of the incident and final 
projectile waves by all particles in the nucleus, except 
the one it is interacting with). Distortion was not 
necessary to produce oscillatory angular distributions 
but nonetheless should modify our simple plane-wave 
results. In lieu of performing a distorted-wave or 
multiple-scattering calculation, we can only make the 
empirical observation that distortion effects appear less 
important with decreasing wavelength. The neglect of 
nuclear binding forces may not be justified for the 

* An alternative explanation of the large radius is that the 


interaction is still collective but 1s better described by an ellip- 
soidally deformed optical potential. 
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alpha-particle model: A large, highly concentrated 
attractive potential, W(£), is necessary to achieve a 
near-rigid dumbbell; because of the operator K; in the 
Green’s function w;, the commutator [W,w;‘+)] [see 
Eq. (1.12) ] will not be small compared to W. 

Inelastic scattering from other light nuclei, particu- 
larly the nuclei C”, O'*, Ne*®, and possibly Mg™, may 
be discussed in terms of the alpha-particle model. If 
the more complicated vibrational modes are neglected, 
rotational and dilatational excitation cross sections can 
be obtained as simple generalizations of the preceding 
work. We postpone detailed comment on these cases 
but would like to draw attention to one aspect of 
experimental angular distributions: Superimposed on 
the oscillating angular distribution of inelastic alpha 
particles is an increase at backward angles.” We 
would like to suggest that this is a manifestation of 
exchange scattering between the incident and target 
alpha particles. The relevant two-body exchange 
amplitude [see Eq. (1.20) ] becomes, in Born approxi- 
mation, / V(r) exp(iko’-r)d’*r. The final momentum, 
ky’, decreases slowly with increasing angle and thus 
should lead to an increasing exchange amplitude. A 
similar backward increase is observed in the elastic 
alpha cross section for Ne” (with the oscillations now 
in phase with the inelastic angular distribution) ; such 
back-angle scattering may have the same origin, since 
the contribution from the usually rapidly decreasing 
diffraction cross section should be small at backward 
angles. 

In conclusion we would like to point out that the 
calculations of this paper can also be applied to high- 
energy electron excitation; indeed, the use of plane 
waves is then a good approximation and the elementary 
interaction is a known quantity.” 


APPENDIX. DERIVATION OF CROSS SECTION 
FOR DIRECT PROCESSES 


Consider a nuclear system with constituent particles 
1---7---N and an incident particle, p. In the absence 
of any interaction between the incident particle and 
the nucleus, the total Hamiltonian is assumed to be 


(1.1) 


N 
Ho=K+W(x;)=K,+>d K;+W, 


j= 


where K is kinetic energy and W is internal potential 
energy. Assume that the interaction between the 
incident particle and nucleus can be represented by the 
real potential 


M 
V+U=> Vi(x,,x,)+U(x,), 


i=1 


(1.2) 


where V; is the potential between the incident particle 
and ith nuclear particle and U is a phenomenological 


 Seidlitz, Bleuler, and Tendam, Phys. Rev. 110, 1080 (1958). 
© L. I. Schiff, Phys. Rev. 92, 988 (1953). 
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potential representing an interaction with all the other 
nuclear particles, N2>j>M. For example, particles 
1---M might be the “valence” nucleons while U 
represents an interaction with the core. 

Denote the initial state of the system, with the 
incident particle well separated from the nucleus, by 
,, where 


H@,=F4,, (I.3a) 


and 


},=ciko-xng, (x). (I.3b) 


The corresponding final state is ®,, where 


H,= E%,, (I.4a) 


and 


, = e**0’ *g,(x;) exp(iK- X), (1.4b) 


with X defined as the center-of-mass coordinate of the 
nucleus. 
The cross section for a transition from state a to 
state b is*® 
lr wp 


| 1 
ra=— —|T ra|?, 
h v 


(1.5) 


where w, is the density in energy of final states and »v 
is the relative velocity of the incident particle and 
nucleus. The transition amplitude, 7;,, is given by*® 


Tra= (%|V+U|¥,), (1.6) 


where V, is the solution of the integral equation 


1 
v, =6,+—————_(V+ V )¥,.*”’. (1.7) 


E—K—W-+ie 


In a_ straightforward manner, Gell-Mann and 








| 
(a Eun V. 
| 4 E-—K-W-U- V+ie 


AND 


(U+W, oi] 
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Goldberger** have shown that 
Tra=(Po| U|Xa) +X | V [Va 


= (®,| U | xa) (19 V 


1 


V—— ——V x), (1.8) 
E—K—W-—U-—V-+ie 

where x‘*? represents the plane wave plus outgoing (+) 

or incoming (—) wave solution of the scattering prob- 

lem when V =0; i.e., 


Xo) =6,+ 


E-—-K—Wtie 


We note that the phenomenological potential, U, is 
Hermitian in this derivation. 

The first term of (1.8) is the exact transition ampli- 
tude when V=0. Such a term may contribute to 
inelastic scattering into states of collective nuclear 
motion through distortions of the nuclear surface. In 
the present work, however, we shall be discussing 
alternative mechanisms and hence drop this term from 
the transition amplitude. 

The second term of 7;, can be separated into a 
term representing the impulse approximation plus 
additional terms representing the “error in the impulse 
approximation” and multiple scattering corrections. 
Let X, be expanded in plane-wave functions of 
particles p and i: 


X,Y= + 


Kp. 
With the notation E,=#?k,?/2m,+h*?k?/2m,, we define 


1 
—V;, (L11a) 
E,—K»—K;—V tie 


Ux,. (1.9) 


|k,,k;)(k,,k;| X,). (1.10) 





wo H=1 


and 
(I.11b) 


(+) — [7 (+ 
tS = Vw, A 


where #, is now the two-body scattering operator. 
Then the second term of 7;, can be written 





+(14+7 


This equation is similar to one derived by Chew and 
Goldberger*’ and differs from Eq. (21) of this reference 
only through inclusion of effects due to both the internal 
potential, W, and the phenomenological potential, U. 
The term in (1.12) containing the commutator gives 
“the error in the impulse approximation” and its size 
has been estimated by Chew and Wick*’ to be of the 
order of é; times 77 U+W, w; ], where 7 is the “average 


E—K-—-W-U- a 


(V-Vatw—1)} x), (1.12) 


collision time.” The occurrence of the commutator 
means that the correction depends on the change of 
the potentials during a two-body collision rather than 
on the magnitude of the potentials. This correction 
term for the impulse assumption and the last term in 
(1.12), which represents largely multiple-scattering 
corrections, will be neglected in following work. We 
shall consider in the discussion section whether such 
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neglect is justified when intermediate-energy projectiles 
are scattered by a nucleus described in terms of the 
alpha-particle model. 

With the above “impulse approximation,” the tran- 
sition amplitude becomes 


Tro=L > & (XO k,’ ,k,’) 


i kp’, ki’ Kp, ki 


X (kp ki! Xo) (ky ky’ | | kp,ks). (1.13) 


The elementary two-body scattering conserves mo- 
mentum so that 


(ky ky’ | | k,,k) =6(k,’ +k’, kp +k,) 
x (ky’, kit+k,—k,’ {4 ky, ki). (1.14) 


Assume now (a) that the variation of the above 
scattering amplitude with the momenta contained in 
states X,{) and X,~ is small enough so that the 
scattering amplitude may be approximated by a mean 
amplitude,® and (b) that the appropriate mean ampli- 
tude is that obtained when the struck particle is 
initially at rest and the projectile is characterized by 
mean momenta, «x, and x,y’, i.e., : 


(k,’, ki +k,—k,’| 4. | k,, k,) 


/ / / 4+)] 
= (Kp, Kp— Kp | ti | wp, 0). 


(1.15) 


In cases where the phenomenological potential U is 
zero, *%» and x,’ become the free momenta ko and ko’, 
respectively. The rather strong assumption (a) is 
necessary to factor the two-body amplitude outside 
the overlap integral of initial and final states. In partial 
defense of this assumption is should be pointed out 
that in the limit of Born approximation the nonexchange 
scattering amplitude depends only on the momentum 
transfer, k,—k,’. Unfortunately we do not have direct 
experimental information about the two-body scattering 
amplitudes for momentum values of most interest since 
these amplitudes may lie far off the energy shell. This 
will be the case, particularly, if the scattering is back- 
wards from a target particle of mass equal to or lighter 
than that of the projectile (e.g., a on m). Thus the 
amplitudes deduced from two-body elastic (a,a), (a,7), 
and (n,m) scattering, which lie on the energy shell, 
can be used as only very rough guides. Our ignorance 
therefore forces us to regard the factorization assump- 
tion (a) as one of the weaker links in the derivation. 

With assumptions (a) and (b) the transition ampli- 
tude is 


Tra= DL KXkp, Kp— x, [bs ee, 0) 
X LY %O|ky’, kit+k,—k,’\Xkp, ki| Xo‘). 


ky’ Kp, ki 


(1.16) 


Using the completeness of the momentum eigenfunc- 
tions, we obtain 


Tre= DA Xp’, Kp— Kp’ | Li | xp, 0) 


X (Xo |5(Xp— xi) |XoM). (1.17) 
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The above equation is sometimes considered as the 
impulse approximation; we have seen, though, that 
some further nontrivial assumptions are needed in 
order to obtain such a simple expression. 

It is pertinent to comment here on the relative 
virtues of the impulse approximation and the Born 
approximation, which has also been frequently em- 
ployed in theoretical treatments of direct scattering. 
[The Born approximation in the distorted-wave formal- 
ism is simply obtained by dropping the last term of 
Eq. (I.8).] It is well known that the Born approxi- 
mation may give unreliable estimates of the scattering 
amplitude for two-body collisions, particularly at low 
or moderate energies when the potential is such as to 
give a bound state, which is indeed the case for nuclear 
particles. In this respect, the impulse approximation is 
a definite improvement since it employs an exact two- 
body scattering operator. On the other hand, part of 
this gain is illusory: the relevant scattering amplitudes 
do not conserve energy in the two-body collision; thus 
they cannot be deduced reliably from measured two- 
body elastic collisions, as discussed earlier. To sum- 
marize: The Born approximation provides a calculable 
but probably erroneous value for the scattering ampli- 
tude; the exact two-body scattering amplitude appears 
in the impulse approximation, but it is difficult to 
evaluate. 

When i and # are the same kind of particle [ which 
can occur in (p,p’) and (n,n’) scattering when the 
nucleus is described by the shell model or (a,a’) scat- 
tering when the alpha-particle model is adopted ], 
modifications must be made in the above derivation. 
It is also desirable to include explicit dependence on 
spin and isotopic spin. The result is that Eq. (I.13) 
remains unchanged except that the two-body scattering 
amplitude is appropriately symmetrized. We find [see 
Eqs. (1.24) and (1.25) ] 


(ti) —> (iy! | i | hs) (le hey” 4° | kp). (1.18) 


The + sign holds for spin-0 Bose-Einstein particles, 
the — sign for spin-} Fermi-Dirac particles. In the 
latter case, to simplify notation, k designates the spin 
and isotopic spin as well as the momentum. If P*, P’, P* 
are defined to be the space, spin, and isotopic spin 
exchange operators, Eq. (1.18) may be written more 
compactly in the spin-} case as 
(ti)  (ky’, ky’ | (1— P*P*P)ts |k,, k,). (1.19) 
The factorization of the exchange contribution to 
the two-body scattering amplitude is not as well 
justified as is the case for the direct term; in the limit 
of Born approximation, the exchange scattering ampli- 
tude is very definitely a function of ,. If nonetheless 
we make the previous factorization, assumptions (a) 
and (b), and make use of the conservation of mo- 
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mentum in the two-body collision, we obtain 


Tra® Di{(XO |5(xp— Xi)(Kp’, Kp— Kp. lef? | Kp, 0) | Xq‘*?) 
+(X,~ |6(x,—x,)P°P" 


X(Kp— Kp’, Kp [fi | xp, 0)|Xa)}. (1.20) 


In this equation, we drop the notation of Eq. (1.18); 
k refers only to momentum so that the matrix element 


(np’, Xp— Xp | t+ | x, 0) 


may be an operator in spin and isotopic spin matrices 
of i and p. X, is unsymmetrized in projectile and 
target, i.e., Xa? =, (Xp)ba(X;). 

The proof of (1.18) and (1.19) is straightforward: 
Assume that the nuclear wave function 9¢,(x;) is 
already appropriately symmetrized or antisymmetrized 
in M equivalent particles. Then the symmetrized 
eigenfunction of Hy+U, that is X,“*, can be written 


M 
xX,V= (M+1)4 > (- 1)? ‘44 (x:) 
l=] 


os *Xy41) 


(1.21) 


XK a(X1° + *Xr-1, X41, 
=(M+1)?* > Xa, 


where P;=0 for Bose-Einstein particles and /—1 for 
Fermi-Dirac particles; x denotes spin and isotopic spin 
coordinates as well as spatial coordinates. Since the 
particles are equivalent, it is not now correct to consider 
U and V as functions of just x, and x,, x;, respectively; 
rather, for the /th term in X,, U is to be considered a 
function of x; and similarly 


j=M+1 


D> V(x,x;). 


j=1 (#1) 


V= 


Thus in the impulse approximation, the contribution 
to the transition amplitude arising from collisions of 
the projectile with the equivalent particles in the 
nucleus is 


(M+1)X> Xo 1D > #(xi,x;)|Xar). (1.22) 
v il 


We can make the following expansion: 


| Xai) = | kp (xz))| k(x;))(kp| ta (x1) 
x (- 1)?4(k(x,) |a(X:,° **Xi-a,X141,°**Xv41)), 
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HENLEY 


which becomes, for Fermi-Dirac particles, 


|Xar) = | kp (xz))|k(x,))(k | 4a (x1) 
X (k(x;) \ba(Xj,X1,° +X" + *Xw41)) 
(—1)>4 7-1 if j<il 


(Cyers it jo, ©) 


Xx 
where for convenience k here designates spin as well as 
the momentum. For Bose-Einstein particles, all sign 
factors are (+1). The final-state wave function, 
X,, can be similarly expanded with the notational 
change (I, 7, k,, k—/’, 7’, k,’, k’). 

If /’ does not equal either / or j, the matrix element 
should be extremely small; when both bound and 
continuum particles are described by an independent- 
particle model with the same central potential and when 
small center-of-mass effects are ignored, the matrix 
element vanishes by the orthogonality of initial and 
final wave functions. If /’=/ and one chooses 7’=j, 
the sign factors in initial and final wave functions are 
identical regardless of the order of / and j. If l’/= 7 and 
one chooses 7’=/, the sign factors must differ by (—) 
in the Fermi-Dirac case. Since 


(bo (X;,X1° **Xp-1,X7y41°°* Xn 41 k’ (x,))(m,“ )(x,) | k’(x,)) 
is equivalent to 
(bo (X1,X1,° © *Xr1,Xo41° * *Xvy1| Kk’ (xz))(4o (x,) | k’(x,)), 


Eq. (1.22) becomes 
44)" 7) 2 


Inj psy! ik’ 
X (bo(j,X1- + Xr—1,Xr41° * “Xv 41) | k’(x;)) 
X (kk (x;) | Ga(xj,Xa- + *Xi-1,Xr41° * “Xv 41)) 
% (wo | ep’) Kp| ta) { (kep’,k’ | £(201,x;) | kp, k) 


—(k’ Jk,’ | ¢(x:,x,)|k,,k)}. (1.24) 


Because of the symmetry of ¢, and @», Eq. (1.24) can 
be written 


M 


LL DX ol(xr- - -xw) |’ (x;))mo | ky’) 


fj =1 Mepsley’ ke’ 
X (Kp| tat Xk (x5) | ba(Xi- * Xn) 


X(k,y’,k’| (1— P*P*P*)t(x,,x;)|k,,k). (1.25) 
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The scattering of protons from helium has been investigated experimentally from 2.0 to 5.5 Mev with 
the Rice Institute Van de Graaff accelerator and a differentially pumped, large-volume scattering chamber. 
Excitation curves reveal no new states in Li’ up to an excitation energy of 6.5 Mev. A phase-shift analysis 
has been made of the angular distributions at laboratory bombarding energies of 3.03, 3.51, 4.02, 4.50, and 
5.00 Mev. The phase shifts derived from this experiment and from experiments at other laboratories, in the 
energy range 1 to 18 Mev, have been interpreted in terms of the dispersion theory, and level parameters 
have been extracted. The nuclear radius which best fits the P-wave phase shifts is 2.6 10-4 cm. For the 
ground state, (Eres) sb = 2.6 Mev, J=}-, y;2=12X10- Mev-cm, and 6,?=0.40. For the first excited state, 
(Eres) nb = 10.8 Mev, J=4-, yp?=30X10-" Mev-cm, and 6,?=1.0. The S-wave phase shift is moderately 
well fit by a hard-sphere interaction with a radius of 2.0X10- cm. At the present time, the D-wave phase 
shifts are so inaccurately known, that very little interpretation is possible. 


INTRODUCTION 


HE mirror nuclei He® and Li® have been of 

considerable theoretical importance. They are 
the lightest, and consequently simplest, examples of 
mirror nuclei that consist of a closed shell plus one 
nucleon. One of the most profitable ways of studying 
these nuclei is the scattering of neutrons and protons 
from He‘. The nucleus Li® has been investigated by the 
scattering of protons from He‘ at a variety of energies. 
The experimental literature on Li® has been well 
reviewed by Brockman,' and the theoretical literature 
has been reviewed by Gammel and Thaler.? The purpose 
of the present paper is, first of all, to present new data 
for bombarding energies from 2.0 to 5.5 Mev, and 
secondly, to present the results of a dispersion theory 
analysis of the P-wave phase shifts which are now 
available in the energy range from 1 to 18 Mev. 

One of the earliest experiments on the scattering of 
protons from helium was done by the Minnesota 
group.’ This experiment covered the energy range from 
0.95 to 3.58 Mev, and a phase-shift analysis of the 
data was made by Critchfield and Dodder.‘ Isolated 
angular distributions have been observed at 5.78 Mev,® 
at 7.5 Mev,® at 9.73 Mev,’ at 9.76 Mev,’ and very 
recently from 11.4 to 18 Mev.' In Putnam’s paper® 
the results of their 7.5-Mev experiment, and an earlier 
experiment at 9.48 Mev, are phase-shift analyzed. 
Potential-well analyses of the phase shifts have been 
given by Sack, Biedenharn, and Breit,’ and more 
recently by Gammel and Thaler.? Adair” and Dodder 

t Supported in part by the U. S. Atomic Energy Commission. 
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and Gammel" have given dispersion-theory analyses 
of both the neutron and proton scattering experiments 
on He‘. Their analyses of Li®, however, use only the 
data of the Minnesota group,’ the data of Kreger 
et al.,> and an early analysis of the 9.48-Mev data." 
Consequently a variety of reduced widths and radii 
may be found which fit the data below 3.5 Mev. 


EXPERIMENTAL DATA 


The large-volume scattering chamber, used for the 
proton-helium experiments, has been described in 
detail by Russell e¢ al.” 

The estimated root-mean-square uncertainties of the 
cross section measurements due to geometry, detection 
efficiency, current integration, and energy scale for the 
present experiment is 2.4%. To this must be added the 
uncertainties due to counting statistics. These were at 
worst 2% at angles near 90°, and they were less than 
1% at the more forward and backward angles. No 
evidence of groups of protons scattered from heavier 
impurities was found at any time during the experi- 
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Fic. 1. He‘(p,p)He* excitation curves at three center-of-mass 
angles from 2.0 to 5.5 Mev bombarding energy. The cross sections 
are expressed in the center-of-mass system. Arbitrary smooth 
curves are drawn through the data points. 
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Fic. 2. He‘(~,p)He* phase shifts in degrees plotted versus 
bombarding energy. The Rice data are shown, and references to 
the other data shown are given in the text. The reanalysis of the 
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TaBLte I. He*(p,p)He* angular distribution at 3.03-Mev 
bombarding energy. Differential cross sections in the center-of- 
mass system are given, and the phase-shift fits are given. The 
phase shifts for the S and P waves column are 59—27.5°, 5;+ 
=99.3°, and 5;-=10.2°. The rms deviation for this set of phase 
shifts is 1.8%. The phase shifts for the S, P, and D waves 
column are 69= —27.3°, 6;+=99.3°, 5;~-=10.3°, 62+=0.1°, and 
6° =0.7°. The rms deviation for this set of phase shifts is 1.7%. 


Ophases 
S, P, and 
D waves 


Ophases 
S and 
Gexperiment P waves 
Go.m. (barns/ (barns/ Error 
(degrees) steradian) steradian) % 


30 0.742 0.746 
0.548 0.560 
0.438 0.440 
0.344 0.342 
0.263 0.259 
0.198 0.194 
0.146 0.149 
0.126 0.124 
0.123 0.120 
0.136 0.134 
0.156 0.160 
0.189 0.193 
0.221 0.227 
0.259 0.256 
0.277 0.273 


(barns/ 
steradian) 


0.738 _ 
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0.125 _ 
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ments. The energy scale was derived from the 2.660- 
Mev resonance from protons on O'*, The energies are 
accurate to +10 kev. 

Excitation curves were taken in the bombarding 
energy range from 2.0 to 5.5 Mev. Figure 1 shows the 
results of three typical excitation curves at center-of- 
mass angles of 168° 45’, 125° 16’, and 90°. The smooth 
curves were drawn arbitrarily through the data points. 
There is no evidence of any narrow structure in any of 
the excitation curves taken. For this reason it was 
decided to base the phase-shift analysis on angular 
distributions taken at intervals of 500 kev from 3.0 to 
5.0 Mev. Tables I through V give the angular distribu- 
tions at 3.03, 3.51, 4.02, 4.50, 5.00 Mev. The fifteen 
center-of-mass angles chosen for each angular distribu- 
tion were the even multiples of 10° from 30° through 
160°, and in addition 168°. 


THE PHASE SHIFT ANALYSIS 


The formula for the differential cross section in the 
center-of-mass is* 


o(8)= | f-(8) |?+ | f:(8) |’, (1) 
where 
hf.(0) = (—n/2) csc?(8/2) exp[in In csc?(6/2) | 
+10 e'P,(cos6)[ (1+-1) exp(i5;*) siné;* 


l=0 


+1 exp(i5;-) sind], (2) 





11.4 to 18-Mev data is also discussed in the text. The dispersion 
theory fits to the P-wave phase shifts are shown for the parame- 
ters given, and the hard-sphere fit to the S-wave phase shift is 
shown. The radius R is given in fermis [1 fermi (j= 10% cm]. 





SCATTERING OF PROTONS 


and 


kf (0)=>- e@'P/(cosd) sind 


l=] 


x [exp(76,*+) sind;+—exp(i6,-) sind]. (3) 


In these formulas, n= (Z,Z2e?)/hv, ava=0, and 


@® 


a,=2)>> tan“'(n/s). 


s=] 


Z, and Z, are the charges of the incident and target 
nuclei, respectively; k=yv/h; v is the relative velocity 


TABLE II. He*(p~,p)He* angular distribution at 3.51-Mev 
bombarding energy. Differential cross sections in the center-of 
mass system are given, and the phase-shift fits are given. The 
phase shifts for the S and P waves column are 69=—31.7°, 
6,*=107.6°, and 6;~=19.2°. The rms deviation for this set of 
phase shifts is 2.1%. The phase shifts for the S, P, and D waves 
column are 69= —30.9°, 6,;*= 107.6°, 6;~> =18.8°, 6.*= —1.1°, and 
63° =1.3°. The rms deviation for this set of phase shifts is 1.7%. 
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TaBLE IV. He‘(p,p)He* angular distribution at 4.50-Mev 
bombarding energy. Differential cross sections in the center-of- 
mass system are given, and the phase-shift fit is given. The phase 
shifts are 695= —43.1°, 6;+=111.6°, 6;>=29.1°, 6,.+=—0.5°, and 
6° = —3.1°. The rms deviation for this set of phase shifts is 1.3%. 


experiment phases 


Be.m 


(degrees) steradian) steradian) l 


30 
40 
50 
60 
70 
80 
90 
100 
110 
120 
130 
140 
150 
160 
168 


Gexperiment 
(barns 


0.666 
0.510 
0.400 
0.312 
0.230 
0.175 
0.134 
0.109 
0.095 
0.098 
0.118 
0.140 
0.165 
0.194 
0.202 


Tphases 
S and 
P waves 


(barns Error 


¢ 


0.668 
0.505 
0.399 
0.311 
0.237 
0.176 
0.133 
0.107 
0.098 
0.103 
0.120 
0.142 
0.167 
0.188 
0.200 


—1.0 
—0.3 
—0.3 
3.0 
0.6 


0.3 


Tphases 
S, P, and 
D waves 
(barns 
steradian) 


0.668 
0.504 
0.398 
0.311 
0.236 
0.176 
0.132 
0.105 
0.095 
0.101 
0.118 
0.141 
0.167 
0.189 
0.202 


TABLE III. He‘(p,p)He* angular distribution at 4.02-Mev 
bombarding energy. Differential cross sections in the center-of- 
mass system are given, and the phase-shift fits are given. The 
phase shifts for the S and P waves column are 59=—34.5°, 
6,+=112.2°, and 6;-=23.5°. The rms deviation for this set of 
phase shifts is 3.4%. The phase shifts for the S, P, and D waves 
column are 9= —32.9°, 6;+=112.4°, 5;> =23.6°, 62*= —1.7°, and 


Bo.n 
(degrees) 

30 
40) 
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TABLE V. 


(barns 


steradian) 


0.578 
0.446 
0.352 
0.276 
0.204 
0.155 
0.111 
0.089 
0.075 
0.073 
0.083 
0.097 
0.113 
0.127 
0.139 


(barns/ 
steradian) 
0.577 
0.446 
0.353 
0.275 
0.207 
0.153 
0.112 
0.086 
0.074 
0.074 
0.083 
0.097 
0.113 
0.128 
0.136 


Error 
re 
© 
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He‘(p~,p)He* angular distribution at 5.00-Mev 


bombarding energy. Differential cross sections in the center-of- 
mass system are given, and the phase-shift fit is given. The phase 
shifts are 59= —51.8°, 6,* = 109.9°, 6,” = 35.5°, 62+=0.1°, and 


63° = —4.7°. The rms deviation for this set of phases is 2.4%. 
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Error 
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the reduced mass of the system. 

The phase-shift analysis was programmed for an 
IBM-650 computer using the partial waves through 
l=4. The method of computation is as follows. First, 
initial guesses of the phase shifts are made, and the 
angular distribution is calculated. The following 
expression for the error, &, is then formed: 


é= y 2 [o(0;)cate— o (O:)obs 2 ; [v(6;)o (8;)obs ]. (4) 
i=l 


In this expression, N is the number of points on the 
angular distribution, ¢(4;)caic is the differential cross 
section at the angle 6,, as calculated from (1), o(,)obs 
is the experimentally observed differential cross section 
at the angle @;, and »(@,) is a statistical weight factor 
which measures the relative accuracy of each particular 
datum point. A sequence of phases to be varied is 
specified to the computer, and the expression for & is 
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minimized by taking each phase shift of this sequence 
and changing it by a given amount, A, first in the 
positive direction, and then in the negative direction. 
When a minimum is found in & with respect to variation 
of that particular phase shift by integral multiples of 
A, then the next phase shift from the sequence is 
selected, and the process is repeated until & is a mini- 
mum for as many phases as desired through /=4. For 
the present experiments, & was minimized with respect 
to 80, 5:*, and 6:*, for an increment, A, equal to 0.1°. 
The angular distributions from the present experi- 
ment were fitted only with that solution of the phase- 
shift formula, (1), which implies an inverted doublet 
for the ground and first excited states of Li®; this fact 
has been established by spin polarization measure- 
ments.*—'6 The lowest three angular distributions were 
18M. Heusinkveld and G. Freier, Phys. Rev. 85, 80 (1952). 
4 L. Rosen and J. E. Brolley, Phys. Rev. 107, 1454(L) (1957). 
15 Mary Jean Scott, Ph.D. dissertation, The Johns Hopkins 


University, 1958 (unpublished). 
16 Karl W. Brockman, Jr., Phys. Rev. 110, 163 (1958). 
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Fic. 3. The behavior of 8;* for three values of R, the nuclear 
radius, is shown for various values of the reduced width, y,? 
plotted versus bombarding energy. The circles were taken from 
a smooth curve drawn through the phase shifts of Fig. 2. The 
smooth curves are the fits for the parameters shown. (R in fermis; 
7 in Mev f.) 


first fitted using only S and P wave phase shifts; the 
fits were not noticeably improved by the addition of 
D-wave phase shifts. The two upper angular distribu- 
tions were only fitted using S, P, and D wave phase 
shifts. The results of the phase shift analyses are shown 
in Tables I through V with their angular distributions, 
and in Fig. 2 as ‘‘Rice data.” 

Figure 2 shows the results of all of the He*(p,p)He' 
experiments including the present one. The references 
to the other data were given in the first section of this 
paper. The data from 11.4 to 18 Mev! were reanalyzed 
using the actual data, instead of using smoothed data 
as was done by Brockman. 


DISCUSSION OF THE PHASE SHIFTS 
FROM 1 TO 18 MEV 


S Wave 


The S-wave phase shift is described reasonably well 
at low energies by a hard-sphere phase shift with an 
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interaction radius of 2.0 10-" cm. At the high-energy 
end, as can be seen from Fig. 2, there is some deviation 
in the positive direction from the computed hard sphere 
value. This is most likely the result of a very high 
energy, broad 25 state. 


P Wave 


The P-wave phase shifts will be discussed in terms 
of the dispersion theory of Wigner and Eisenbud."’ The 
pertinent expression from the dispersion theory is 


6-= —¢,+tan“(I,/2), ‘(Ey +Ay— E) 
=—¢:t+6-. (5) 


In this expression, —¢@; is the contribution to the phase 
shift from potential scattering and distant resonances. 
In the present experiment it will be assumed that 


¢:= tan“ (F1/G;)| per, (6) 


and this assumption will be justified by the results. 
Here R is the assumed nuclear radius, and F; and G, 
are the regular and irregular Coulomb wave functions 
respectively, as defined by Bloch ef al.!* The second 
term of (5), 8, is the resonant portion of the phase 
shift, and the quantities involved are defined as follows: 


r,/2 = ky)? /A f (7) 
Af=F?+Ge, (8) 
Ay= —[(ky?/p) JL (0/A 1) (dA s/dp) +7]. (9) 


Ey is defined as that energy necessary to make the 
denominator of 8; vanish at the value of E where 6+ 
is determined to be 90°. The free parameters for fitting 
the observed phase shifts are the radius, R, and the 
reduced width y?. In the cases where the Coulomb 
wave functions were available in the tables of Bloch 
et al.,)® they were used. At high energies, where 
n<0.1585, linear interpolation was used between the 
quantities in the Bloch tables, and the corresponding 
neutron functions. For low energies (small p), the 
Bessel-function expansion of the irregular Coulomb 
wave functions was used to determine the shift func- 
tion.!® The behavior of 8;* for radii of (2.2, 2.6, and 3.2) 
X10-" cm, and for various assumed values of the 
reduced width, y,’, is shown in Fig. 3. If the ratio of 
the reduced width to the Wigner limit,” (3%?/2uR), is 
defined to be 6,, then the parameters determined by 
reasonable fits to the experimental data for the first 
two states of Li’ are given in Table VI. These fits to the 


17 E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). 
18 Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs. 
Modern Phys. 23, 147 (1951). 
( 1” F. W. Prosser and L. C. Biedenharn, Phys. Rev. 109, 413 
1958). 
2” T. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). 


OF PROTONS FROM 


He 2047 


TABLE VI. Parameters for the first two states of Li5 as given 
by the scattering of protons from Het‘, using an interaction radius 
of 2.6X10-" cm. 


Excitation 
energy Spin Parity 
(Mev) (A) 7 


(Ed)o.m. 
(Mev) 


(Exes) tab 


Yr? 
(Mev-cm) Op? (Mev) 


12X10" 0.40 2.6 4.0 
30X10-" 1.0 10.8 16.8 





0 3 = 
8.6 4 — 








phase shifts, 6,+, that result by using the parameters of 
Table VI are shown in Fig. 2. In the P; case there 
might be a trend of the experimental data away from 
the dispersion theory fit at high energies, but the trend 
seems to be within the scatter of the experimental 
points. The assumption of only hard-sphere potential 
effects for ¢; seems to be justified. 


D Wave 


The values of the D-wave phase shifts from the 
present and other experiments are shown in Fig. 2. 
The inaccuracies of the existing experiments preclude 
the possibility of getting any quantitative information 
from the D-wave phase shifts. Qualitatively, it may be 
said that the D-wave phase shifts appear to be approxi- 
mately unsplit below 10 Mev, and appear to be de- 
creasing with energy. Above 10 Mev, one or both of 
the D-wave phase shifts appear to be increasing with 
energy. From the form of Eqs. (1), (2), and (3), it 
may be seen that it is impossible to tell which 6 of a 
given / is about to resonate, below a resonance. 

A 3+ state at an excitation energy of 16.80 Mev is 
known in Li’ from the He*(d,p)He‘ reaction as studied 
by Bonner, Conner, and Lillie.7 The parameters deter- 
mined for this state by these authors are 6,°=0.21, 
and 6,7=0.004, so that the state is a very good single- 
particle state of He*+d. It seems likely that a state 
with J=4* might lie very near in energy to this J= }* 
state, and that this state would also be a very good 
single particle state of He*+d. No evidence of this 
second state appears in Brockman’s data,! as can be 
seen from Fig. 2. Continuous excitation curves above 
6 Mev bombarding energy are still needed to eliminate 
the possibility of additional narrow states in Li’. 
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The range of excitation energies in Be’ from 3.28 to 4.73 Mev has been investigated by Van de Graaff- 
accelerated He** ions scattered from He‘ gas in a differentially pumped, large-volume scattering chamber. 
The second excited state in Be’ has been studied, and its laboratory resonant energy and width have been 
determined to be 5.17 Mev and 0.180 Mev, respectively, corresponding to an excitation energy in Be’ of 
4.53+0.02 Mev and a center-of-mass width of 0.102 Mev. The spin and parity are J=}- and the reduced 
width is 3.0X10~% Mev-cm. The behavior of the nonresonant phase shifts is shown to be qualitatively 
consistent with other known states in Be’, whose resonant energies lie outside the range of the present 


experiment. 


EXPERIMENTAL DATA 


ONS of He** have been scattered from helium gas to 
investigate low excited states of Be’. The Rice In- 
stitute Van de Graaff accelerator was employed and a 
large volume scattering chamber was used for the 
He’*+ He‘ scattering experiments ; this chamber and the 
techniques have been described in detail by Russell 
et al.’ The similarity of the masses of He* and Het‘ pro- 
duced the principal experimental difficulties of the 
present experiment. At forward angles the energy of 
recoil He‘ nuclei and the energy of scattered He’ nuclei 
are so similar that the two groups of particles entering 
the CsI(TI) scintillation detector could not be satis- 
factorily resolved using pulse height analysis alone, 
while at backward angles the scattered He* nuclei have 
such low energies (1/49 of the incident energy at 180°) 
that their pulses were indistinguishable from noise. 
For these reasons it was decided to count the scattered 
He’ nuclei and the recoil He‘ nuclei in coincidence. A 
variable slit system with six different slit widths was 
constructed for use with one of the detectors in the 
scattering chamber (detector No. 2) and allowed data 
to be obtained between 50° and 130° in the center-of- 
mass system. 

Coincidence losses, and the high background at back- 
ward angles, makes an estimate of the errors in the 
present experiment difficult. However, a reasonable 
estimate of the probable error is +5% from 70° to 90° 
in the center-of-mass system and + 10% outside of this 
range. 

Two angular distributions at 2.97- and 3.88-Mev 
bombarding energy and six excitation curves at center- 
of-mass angles 54°44’, 63°26’, 90°, 109°52’, 116°34’, and 
125°16’ constitute the data for the He*(He*,He*)Het 
experiment. All but the last of the above excitation 
curves cover the bombarding energy range from 3.0 to 
5.5 Mev, while the excitation curve at 125°16’ spans 
the bombarding energy range from 4.5 to 5.5 Mev. 

The two excitation curves at the most forward angles 


¢ Supported in part by the U. S. Atomic Energy Commission. 

* Now with the Oak Ridge National Laboratory, Oak Ridge, 
Tennessee. 

1 Russell, Phillips, and Reich, Phys. Rev. 104, 135 (1956). 


were obtained by counting the recoil He‘ nuclei in de- 
tector No. 1 with the coincident He’ nuclei in detector 
No. 2, while the rest of the excitation curves were ob- 
tained by counting the scattered He’ nuclei in detector 
No. 1 with the coincident He‘ nuclei in detector No. 2. 
Figure 1 shows the two angular distributions with both 
the points obtained by counting He’ nuclei in detector 
No. 1, and the points obtained by counting He‘ nuclei 
in detector No. 1. Figure 2 shows the excitation curves. 
Smooth curves have been drawn through the data 
points and their use in the phase shift analysis will be 
described in the next section. 

The energy scale, as determined by magnetic analysis 
of He*-induced charged-particle reactions,?* was known 
to +20 kev. 


THE PHASE-SHIFT ANALYSIS 


The formula for the differential cross section in the 
center-of-mass system, as a function of the nuclear 
phase shifts, has been given in a number of other 
papers.*® 

The program for an IBM 650 computer for extracting 
phase shifts using the partial waves through /=4 is 
described in the previous communication. The phase- 
shift fits to the 2.97- and 3.88-Mev angular distributions 
are shown in Fig. 1. 

Smooth curves were drawn through the data points 
of the excitation curves, and angular distributions were 
formed at convenient energy intervals. A least-squares 
phase-shift analysis was made of these angular distri- 
butions. It was found that the nonresonant phase 
shifts fluctuated in going across the resonance due to 
small energy-scale errors of the excitation curves. For 
this reason, smooth curves were drawn through the 
nonresonant phase shifts such that more weight was 
given to those points below and above the resonance. 
Thus the errors in the phase shifts, due to small errors 


2R. R. Spencer, Ph.D. thesis, The Rice Institute, 1958 
(unpublished). 

*T. E. Young, 
(unpublished). 

‘C. L. Critchfield and D. C. Dodder, Phys. Rev. 76, 602 (1949). 

5 P. D. Miller and G. C. Phillips, preceding paper [Phys. Rev. 
112, 2043 (1958) ]. 
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Fic. 1. He‘(He*,He*)He‘ angular distributions at 2.97- and 3.88-Mev bombarding energy. The center-of-mass cross sections are plotted 
versus the center-of-mass angles. Points observed by counting scattered He’ nuclei and by counting recoil He* nuclei, as discussed in 
the text, are both shown. Phase-shift fits to the angular distributions, for the phase shifts given, are shown. 


in relative energy scales of the different excitation 
curves, were a minimum. The resulting nonresonant 
phase shifts were then used as trial values and only 
5;+ was allowed to vary. Then these values of 6;+ were 
employed and each of the other shifts was fitted in turn 
to the data. These final phase shifts are shown in Fig. 3. 


INTERPRETATION OF THE PHASE SHIFTS 
S Wave 


The accuracy of the S-wave phase shifts are estimated 
from the dispersion of the points in Fig. 3(a) to be 
about +4°. Within this accuracy the phase shifts due 
to a charged hard sphere with a radius of 2.8 10-" cm 
fits the experimental points satisfactorily. The small 
radius for the S wave phase shift is rather puzzling, but 
the same result for the S-wave seems to apply to other 
problems involving alpha particles and light projectiles ; 
for example, for p+ He‘ scattering a radius of 2.0 10-* 
cm was deduced,‘ while for He‘+ He‘ scattering a radius 
of 4.4 10-" cm has been reported.® 


® Nilson, Jentschke, Briggs, Kerman, and Snyder, Phys. Rev. 
109, 850 (1958). 


P Wave 

The P-wave phase shifts are shown in Fig. 3(b). The 
splitting between 6,+ and 6;-, corresponding to J=3- 
and J=4-, respectively, seems to be significant over the 
entire energy range covered by the present experiment. 
The fact that the splitting between the two P-wave 
phase shifts is relatively constant over this energy range 
and the fact that both slopes of the phase shifts with 
respect to the energy are relatively constant, suggest 
that the splitting is due to the ground and first excited 
states of Be’ rather than to higher states. Furthermore, 
there are apparently’* no other }~ or 3~ states below 
8.6 Mev of excitation in Be’. It will be assumed for the 
purposes of the present analysis that the splitting of the 
P-wave phase shifts is due entirely to the ground and 
first excited states of Be’. The dispersion theory formu- 
las for the phase shifts have been given in the previous 
paper® as Eqs. (5) through (9). 

In order to evaluate the characteristic energies, A, 
in these formulas, it was necessary to evaluate the level 
shift A, at the negative resonant energy. The level 


7. Bashkin and H. T. Richards, Phys. Rev. 84, 1124 (1951). 
8 Marion, Weber, and Mozer, Phys. Rev. 104, 1402 (1956). 
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Fic. 2. He‘(He®,He*)He‘ excitation curves at six center-of-mass angles. The center-of-mass cross sections are plotted versus bom- 
barding energy. The use of the smooth curves in the phase-shift analysis is described in the text. Phase-shift fits to the excitation 
curves are given for the phase shifts shown in Fig. 3, and are shown as crosses. 


shift in this case is given by® 
A= — (n?/R)L(oW'/W) +1), 


where W is the Whittaker function, W_,,44(2p). The 


quantities entering (1) are 
p=kR, 
k= (2p| Ee.m.|/h*)}, 
n=uZ,Z2e"/hk. 
*R. G. Thomas, Phys. Rev. 88, 1109 (1952). 


The WKB approximation to the negative energy shift 
function has also been evaluated by Thomas,’ and the 
result is 


pW’/W= —E+4Lont (14-9), (2) 
where 
&=[(1+4)*+2pnt+-p? }}. 


The values of Z, for the ground and 430-kev first ex- 
cited states of Be? were computed using 1.583 Mev as 
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the value of the He*+ He‘ threshold, and using (1) and 
(2) above. 

Figure 4 shows 6,*+ and 6, plotted on separate scales. 
The dotted lines in the figure are arbitrarily adopted, 
for the purposes of this analysis, as the greatest limits 
of fluctuation about the least-squares fits that a dis- 
persion theory fit may have in order to be acceptable. 

Reference to some of the dispersion theory points in 
Fig. 4 shows that they also lie on very straight lines. 
Various values of the nuclear radius, R, and of the 
reduced widths, (y,=ne*)*, were tried, and were con- 
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Fic. 3. He‘(He*,He*)He* phase shifts plotted versus bombarding 
energy. Hard-sphere fits are presented for the S-wave phase shift, 
while the P-wave phase shifts are fitted to straight lines by least 
squares. Dispersion-theory fits are given for the F waves. The 
parameters and techniques used for obtaining fits to the data 
ints are discussed in the text. The radius R is given in fermis 
Pi fermi (f)=10-8 cm]. 


sidered acceptable if the slopes and values of the P-wave 
phase shifts between 3.0 and 5.5 Mev were reasonably 
close to the dashed limits shown in Fig. 4. Only values 
of the reduced widths less than the Winger limit" were 
explored. The results of these calculations are shown in 
Fig. 5, where the acceptable regions are shown plotted 
on coordinates of 7? versus R. The lines of best fit are 
the heavy lines within each region. Thus, it seems very 
possible that the ground state, and possibly the first 


1 T, Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). 
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Fic. 4. The P-wave experimental phase shifts are shown with 
some fits attempted using dispersion theory and with acceptance 
limits as discussed in the text. (R in fermis; 77 in Mev f.) 


excited state, have widths which are an appreciable 
fraction of the He*+ He‘ single-particle limit. 
D Waves 


The D-wave phase shifts are shown in Fig. 3(c). The 
scatter of the experimental points is such that nothing 
may be said concerning their interpretation. 


F Waves 


The F7/2 phase shift is shown in Fig. 3(d). Since the 
least squares fit to the Fs; phase shift resulted in values 
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Fic. 5. Acceptable He*+He* parameters for the ground and 
first excited states of Be? as determined by the elastic scattering 
of He® from He‘. The solid lines shown within each region of 
acceptable P-wave parameters are the best least-squares fits to 
the straight lines of Fig. 3(b). 


that fluctuated within 2° around 0°, 6;- was constrained 
to be zero. A reasonable dispersion theory fit to 63* is 
shown in Fig. 3(d). The resonant bombarding energy is 
5.17 Mev, corresponding to an excitation energy in 
Be? of 4.534+0.02 Mev. Using an F-wave radius of 
R=44X10-" cm, the level parameters which have 
been extracted are (vyue*)?=3.0X10-" Mev-cm, Ey 
= 3.43 Mev, and (@x.*)?=0.36, where the last parameter 
is the ratio of the reduced width of the state to the 
Wigner limit. It is, perhaps, remarkable that this state, 
which agrees in spin, parity, and energy with the shell- 
model predictions of Inglis,"' should be such a good 
single-particle state of He*+ Het. 


1D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 
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Photoproduction of Neutral Pions from Hydrogen in the Energy 
Range 700-1100 Mev* 


H. H. BrycHam Anp A. B. CLeccT 
California Institute of Technology, Pasadena, California 
(Received August 19, 1958) 


Gamma-rays from the decay of neutral pions photoproduced 
from hydrogen by the bremsstrahlung beam of the Caltech syn- 
chrotron have been studied with a thallium chloride crystal total 
absorption spectrometer. The energy spectrum of the decay 
gamma-rays produced by a range of incident photon energy is 
obtained by the photon difference method and this spectrum 
enables a separation of the gamma-rays into two groups: (i) those 
from the decay of neutral pions produced singly from hydrogen 
and (ii) those from the decay of neutral pions from multiple- 
production reactions. The cross sections for the single-production 
reaction are in agreement with the recoil proton experiments at 
Caltech and Cornell. For the multiple-production reactions we 
measure the cross section for producing neutral pions within a 
range of kinetic energies: 


I. INTRODUCTION 


ECENTLY several experiments have been done 
to study the single production of neutral pions: 


Yt+p— ptr, 


in the energy range 500-1100 Mev, by observing the 
recoil proton’ * or a coincidence between the recoil 
proton and one of the gamma-rays from the decay of 
the neutral pion.‘ In the experiment described here we 
have observed the gamma-rays from the decay of 
neutral pions produced both in this reaction and in 
multiple-production reactions, typically : 


yt+p— ntrt+", 
y+p— ptr+n, etc. 


The energy spectrum of the outgoing gamma-rays 
produced by a range of approximately 200 Mev of 
incident photon energy is observed by the photon dif- 
ference method. From this spectrum we deduce the 
corresponding neutral pion energy spectrum which 
enables the separation of the neutral pions into two 
groups: those produced in the single-production reac- 
tion and those produced in multiple-production reac- 
tions. This is possible, even with a low-resolution 
gamma-ray spectrometer as is used in this experiment, 
because of the considerable simplicity of the gamma-ray 
spectrum from the decay of the monoenergetic neutral 
pions produced in the single-production reaction. 

It has been noted by Sternheimer' that if one observes 
a gamma-ray of energy greater than 200 Mev from the 

* This work was supported in part by the U. S. Atomic Energy 
Commission, 

t Now at Clarendon Laboratory, Oxford, England. 

1J. I. Vette, Phys. Rev. 111, 622 (1958). 

2R. M. Worlock, Ph.D. thesis, California Institute of Tech- 
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+P. C. Stein and K. C. Rogers, Phys. Rev. 110, 1209 (1958). 


4 DeWire, Jackson, and Littauer, Phys. Rev. 110, 1208 (1958). 
5 R. M. Sternheimer, Phys. Rev. 99, 277 (1955). 


Center- 
of-mass 
angle 


Incident 
photon 
energy 

990 Mev 91° 

990 Mev 118° 

810 Mev 114° 


It is shown that all available multiple-production data can be 
explained in terms of two compound states, one at about 750 Mev 
and the other at some higher energy. This is in agreement with an 
analysis of the single-photoproduction data, which is given in an 
appendix. These two states are, respectively, (T =}, J=}+) and 


(T =}, J=}+). 


da/dQ (c.m.), 
in cm? sterad 
(5.9+1.6)X10-" 
(8.1+1.9) 10-2 
(3.7+1.0) K10-" 


r kinetic energy 
range (c.m.) 
175 Mev to 360 Mev 
- Mev to 360 Mev 
75 Mev to 290 Mev 


decay of a neutral pion, the pion must have been 
travelling in a direction less than 20° from the direction 
at which the gamma-ray is observed. So, as gamma-rays 
with energies greater than 200 Mev are studied in this 
experiment, the gamma-ray spectrometer acts effec- 
tively as a neutral-pion spectrometer with a coarse 
angular resolution. 

In Sec. VII we give an analysis of the meager multiple 
pion photoproduction data in terms of two compound 
states. This analysis is guided by a similar naive 
analysis of single pion photoproduction by one of us 
(A.B.C.) which is described in an appendix. 


II. APPARATUS AND PROCEDURE 


Beam and Target 


The arrangement of bremsstrahlung beam and liquid 
hydrogen target is the same as that used by Donoho 
and Walker.* The bremsstrahlung beam is collimated 
to a rectangular cross section of 5.16.3 cm? and the 
liquid hydrogen is contained in a cylindrical Mylar cup 
three inches in diameter, which is surrounded by a 


vacuum chamber; the outer wall of the vacuum 
chamber and the radiation shields are far enough from 
the liquid hydrogen to contribute very little to the 
background. The gamma-ray spectrometer can be 
rotated about a pivot placed under the hydrogen target 
so as to observe the yield of gamma-rays at different 
angles to the bremsstrahlung beam. Under normal 
operating conditions the beam intensity is about 1 to 
2X 10" Mev per pulse with one pulse per sec; each beam 
pulse is spilled uniformly over a time of about twenty 
msec. The beam monitor was calibrated’ with a quan- 
tameter of the type described by Wilson.* The brems- 
strahlung spectrum has been measured with a pair 


®P. L. Donoho and R. L. Walker, Phys. Rev. 112, 981 (1958). 
? on a (unpublished report). 
R. Wilson, Nuclear an. ‘L 101 (1957). 
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Fic. 1. Block diagram of gamma-ray telescope and 
electronic equipment. 


spectrometer,’ and was found to be a thin-target 
spectrum, within the errors, except that no rounding-off 
was observed at the high-energy end, within the energy 
resolution: Ak/k=0.02. 


Gamma-Ray Spectrometer 


The gamma-ray spectrometer consists primarily of a 
cylindrical single crystal of thallium chloride” with a 
length of 13.4 radiation lengths. This crystal is large 
enough to absorb a large part of the energy of an 
electron-photon shower, the electrons of the shower 
producing Cerenkov light which is observed by a 
photomultiplier. The testing of this counter is described 
in Sec. III. So as only to count gamma-rays incident 
within one inch of the axis of the crystal, this counter 
was used in a gamma-ray telescope; a diagram of this 
telescope together with a block diagram of the electronic 
equipment is shown in Fig. 1. In front there is a four- 
inch diameter veto scintillation counter to reject 
charged particles, particularly fast pions which produce 
Cerenkov light in the thallium chloride crystal (a pion 
of energy 200 Mev or greater passes through the crystal 
and produces a pulse as big as that produced by a 
200-Mev electron-photon shower). The veto counter is 
followed by a radiator, of lead of thickness 0.371 cm 
in normal operation, a two-inch diameter coincidence 


® Donoho, Emery, and Walker (private communication). 
% Supplied by Mr. Newell F. Blackburn, Engineer Research 
and Development Laboratories, Fort Belvoir, Virginia. 
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scintillation counter and finally the crystal. A bias was 
set on the coincidence counter to accept pulses corre- 
sponding to at least two electrons passing through it. 
When there was a coincidence between the coincidence 
counter and the crystal with no count in the veto 
counter the corresponding pulse from the crystal was 
observed with a twenty-channel pulse-height analyzer. 
Runs were made with the lead radiator in front of the 
coincidence counter (the IN position) and in front of 
the veto counter (the FRONT position). The difference 
between these results corresponds to gamma-rays con- 
verting in the lead radiator; a count will occasionally 
be lost when one of the electrons of the initial pair fails 
to get through the radiator and into the scintillation 
counter. It was checked that the IN-minus-FRONT 
counting rate varied correctly on changing the thickness 
of the lead radiator and on changing to radiators of 
aluminum, copper and tin. The counting rate from the 
FRONT position, primarily due to conversion of 
gamma-rays in the scintillation counters, was small: 
one-tenth or less of the counting-rate from the IN 
position. This procedure of taking IN-minus-FRONT 
differences rather than the more usual [IN-minus-OUT 
differences was chosen so as to leave the flux of par- 
ticles incident on the two rear counters the same, thus 
providing a more accurate subtraction of accidentals. 
In the one case a comparison was made, the IN-minus- 
FRONT spectrum was found to be the same as the 
IN-minus-OUT spectrum. 
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Fic. 2. Illustration of photon difference method. 
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Experimental Procedure 


Data were taken at two synchrotron energies sepa- 
rated by about 200 Mev and the yield at the lower 
energy, after appropriate normalization, subtracted 
from the yield at the higher energy. As the pulse-height 
spectrum from the gamma-ray spectrometer is approxi- 
mately exponential at any synchrotron energy, the 
accuracy of the subtraction is critically dependent on 
the stability of the gain of the system. This was checked 
by running on each day of operation first at one energy, 
then at the second, and finally back at the first. This 
would show whether there was an appreciable shift in 
gain during the day and otherwise cancelled out errors 
due to small unobserved shifts. Each point was run 
in this way on at least two different days and con- 
sistency was required between the different sets of 
data. When care was taken in this way, the stability of 
the standard high-voltage power-supplies and amplifiers 
in use in this laboratory was found adequate for this 
work. Every night a run was made with cosmic-ray 
muons passing through the thallium chloride crystal in 
a standard geometry; as described in Sec. III, to cali- 
brate the gain of the counter. Runs were made with 
the hydrogen target full and empty; the empty-target 
counting rate was only a few percent of the full-target 
counting rate and was subtracted out. 


Photon Difference Method 


The details of the subtraction are illustrated in Fig. 2. 
The bremsstrahlung spectra corresponding to syn- 
chroton energies £; and £2 are normalized so that they 
give the same number of photons of energy E». The 
difference between the yields thus normalized will be 
the yield due to photons of energies between £; and EF» 
together with the yield due to a weak intensity of lower 
energy photons. We want to correct for the latter, 
leaving the yield due to photons of energies between F, 
and E». A close approximation to this correction was 
directly measured by operating the synchrotron at an 
energy E;. The necessary small correction to this 
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Fic. 3. Thallium chloride crystal and mounting. 
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Fic. 4. Energy response of thallium chloride crystal counter for 
monoenergetic electrons. 


measurement was calculated using the known neutral 
pion cross sections.' 


Ill. TESTS OF GAMMA-RAY SPECTROMETER 


The thallium chloride crystal is 5.5 in. long and 5.75 
in. in diam. and it has a radiation length of 1.04 cm. 
The crystal and its mounting case are shown in Fig. 3. 
The surface of the crystal is polished, except for the 
face towards the photomultiplier which is left rough; 
the surface is wrapped with aluminum foil in an 
attempt to preserve the predominantly forward mo- 
mentum of the Cerenkov light. 

The counter was tested using electrons produced in 
a lead target by the bremsstrahlung beam and analyzed 
in momentum by a magnet.’ The electrons passed 
through a two-in. diam scintillation counter into the 
crystal so that the pulse from the crystal was observed 
on a pulse-height analyzer when there was a coincidence 
with the scintillation counter. Thus we were studying 
the effect of electrons incident within one inch of the 
axis. In this arrangement the momentum spread of the 
electrons was about 5%. For each electron energy we 
measured the pulse-height and width of the resulting 
peak in the pulse-height spectrum ; the width quoted is 
the full width at half maximum, corrected for the 
momentum spread of the electrons. 

The energy response is shown in Fig. 4: there is no 
large departure from linearity up to 1000 Mev, which 
is perhaps surprising, as one might expect a large pro- 
portion of the energy of the Shower, perhaps 40% or 
more, to be escaping from the crystal at such energies. 


1 We are indebted to Dr. R. L, Walker for the use of this 


equipment. 
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There is, however, a possible compensating effect : we 
find that the light collection efficiency for fast charged 
particles travelling towards the photocathode is better 
by a factor of nearly two than that for particles crossing 
the crystal along a diameter, a result which might be 
expected due to the directional properties of Cerenkov 
light. So for higher energy showers one could expect a 
higher proportion of the electron track to be towards 
the photocathode, causing the light collection efficiency 
to increase with energy. 

During these runs the pulse height produced by 
electrons of known energy was compared with the 
pulse height produced by cosmic-ray muons passing 
through the crystal in a standard geometry defined by 
requiring them to pass through two scintillation 
counters, so that a repeat of the cosmic-ray run could 
be used to establish the energy calibration as described 
in Sec. II. 

The variation of width with electron energy is shown 
in Fig. 5 where the square of the width is plotted 
against the reciprocal of the electron energy. If the 
width is primarily due to statistical fluctuations in the 
photomultiplier, the points should lie on a straight line 
through the origin. It would seem that this is approxi- 
mately so for electron energies less than 350 Mev. This 
implies a light collection efficiency of about 35%, which 
means that an average of about 43 electrons are pro- 


duced at the photocathode for every 100 Mev in the 
shower. Kantz and Hofstadter’ have described a model 
for the escape of the fringe of a shower as the escape 
of gamma-rays at the energy of the absorption mini- 
mum, the fluctuation in the number of gamma-rays 
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Fic. 5. Resolution of thallium chloride crystal counter for 
monoenergetic electrons. 
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contributing to the width. If the energy escaping in this 
way is proportional to the total energy of the shower 
the width varies in the same way as above. However, 
estimates of the magnitude of this effect indicate a 
width one-half or less than we observe, implying that 
our resolution is primarily due to photomultiplier 
statistics. The larger widths at energies above 350 Mev 
are presumably due to escape of an appreciable pro- 
portion of the shower from the crystal. 

When electrons are incident on the crystal at dis- 
tances greater than one inch from the axis, the resolu- 
tion is distinctly worse, so it was used in a gamma-ray 
telescope as described in Sec. II. The resolution for 
monoenergetic gamma-rays was calculated from the 
observed resolution for monoenergetic electrons. 
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Fic. 6. Illustration of calculation of pulse-height spectrum due 
to gamma-rays from the decay of neutral pions photoproduced 
singly by a range of 200 Mev of incident photon energy. (a) Cal- 
culated gamma-ray energy spectrum. (b) After multiplying (a) by 
efficiency of gamma-ray telescope. (c) After smearing (6) wit 
counter resolution: the calculated pulse-height spectrum. 


IV. NEUTRAL PION DECAY KINEMATICS 


Consider N monoenergetic neutral pions emitted 
isotropically from a source with energy E and velocity 
8, such as might be produced by monoenergetic photons 
interacting with protons in the center-of-momentum 
system of photon and proton. Then the number of 
pions emitted into the solid angle between 6 and 6+d6 
is 4N sinédé. On decaying, these neutral pions emit 
(1—6*)dQ/[2x(1—8 cos6)?] photons of energy 


k=y(1—6*)4/[2(1—8 cos8) ] 


into solid angle dQ at €2=0, where wu is the rest mass of 
the pion, Then the energy spectrum of decay photons 
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observed at 6=0 due to the N original pions is 
1-6? dk\— 

P(k)dk=3N sinb— ——__a0(—) dk 

2n(1—6 cosé)? \ do 


(1—6")! 
= N————_d0dk. 
2rup 


Thus the energy spectrum is a rectangle extending from 
energy 6 to energy (E—4), with 6~p?/4E for large E. 
6 is only a few Mev when E£ is several hundred Mev, 
so it is only a small approximation to take 6 to be zero. 
Next we note that the observation of a gamma-ray of 
energy greater than 200 Mev implies the parent pion 
was at an angle less than 20° from the direction of ob- 
servation, so we can disregard the assumption of 
isotropy of emission of the pion and we have a rec- 
tangular gamma-ray spectrum from 200 Mev to (E—6) 
from monoenergetic pions within 20° of the direction 
of observation. For a pion energy spectrum f(z), in 
the approximation that 5=0, we obviously get the 
formula derived by Sternheimer’: 


f=—k(0P/Odk). 


TABLE I. Cross sections for single neutral-pion photoproduction. 


Center- 
of-mass 
angle 


Photon 
energy 
(Mev) 


980 45° 72° 
60° 91° 
86° 118° 
86° 114° 


da/dQ (c.m.) 
(cm? sterad™') 


(1.63+0.21)X10-” 
(1.53+0.64) X 10-” 
(2.89+0.47) X 10-* 
(3.25+0.34) X 10-” 


Laboratory 
angle 








Finally, one must transform from the center-of-mo- 
mentum system of the target proton and incident 
photon to the laboratory system. An outgoing photon 
of energy & at an angle y to the incident photon beam 
transforms into a photon of energy ’ at an angle y’ 
in the laboratory: 


k’=k(1+(’ cosy)/(1—8”)!, 
cosy’= (8’+cosw)/ (1+ ’ cosy), 


where #’ is the relative velocity of the two systems. 
Thus, all the photons at one angle y in the center-of- 
momentum system are transferred to one angle y’ in 
the laboratory system and the energy spectrum is 
simply expanded or contracted uniformly. 


V. RESULTS 


For a range of 200 Mev of incoming photon energy, 
the neutral pions from single production fall within a 
narrow range of energy, while the pions from multiple 
production all have energies lower than this range. 
Assuming the cross section for single production to be 
uniform across the range of incident photon energy, it 
is easy, from the discussion of the last section, to 
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Fic, 7. Examples of fits of calculated spectrum to experimental 
spectra. Cross sections quoted are not corrected for empty target 
background. 


calculate the gamma-ray energy spectrum correspond- 
ing to single production, with arbitrary normalization. 
This is then multiplied by the telescope efficiency, 
which is primarily the probability of pair production 
in the lead radiator with a correction of a few percent 
for the possibility of one of the two electrons not getting 
through into the coincidence counter. We used the 
calculations of Davies ef al.“ for the pair production 
cross section. This spectrum is then smeared with the 
counter resolution. The three steps of this calculation 
are illustrated in Fig. 6. This calculated pulse-height 
spectrum is normalized to fit the data (the energy 
calibration being taken from the cosmic-ray runs) above 
a bias chosen so that multiple production could not 
contribute. Examples of two such fits are shown in 
Fig. 7. From the normalization the cross section is 
calculated; results are shown in Table I. The errors 
are primarily a combination of counting statistics and 
of uncertainty in the energy calibration, this last being 
mainly due to uncertainty in determining the position 
of the peak in the pulse-height spectrum in the cosmic- 
ray runs. 

The results are compared in Figs. 8 and 9 with the 
experiments observing recoil protons in this labora- 
tory’*; the data obtained at Cornell** are quite con- 
sistent with these results. The agreement between our 
data and these other experiments is comforting as 
completely different techniques are used. In our experi- 
ment the identification of single production is unam- 
biguous, while in the recoil proton experiments there 


13 Davies, Bethe, and Mammon, Phys. Rev. 93, 788 (1954). 
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Fic. 8. Comparison of single-production result at 810 Mev for 
this experiment with those from recoil-proton experiments in 
this laboratory.! Curves shown are polynomials in cos@ fitted to 
recoil-proton data by least squares. 


is a background of protons from multiple production 
which has to be subtracted. However, the recoil proton 
experiments have a real advantage in speed of gathering 
data. 

After subtracting these calculated spectra from the 
experimental data, we find residual counts due to 
multiple production reactions. Taking these results we 
divide the counts in each channel by the efficiency for 
observing gamma-rays of that energy to obtain the 
actual gamma-ray spectrum and from this we calculate 
the corresponding pion energy spectrum using the 
formula obtained in Sec. IV. In practice an approxi- 
mation was used. 





aerel(——*) 


4 ki— Rix; 


where P; is the number of gamma-rays in channel 7 : 


and k; is the gamma-ray energy corresponding to the 
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Fic. 9. Comparison of single-production results at 990 Mev in 
this experiment with those from the recoil-proton experiment at 
940 Mev in this laboratory.! Curve shown is polynomial in cos@ 
fitted to recoil-proton data by least squares. 


AND A. B. CLEGG 

lower limit of that channel. f;; corresponds to the yield 
of pions with total energies between &;+6; and ky, ;+46,, ; 
where 6; is that referred to in Sec. IV. Because of the 
poor statistics after all the subtractions, we have chosen 
j so as to split the data only into two groups of pion 
energies ; the results are given in Table II. A summary 
is given in Table ITI of the cross section for producing 
pions, with kinetic energies between two limits, in 
multiple production reactions. The lower limit is set 
by the experiment while the upper is set by the kine- 
matics. The cross section quoted is a sum over the 
cross sections for all possible multiple-production reac- 
tions, each cross section being weighted by the number 
of neutral pions produced in the reaction. 


VI. ALTERNATIVE POSSIBLE GAMMA- 
RAY SOURCES 3 


We have assumed that the gamma-rays observed 
come from the decay of neutral pions. A possible alter- 
native source is elastic scattering of gamma-rays from 
the proton. This would produce a gamma-ray line at 
approximately the peak energy we see. The number of 
counts observed at this energy puts an upper limit on 
the intensity of such a line and this implies that the 
elastic scattering cross section is less than one-fifth of 
the cross sections quoted for single production. From 
extrapolations of an experiment” and calculations!*:!® 
that have been done at lower energies, one expects the 
actual cross section to be distinctly smaller than this, 
so we have ignored elastic scattering as a possible con- 
tributor to our yield. 

There is also the possibility that another neutral 
meson, hitherto unidentified, which decays into gamma- 
rays might be involved. One such is the spin-one meson 
suggested by Nambu.’ If photoproduced singly from 
the proton, the total energy and momentum of this 
meson are both very weak functions of the mass 
assumed for it. We have calculated the gamma-ray 
energy spectrum from its decay and find that it can be 
fitted to our data. The cross section for photoproduction 
of this new meson determined by fitting this gamma-ray 
spectrum to our observations is about three times that 
deduced from the observation of recoil protons.'~* So 
this discrepancy implies that such a meson cannot be 
a major contributor to our data. The agreement 
between our experiment and the recoil proton experi- 
ments implies that the cross section for producing 
Nambu’s meson must be less than one-fifth of that for 
producing neutral pions. 

Because the total energy of a meson photoproduced 
singly is a weak function of its mass we can say very 
little about the possibility that other spin-zero mesons 


“4 L, B. Auerbach et al., Proceedings of the CERN Symposium 
on High-Energy Accelerators and Pion Physics, Geneva, 1956 
—— Organization of Nuclear Research, Geneva, 1956), Vol. 
2, p. 291. 

16 R, H. Capps, Phys. Rev. 106, 1031 (1957). 

16 Karzas, Watson, and Zachariasen, Phys. Rev. 110, 253 (1958). 

17Y, Nambu, Phys. Rev. 106, 1366 (1958). 
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decaying into two gamma-rays, might be involved, 
except that the mass cannot be greater than about 
250 Mev from the end-point energy observed in the 
gamma-ray spectra. 


VII. DISCUSSION OF PION PAIR PRODUCTION 


The energy spectra of negative pions photoproduced 
from hydrogen'* suggests the importance of an isobar 
model, where a 7= 3, J= 3 isobar is produced together 
with a recoil pion, the isobar subsequently decaying 
into a nucleon and pion.”® Here we consider the ratios 
of different charge states that are involved under the 
assumption that a small number of compound states 
are involved in the photoproduction. 

The isotopic spin wave functions are: 


¥(T= 3) aba (2/5) Ws 4uy1-1) wm (1/45) W_sus1m0 
— (2/45) Wy suono+ (16/45) *p_yuony1 
+ (8/45) Wy yu IN+1; 


¥(T= 3) = (3) Wa guy a_i— (1/9) Y_yuy smo 
— (2/9) Ws suomot (1/9) W_yuomys 
+ (1/18) Wy, sH—19+1, 


where y; represents the nucleon and yu; the pion from 
the decay of the isobar, and »; is the recoil pion. The 
suffixes denote the z component of the isotopic spin. 
We are assuming that the isobar pion and the recoil 
pion in the isobar model are distinguishable particles. 
We ignore T= § as such a state cannot be made by 
electromagnetic interaction with a nucleon.” The total 
outgoing wave function is of the form 


oy (T=4)+¢ox(T=}), 


where the ¢’s are space-spin wave functions corre- 
sponding to the two isotopic spins. In the case that 
oipe'*=¢3, the relative intensities of the different 
charge states are 
. p 
(ptat)-+a-=1/2+ (2/5)p'—2— cosp=A, 
5 
é 


(n-+-xt)-+x9=1/9+ (1/45) p2+ 2/9) engin Bi 
p 
(p+m°)+2° = 2/9+ (2/45) p?+ /9ye cosp=C, 


(n+-m!)-+-a+=1/9-+ (16/45)p2+ (8/9)— cons=D, 


(p+ a-)+-at = 1/18-+ (8/45) p¢+ (4/9) pore) 


18M. Bloch, Ph.D. thesis, California Institute of Technology, 
1958 (unpublished). 

’ R. M. Sternheimer and S. J. Lindenbaum, Phys. Rev. 109, 
1723 (1958). 

” K. M. Watson, Phys. Rev. 85, 852 (1952). 
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TABLE II. Differential cross sections for production of neutral 
pions in multiple-production reactions. 


Neutral pion 
kinetic energy 
range (c.m.) 
Minimum Maximum 


(Mev) (Mev) 
295 
360 


Photon Labor- Center- 
energy atory of-mass 
(Mev) angle angle 


60° = 491° 175 
eo 5 
86° 118° 215 
86° 118° ‘ 360 
86° 114° 195 

290 


@?2/dQdT (c.m.) 
(cm? sterad~! Mev™) 
(3.44+1.20) 10-2 
(2.70+1.26) X 10-2 
(2.76+1.32)K 10-2 
(3.03+0.51) x 10-2 
(1.47+0.78) x 10-2 
(2.07+0.43) x 10-2 





Bloch and Sands" note that recoil negative pions are 
absent at 1000 Mev, which is surprising as this state 
has the largest coefficient in each isotopic spin wave 
function. In the case that ¢ipe'*=@3, which could be 
so if both compound states involved are of the same 
spin and parity, one can destroy this charge state with 
p= (5/4)!, ¢=0. For these values the ratio of yields of 
recoil neutral pions to isobar negative pions is 
(B+C)/E=1.5. For photoproduction with 1000-Mev 
photons the recoil and isobar pions are quite well 
separated groups, so it seems justified to take the 
neutral pions we observe with kinetic energies between 
180 and 360 Mev to be recoil pions. Combining this 
with the data of Bloch and Sands, we find an experi- 
mental value of 1.05-+-0.4 for this ratio. A best fit to all 
the three cross sections is obtained with 


¢=0°, o(T=4)=4.8 ub-sterad, 
o(T=$)=10.9 ub-sterad“. 


p=1.5, 


The fact that isobar negative pions are weak at 660 
Mev, together with the observation of a T=} resonance 
in single-pion photoproduction at about 750 Mev, 
suggests p=0 at that energy while an intermediate 
value fits the meager data at 800 Mev. The results of 
this analysis are shown in detail in Table IV. 

It has not been found possible to reduce the yield 
of recoil negative pions below that of isobar negative 
pions if the two compound states are of different spin 
or parity, though an exhaustive search has not been 
made. So this observation lends support to the idea 
that the two compound states have the same spin and 
parity, which is also suggested by the single positive 
pion cross sections (see Appendix). 

This tentative analysis is based on very meager data 
but does seem to imply similar compound states to 


TABLE III. Summary of cross sections for production of neutral 
pions in multiple-production reactions. 








Neutral pion 
kinetic energies (c.m.) 


Maximum 
(Mev) 


Labor- Center- 
atory of-mass Minimum 
angle angle (Mev) 


oo 
86° 118° 
86° 114° 


Photon 
energy 
(Mev) 


990 
990 
810 


da/dQ (c.m.) 
(cm? sterad~) 


(5.91.6) 10-* 


(8.11.9) 10-* 
(3.7+1.0)X10-™ 





360 
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TABLE IV. Analysis of pion-pair photoproduction. 
Cross sections in wb sterad™. 








660 Mev 800 Mev 


0.5 
45° 
10.5 

2.7 


Energy 


p 0 

o undetermined 
o(T=}) 8.0 
o(T=#) 0 


Cross 
sections 








Cale Obs 


<1.0 
3.9+1.0 


Cale Obs 





4.2+1.0 
<1.0 


isobar x~ 4 
recoil x 0 
isobar 7° 7 
9 
3 


1.8 
30} 4.441.5 


4.4+0.65 
3.6+3.4 


5.2+1.6 
743 


recoil 2° 
isobar x* 
recoil x* 








those involved in single pion photoproduction. Perhaps 
this discussion will at least provide ideas for some 
further experimental measurements. 
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APPENDIX 


An analysis has been made of the single-pion photo- 
production data~*!.? assuming the following ampli- 
tudes to be involved: 


(a) the classical resonance at 320 Mev, width 120 
Mev, T=3, J=3, amplitude=Z=z2; 

(6) a resonance at 750 Mev, width 120 Mev, T=3, 
J=43+4, amplitude= Y= ye; 

(c) a state at some higher energy, T=3, J=3+, 
amplitude= Y= ye; 

(d) the s-wave production of x*’s which is already 
well known up to 500 Mev, amplitude= X= xe**. 


The use of the word “resonance” simply implies that 
the amplitudes Z, Y; vary with energy like 


[(E- E,)— siy}°. 


The arguments on which these assignments are based 
are, in order as follows: 


(1) The assignments of isotopic spins are obvious 
from the ratios of cross sections for positive- and 
neutral-pion production. 

(2) The angular distributions in neutral-pion pro- 
duction are, to a good approximation, symmetric 
about 90° implying that the main orbital angular 


( ag 5) P. Dixon and R. L. Walker, Phys. Rev. Letters 1, 142 
1958). 

#® Heinberg, McClelland, Turkot, Woodward, Wilson, and 
Zipoy, Phys. Rev. 110, 1211 (1958). 
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momenta involved are of the same parity. As the clas- 
sical resonance at 320 Mev must still be making an 
important contribution right up to 1000 Mev, this 
implies that the outgoing mesons from the other states 
must be p, /, --- wave. The simplest assumption is 
p-wave, with possible compound states 3+, 3+. 

(3) The angular distributions in positive-ion pro- 
duction have a strong cos@ term in the region 600-800 
Mev. In addition to the angular momenta introduced 
in (2) there must also be some s, d, ---wave. The 
simplest assumption is to continue the s-wave positive- 
pion production which is already well known below 
500 Mev. 

(4) The resonance at 750 Mev is quite pronounced 


that the fall-off on the high-energy side is steep. One 
would like to ascribe this to an interference between 
states (b) and (c) of the same spin and parity. Similarly 
one would like to ascribe the absence of recoil negative 
pions at 1000 Mev to a similar interference. If $+ is 
chosen, all three states (a), (b), and (c) have the same 
spin and parity and the neutral-pion angular distribu- 
tion would be throughout of the form (5—3 cos’6) 
which is contradicted by the observation of a positive 
coefficient of the cos*#@ term at 940 Mev. This leaves 
us with an assignment of 3+ for the states (6) and (c). 


To prove that these assignments are possible, a 
detailed fit has been made to the angular distributions, 
using 
W (6) = |X |?+| ¥ |?+3|Z|?(5—3 cos’) 

—2 Rel X*(Z—Y) ] cosé— Re(¥*Z) (3 cos*#—1), 


with Y=Y,+Y>2. The amplitudes used in fitting are 
given in Table V and the resultant angular distributions 
are given in Table VI. It will be noted in Table V that 
the ratios of corresponding amplitudes for production 
of positive and neutral pions at the same energy have 
been chosen in agreement with the isotopic spin assign- 
ments to the states concerned. 

It is further noted that the reaction y+p— K*+A° 
can only proceed through a T=} compound state. It 


TABLE V. Amplitudes used in fitting single-pion photoproduction. 








(a) for y+p > p+r® 
‘1 b1 


0.55 —30° 
1.21 0° 
1.14 85° 
0.42 130° 


(6) for y+~p ~ n+x* 


Energy 
(Mev) 


600 
700 
800 
940 


6: 





1.02 
0.80 
0.62 
0.48 


75° 
130° 





Energy 
(Mev) x a 


600 — 165°, 133° 
700 
800 
900 
1000 


4b: 





75° 
105° 
140° 











PHOTOPRODUCTION OF 
is tempting to ascribe the observed cross sections®*.* 
to the tail of the resonance at 750 Mev. This might 
then explain the rapid rise of the cross section above 
threshold, and the isotropy would support our assign- 
ment of J= 4. The data can probably also be fitted with 
the model of Gell-Mann” where K* photoproduction 
is just + photoproduction over again with a smaller 
coupling constant. 

In this model the cross sections would be fitted with 
an s-wave amplitude similar to that in the photopro- 
duction of positive pions near threshold. The difference 
between the two models lies in the predictions for the 
cross section for the reaction y-+n— K°+A?°. If due to 
the 750-Mev resonance it would be approximately as 
strong as the K+ cross section while in Gell-Mann’s 
model it would be much weaker. An experimental 
decision in favor of either of these models may perhaps 

*% Brody, Wetherell, and Walker, Phys. Rev. 110, 1213 (1958). 

% McDaniel, Silverman, Wilson, and Cortellessa, Phys. Rev. 


Letters 1, 109 (1958). 
25 M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 
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TaBLeE VI. Angular distributions calculated in analysis of single- 
pion photoproduction, expressed in ub sterad™. 








(a) for y+p — ptr 
600 Mev: 3.4—3.0 cos#® 
700 Mev: 4.0—3.9 cos’ 
800 Mev: 3.5—1.0 cos¥# 
940 Mev: 1.9+0.9 cos¥# 
(6) for y+p > n+2r+ 
600 Mev: 6.7+5.7 cos#+0.7 cos’? 
700 Mev: 7.55+-6.4 cosé+2.4 cos’ 
800 Mev: 4.4+3.7 cos@—0.2 cos’ 
900 Mev: 2.5—0.7 cos@—0.3 cos” 
1000 Mev: 1.8—0.5 cos@+0.2 cos’ 


cast some light on the K-meson parity. Gell-Mann’s 
model requires a pseudoscalar K meson, while in our 


would probably imply s-wave production which, if due 
to the $+ resonance, would imply a scalar K meson. 

I am indebted to Dr. R. L. Walker for illuminating 
conversations about this analysis. 
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Helicity of the Electron and Positron in Muon Decay* 


PrerrE C. Macg,f KENNETH M. Crowe, AND Roy P. Happock 
Radiation Laboratory, University of California, Berkeley, California 
(Received August 29, 1958) 


The helicity of the electron and positron from muon decay has been measured by determining the sense 
of circular polarization of their bremsstrahlung by the method of absorption in iron magnetized against or 
along the direction of motion of the particles. The positron is found to be right-handed and the electron 


left-handed. 


The results are consistent with the two-component neutrino theory, which assumes (V,A) interaction, 


conservation of leptons, and left-handed neutrinos. 


I. INTRODUCTION 


gon Lee and Yang advanced the hypothesis of 
the violation of the parity-conservation law in 
physical phenomena proceeding from weakly inter- 
acting particle fields,’ vigorous theoretical and experi- 
mental efforts have been made to clarify understanding 
of weak interactions. This hypothesis of parity non- 
conservation doubled the already large number of 
independent parameters required to describe weak 
interactions. Landau, Lee, Yang, and Salam have 
reinvestigated the old and appealing two-component 
neutrino theory and have shown on the basis of this 
theory that the number of parameters is halved once 
we are able to determine the helicity of the neutrino.’ 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

t On leave of absence from the University of Louvain, Belgium. 

1T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

2 L. Landau, Nuclear Phys. 3, 127 (1957); T. D. Lee and C. N. 
Yang, Phys. Rev. 105, 1671 (1957); A. Salam, Nuovo cimento 5, 
299 (1957). 


In the following discussion we assume that the two- 
component theory applies. 

The experiments on the electron distribution from 
oriented beta sources, on polarization measurements, 
and on the absence of interference effects in the spec- 
trum shape* lead to two possibilities for 8 decay: 


(a) itis of the V and A form of interaction, and emits 
left-handed neutrinos (the neutrino is defined as the 
neutral particle emitted in the bound-proton decay), or 

(b) it is of the S, T, and P form of interaction, and 
emits right-handed neutrinos. 


A clear choice between these two classes for 8 decay 
has been made by Goldhaber e/ a/.4 They have measured 
the polarization of the neutrino in electron K capture 
by the method of resonance scattering of the y ray. 


3 See, for example, the general bibliography given by M. Gell- 
Mann and A. Rosenfeld, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Stanford, 1957), Vol. 7, p. 407. 
(os Grodzins, and Sunyar, Phys. Rev. 109, 1015 
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The neutrino is left-handed; therefore, the beta inter- 
action is of the V and A form. 

The study of u decay throws additional light on the 
weak-interaction phenomena. For we may now ask: Is 
the hypothesis of lepton conservation consistent with 
the experimental data of muon decay if we accept a 
universal Fermi interaction, i.e., a left-handed neutrino 
with a V and A interaction? 

From the shape of the u+-decay spectrum we know 
that the u*-decay interaction is of the V and A type 
and that the neutral particles are distinguishable, i.e., 


ut— e+. (1) 


Therefore, the u* is an antilepton (u*, e*, and # are 
antileptons). Then we can conclude from 


mi ytty 
that the neutral particle is a neutrino. 

Lee® gives a qualitative argument that relates the 
sign of the polarization of the w+ and the § particle, 
which is repeated here. 

At the high-energy end of the beta spectrum the 
neutrino and antineutrino are emitted together in the 
opposite direction from the beta particle. Because the 
neutrino and antineutrino spin in opposite directions 
their net spin is zero, therefore the 8 particle has the 
same spin as the muon. From the asymmetry in the 
beta distribution it is known that those states are 
strongly favored in which the 8-particle momentum is 
antiparallel to the muon momentum in the pion rest 
frame.® If the 8 particle is right-handed then the muon 
is left-handed, and vice versa. This result can be shown 
to hold for all electron energies, and the quantitative 
result is given in the comparison with the data in Sec. 
III D. Then it follows from Eq. (2) that the y* is left- 
handed, and from Lee’s argument that the high-energy 
e+ is right-handed. Similarly the wo is right-handed and 
the high-energy ¢~ is left-handed. 

Preliminary experimental results reported by Coffin 
et al.’ disagree with the expected value. Their results 
were only tentative and subsequent results were 
inconclusive.’ 

We undertook a new experimental determination of 
the polarization for both the electron and the positron 
from uw decay. Meanwhile, Culligan et al. obtained a 
result for the positron polarization in agreement with 
the V—A interaction and left-handed neutrino.® 
~ 87. D. Lee, in Proceedings of the Seventh Annual Rochester 


Conference on High-Energy Physics (Interscience Publishers, Inc., 
New York, 1957), p. VII-6. 

6 Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 
(1957); J. I. Friedman and V. L. Telegdi, Phys. Rev. 106, 1290 
(1957). 

7 Coffin, Berley, Garwin, Weinrich, and Lederman, work re- 
ported by Lederman in Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Physics (Interscience Publishers, Inc., 
New York, 1957), p. VII-31; R. L. Garwin, Bull. Am. Phys. Soc. 
Ser. II, 2, 206 (1997 ); L. M. Lederman (private communication). 
We wish to thank Dr. Lederman for informing us of the progress 
of this work. 

ulligan, Franck, Holt, Kluyver, and Massam, Nature 180, 


sC 
751 (1957). 


(2) 
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In this paper we present our results for both positron 
polarization and electron polarization in the u decay. 

The reversal of the sense of polarization of positron 
and electron is of interest both from experimental and 
from theoretical points of view. 

1. Experimentally some of the systematic errors that 
may be present in this type of measurement will be 
eliminated if the magnitudes of the observed asym- 
metries are equal. The difference between the observed 
asymmetries is insensitive to errors, which are often 
difficult to eliminate with complete certainty. 

2. It is frequently stated that the parity-nonconserv- 
ing experiments have also demonstrated that charge- 
conjugation invariance is violated. Actually it is P 
and the product PT that are not conserved; therefore, 
either C or CPT is not conserved.’ Since CPT invari- 
ance follows from extremely general principles, it would 
be difficult to accept a contrary result (i.e., that the 
sense of polarization was the same for both electrons 
and positrons) within the framework of the present 
theories. However, relatively independent of such 
theories, a change in sign of polarization for electron 
and positron coming via unpolarized muons from nega- 
tive and positive pions clearly demonstrates the failure 
of the invariance of the weak decay processes under 
charge conjugation. 


II. EXPERIMENTAL ARRANGEMENT 
AND METHOD 


The technique used to determine the polarization of 
high-energy 6 particles from yu decay is an extension of 
that used by Goldhaber ef al." It depends on two 
phenomena: (a) the bremsstrahlung radiation from a 
longitudinally polarized 8 ray is circularly polarized, 
and (b) the Compton transmission of circularly polar- 
ized y rays through magnetized iron depends on the field 
direction and magnitude. As helicity is strongly con- 
served in the bremsstrahlung process, determining the 
direction of the polarization of circularly polarized y rays 
also determines the direction of the 8-ray polarization. 

Beta particles from both u* decay and w~ decay were 
studied. The 6* particles arose from decay at rest of 
u* mesons from a meson beam stopped in carbon. The 
u* mesons are produced by the decay of stopped at; 
the u~ by decay in flight of x mesons. 


A. Meson Beam 


Mesons are produced by the 740-Mev circulating 
beam of the 184-inch synchrocyclotron striking a 
3-by-4-inch 2-inch-long beryllium target. These mesons 
are momentum-analyzed by the cyclotron field and 
then enter the magnetic channel shown in Fig. 1. The 


9H. P. Stapp, Phys. Rev. 107, 635 (1957). We wish to thank 
Dr. eo be clarifying this point. 

1 Goldhaber, Grodzins, and Sunyar, Phys. Rev. 106, 826 (1957). 

1 T. Kinoshita and A. Sirlin, Phys. Rev. 106, 1110 (1957); 108, 
844 (1957); H. Uberall, Nuovo cimento 6, 376 (1957); C. Fronsdal 
and H. , Nuovo cimento 8, 1091 (1958); C. Bouchiat and 
L. Michel, Phys. Rev. 106, 170 (1957). 
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Fic. 1. Plan view of the 
184-inch cyclotron meson- 
beam facility. Beams of 
mesons are obtained by re- 
versing the cyclotron field 
and the beam-forming mag- 
nets. 


RESE COND 


beam of positive mesons is monitored and degraded in 
energy in the range telescope before being brought to 
rest in a carbon stopper, which serves as the 8-particle 
source. 

A momentum of 210+ 12 Mev/c was accepted by the 
magnetic channel. This channel consists of (a) a 24- 
inch-long quadrupole magnet set, placed between the 
cyclotron tank and the cyclotron shielding wall; (b) an 
8-by-12-in. 8-ft-long iron collimator through the shield- 
ing wall; (c) a strong-focusing 30° bending magnet; 
(d) a second quadrupole pair mounted in a 4-ft-thick 
shielding wall, and (e) a 45° bending magnet. 

Additional shielding was placed as shown between 
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the counters and the cyclotron along the direction of 
spray from the cyclotron pole pieces. 

The arrangement for monitoring and stopping the 
mesons is shown in Fig. 2. A 1-in.-thick carbon slab was 
placed in front of the first counter to eliminate protons 
in the beam. The counters were 8}X8}X}-in. plastic 
scintillator viewed by RCA-6810 A photomultipliers. 

For the u* experiment, ++ mesons were brought to 
rest in the stopper. Pion decay at rest gives unpolarized 
muons. 

In the uw experiment y~’s were stopped. These are 
obtained by reversing the cyclotron field and all the 
magnet fields, and using additional absorber. Then the 
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u- (which have a longer range) are brought to rest in 
the carbon stopper. The yu~’s are depolarized, owing 
both to the stopping material and to the cyclotron 
residual field of ~50 gauss present at the absorber. 

The intensity of the ++ beam, which comes off the 
target in the direction opposite to the bombarding pro- 
tons, was ~6X10° particles/minute. The x beam, 
which comes off in the forward direction, was ~3 times 
as intense, but because only 10% of this beam is y~’s, 
the rate for the u~ experiment was less than half that 
for the u*+ experiment. The range curve for the positive 
pion beam is shown in Fig. 3. 


B. Polarization Analyzer 


Figure 2 shows a scale sketch of the analyzer arrange- 
ment. A vertical alignment of the analyzer axis was 
chosen in order to remove the 8 and y detectors from 
the plane of the meson beam and the median plane of 
the cyclotron. The 6 rays coming from the meson 
stopper are monitored by the § telescope. 
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Fic. 3. Range curves for the x*+ beam. The x* rate and 6* 
rate are in the same units plotted on different scales. 
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The counters 6:, 62, and @; are }-in.-thick plastic 
scintillators viewed through 3-ft-long light pipes by 
RCA 6810A photomultipliers. Long light pipes were 
required to minimize the effect of the analyzer field on 
the sensitivity of the photomultiplier. Concentric soft 
iron and mu metal cyclinders shield the phototube from 
the residual field. The 8 rays produce ¥ radiation in the 
target, in the 8:62 counters, and in the }-in. lead con- 
verter. The mixture of photons and electron-positrons 
strikes a 6-in.-thick iron cylinder magnetized to satura- 
tion, and those emerging are counted in the y counter. 
A differential range curve of the stopping mesons ob- 
tained with the 8:62 counters is given in Fig. 3. 

The magnetized iron cylinder, 6 in. in diameter and 
6 in. long, completed the magnetic circuit of an H-type 
magnet, which was driven near saturation by 30 amp 
through 500 turns. Figure 4 is a map of the field com- 
ponent in the g direction. The average field B, is about 
15.7 kilogauss for 6 in. Measurement of the photon 
circular polarization is made by registering the trans- 
mission through the iron when the magnetic field points 
toward the lead converter (up) and opposite to it 
(down). 

A third counter (83) between the iron core and Nal 
crystal is used in part of the experiment to detect 
charged particles coming out of the iron. 

The gamma radiation was detected by a NalI(TI) 
Harshaw crystal, 4 in. in diameter and 4 in. thick, 
viewed by an RCA 6810A photomultiplier. The photo- 
multiplier tube was shielded from the analyzer field by 
four concentric magnetic shields, two soft iron shields, 
and two mu metal shields. The energy determination is 
obtained from the amplitude of the signal taken from 
the fourth dynode. This output for an anode voltage of 
1800 v is required to obtain linearity over the energy 
range we used; Fig. 5 shows the resolution measured 
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Fic. 4. The ana- 
lyzer magnet core, 
showing at the upper 
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left the configuration 
of iron. The lower 
left shows the meas- 
ured field distribu- 
tion. The upper right 
shows the “hollow 
geometry” and the 
lower right shows the 
field in this ge- 
ometry. 
































for y-ray energies of 1.16 and 1.33 Mev from Co® and 
for 14.8- and 17.5-Mev y rays resulting from the 
Li’(p,y) Be’ reaction using 450-kev protons. The energy 
scale is linear within 10% and the resolution has a full 
width at half-maximum z <10%. 


C. Electronics 


The electronics shown in Fig. 6 consists of a ten- 
channel pulse-height analyzer gated by a §:8xy (or 
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Fic. 5. The pulse-height spectrum observed for Co® gamma 
rays and Li(p,y)Be’ gamma rays. The background for the Li y 
rays has not been subtracted. The pulse-height channel numbers 
are proportional to the voltage. The arrows on the pulse-height 
scale indicate the expected positions of the gamma-ray peaks. 
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BiB 8Bsxy) coincidence formed in a coincidence circuit 
with a resolving time of ~2X 10~-$ sec 

The pulse-height analyzer measured the amplitude 

of the signal from the fourth dynode of the NaI photo- 
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Fic. 6. The electronic block diagram, consisting of the x tele- 
scope (lower left) and the 8 telescope (upper half) of the fast- 
coincidence circuit. The 6:82(83)y coincidence (center) gates the 
y-pulse-height analyzer. 
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TABLE I. Data for various u*+ mesons (see text). Numbers of events observed in each pulse-height channel. 








Total 

time 
Number of ob- 
of coin- serva- Number 
cidences tions of y 


BiB: At rays 
(X10 (min) (1024) 2-3 


Channels (pulse energies, in Mev) 


3-5 5-8 8-11 


11-12 


12-14 14-16 16-17 17-20 20-22 22- 3 >25 





Total coinc. 
Total coinc. 
Background 
Background 


8 (%) 


Total coinc. (f ) 
Total coinc. ( : ) 


(T 
S| 


Background ( 
Background ( | 


5 (%) 


Total coinc. 
Total coinc. 
Background 
Background 


5 (%) 
Total 6 (%) 


(T) 
(1) 
(1) 
()) 


324.4 646 9654 
324 641 9519 
93.8 
93.6 


176.1 438.9 2352 
173.3" 439.7 2297 
53.4 
53.1 


+1.642.4 


396 604.4 2841 20735 


388.3" 588.9 2751 
77.9 
77.7 


+0.68  +2.17+1.01 


20 417 
1595 
1617 


+2.532%1.26 


95 354 
92 646 
20 613 
19 795 


+1.1 42.8 


5963 
5804 
512 
474 
+3.2 +3.3 


15 546 
14 729 
323 
337 


+3.8341.37 
+3.30+1.15 


12 986 
12 237 
905 
893 


+7.2 +2.0 


4272 
4002 
320 
346 


+6.3 +2.4 


6664 
6215 
58 
56 


+5.23+1.89 
+6.20+1.17 


242 915 
233 093 
64 088 
65 698 


17 627 
16 621 
1826 
1642 


31 641 
30 136 
2274 
2264 





5612 
5260 
332 
333 


+8.742.9 


1784 1196 
1582 1146 
42 37 
48 24 


+7.2+3.0 


3212 2830 

2969 2569 
27 24 
41 27 
+6.90+2.0 


+7.30+ 1.42 


+8.5+3.7 


740 652 
686 570 
44 30 45 
32. 20 45 


+9.443.4 


2179 1000 540 

2116 937 474 
a 22 2 
34 14 16 
+3.7342.8 


+6.64+ 1.87 


1207 
1104 





* These runs were made with different weight; i.e., the accumulated c ies on the beam integrator were sian: 


multiplier tube with an integrating time constant of 
several microseconds. 

The £162 coincidence rate was registered independ- 
ently in a fast-counting channel and was used for rela- 
tive normalization of the data. We also counted the 
number of y rays (without the £:8zy-coincidence gate 


requirement) with pulse heights greater than the 
minimum analyzer channel. These counts, which were 
mainly background not associated with the 8-y events, 
provided us with a sensitive indicator for any small 
influence of the analyzer field on the y detector. 

The m:-72 coincidence rate provided a continuous 


TABLE II. Data for various u~ mesons (see text). Numbers of events observed in each pulse- na nast channel. 








é€ 


Total 
Number time of 
of coin- obser- Number 
cidences vations of y 


Bip: At rays 
(X10 (min) (1024) 


2-3 


3-5 5-8 


Channels (pulse energies, in Mev) 
8-11 11-14 14-17 


17-20 20-22 22-25 





Total coinc. 
Total coinc. 
Background 
Background 


5 (%) 


Total coinc. 

Total coinc. 

Background 

Background 
5 (%) 


Total 6 (%) 


353 610 1236 
368" 641 1285 
155 
171* 


+1.65 


22 147 
23 681 


78 989 
78 626 
28 300 
29 302 


1659 
1582 
37 
34 


831 
736 
27 
22 


+10.5+5.6 


4811 
4865 
1366 304 
1246 276 


+3.2842.59 


11 549 3562 
11 233 3561 
1220 176 
961 134 


+3.91+2.78 


11 492 
11 159 


+0.91+1.37 


4560 
5094 


—4.84+2.13 


4721 1842 1384 
5296 2215 1469 
770 = 427 395 
811 465 442 


— 13.18+3.38 


761 789 
779s 812 
3 1 
2 3 


—0.91+2.85 


960 
992 
19 
27 


+4.88+3.15 


627 579 
633-667 
28 14 23 
19 17 14 


—7.6 +3.58 
—3.71+1.61 


1393 
1401 
4 
6 


793 
756 
28 
26 


1956 
1824 
38 
43 


1242 
1316 


1741 
1851 
351 584 
384 596 


—1.3047.55 


501 560 
514 572 
a fe 
See ae, 
—3.6544.31 


681 340 348 
745 336 378 
S$ 3st & 
4 34 = 53 


—9.6147.7 


516 315 326 
537 306 349 
24 «820 17 
15 12 36 


—4.3147.5 
—4.28+3.10 


1048 
1073 


655 
703 








* These runs were made with different weight; i.e., the accumulated charges on the beam integrator were unequal. 





HELICITY GF 
monitor on the meson beam, and an ionization chamber 
within the cyclotron vault monitored the cyclotron 
internal beam. 


D. Operation and Calibration of Electronics 


Photomultiplier voltages and coincidence discrimina- 
tors were adjusted to optimize the signal-to-accidental 
ratio without sacrificing stability. 

The 8 telescope was adjusted well up on its sensi- 
tivity plateau to reduce drift and minimize any changes 
in tube gain due to the analyzer fringe field. 

The signals to the fast coincidence channel are 
voltage-limited before the coincidence requirement is 
met. 

The pulse-height analyzer was calibrated with a Co® 
source at regular intervals during the experiment and 
variations of the pulse height were less than 2%. We 
define the signal as the sum of the counts in the ten- 
channel pulse-height analyzer, and by accidentals we 
mean the corresponding sum when the 7 channel has 
been delayed by 16X10-* sec with respect to the 8 
channel of the fast-coincidence circuit. 

During most runs, the pulse-height analyzer channels, 
3 Mev wide, covered energies from 2 to 28 Mev. Tables I 
and II show the signal and accidentals rates in different 
energy intervals for the experiments. 

Some of the background in the pulse-height analyzer 
signal comes from accidental coincidences in the fast 
channel that opens the gate of the pulse-height analyzer. 
These are mainly accidentals between real 6,82 events 
and random y pulses, which are far more numerous 
when pulses are small than when they are large (as 
shown in Fig. 7). 

The amplitude of the y-ray signals (which is dif- 
ferentiated and used for the B8y coincidence) is adjusted 
so that there will be reasonably high sensitivity over 
the entire pulse-height interval corresponding to 2-to- 
28-Mev y-ray energies in the pulse-height analyzer. 
If the y-ray sensitivity is set for too low a pulse-height 
amplitude the number of accidental gates increases 
rapidly. In practice the y-ray sensitity was adjusted 
for each run to give a satisfactory signal-to-accidental 
ratio in the 8-to-28-Mev region. This sometimes re- 
sulted in a loss of sensitivity in the lowest energy 
channel. The sensitivity for the low-energy channel 
varied from a minimum of ~30% to ~80%, depend- 
ing on the shielding conditions, beam level, etc. 


E. Experimental Procedure 


To cancel out any effects due to equipment drift or 
variations in the operation of the cyclotron, we made 
alternate runs of about 10 minutes each, first with the 
field up (toward the lead radiator) then with the field 
down. The length of the run was determined by the 
accumulated charge from an ionization chamber placed 
near the meson port of the cyclotron. Measurements 
were made to show that runs of equal accumulated 
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Fic. 7. The y background present in the u* experiment. Notice 
the rapid variation between 5 and 10 Mev. Also shown is the 
accidental spectrum gates by delaying the y pulse in the 10~*-sec 
coincidence circuit. There is no evidence of any y pileup in the 
slow-y channels. 


charge produced the same total number of 8,82 coinci- 
dences over a change of at least a factor of 10 in the 
B82 rate. ‘“‘Accidentals” runs with field up and field 
down were taken about every fifth cycle. 


Ill. RESULTS AND DISCUSSION 
A. Data 


The data taken over several days’ running time were 
reduced as follows. (a) the numbers of 8162 coincidences 
and counts in each channel of the pulse-height analyzer 
were added together for all runs with field up and with 
field down. (b) The totals for field down were normalized 
to the same total number of 8182 coincidences as with 
field up. (c) All accidentals-measuring runs (field up 
and down) were totaled together and normalized in the 
same way. Then the quantities we call N,( ft) and 
N.(T ) (where 7 is the channel number) are obtained 
by subtracting accidental counts from the signal. 

Tables I and IT show the data for each run. 

Figure 8 shows the pulse-height spectrum for the y 
rays with the 6 in. of iron in place. The central curve 
B:8zy is our main signal. 

The variable 6 used to interpret the result of these 
experiments is derived from the experimentally meas- 
ured quantities by the formula” 


§=LNi( T)—- Ni L VAIN TAN LD]. (3) 


Figure 9 shows a plot of 6, where different energy chan- 
nels have been grouped together so that each group has 
roughly the same net number of counts in it, the errors 
shown are based on the counting statistics only. 

The numbers indicated in the figure have been cor- 


% The convention here is that used in references 7, 8, 10, etc. 
For 100% polarization asymmetry we have 6=2. 
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Fic. 8. The observed spectra of pulse heights for u+ — 8 > y 
events. The 6,8zy curve (top) shows the spectrum on which the 
asymmetry measurements are based. The 8:628sy spectrum (bot- 
tom) shows the relative sizes of events in which a 8 particle leaves 
the iron absorber. The dashed curve is the gamma-ray intensity 
calculated at the counter (cascade effects in the lead and iron 
neglected). For the transmission in the iron the total y-absorption 
cross section is used. 


rected from Tables I and II for a small shift in the 
zero. (See Sec. ITI B.) 


B. False Asymmetry Due to Field Dependence 
of the y-Ray Counter 


Examination of Tables I and II shows that the 
number of ungated rays with pulse heights greater 
than the minimum analyzer channel (y) was con- 
sistently larger with field up than with field down for 
both e+ and e~ runs. In fact, there was an asymmetry of 
+1.5% when all runs were averaged. We believed this 
effect was due to magnetic-field effect on the photo- 
multiplier sensitivity. To test this hypothesis we went 
to a different geometry where we computed the instru- 
mental asymmetry and then checked it by a direct 
measurement of the asymmetry. 

Figure 4 shows the field distribution for two different 
geometries. On the left side is the “usual geometry” 
used for the polarization measurements, while on the 
right side is the “hollow geometry” used to check instru- 
mental asymmetries. In the hollow geometry the ex- 
citation of the analyzer magnet produces approximately 
the same field at the photomultipliers as the usual 
geometry, but with only 2 inches of magnetized iron 
in the path of the y rays. As a result, owing to the 
reduced length of the magnetized iron the residual 
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asymmetry was about 10% of that for the usual ge- 
ometry, i.e., instead of 3.5% to 6.3% the residual 
asymmetry is 0.35% to 0.63% for 100% polarized g 
rays. 

To simulate the kind of asymmetry introduced by a 
magnetic field effect on the NaI photomultiplier sensi- 
tivity, we attenuated the y-ray signal amplitude. We 
experimentally determined the curve 6(£), 

6(Z,)= (Ni— N/)/4(N ANY), (4) 
where N; and N,’ represent the numbers registered in 
channel “7” without and with attenuation. The attenua- 
tion factor was adjusted to give the same average asym- 
metry in the ungated y-ray channel as that produced 
by reversing the magnetic field direction. This 6(£) 
curve is reported in Fig. 10 (curve }). We see that, 
combining it with the hollow geometry (curve a for 
right helicity, curve c for left helicity), we are able to 
explain within statistical accuracies the origin of the 
experimental points found with this geometry. There- 
fore, we use the same procedure to calculate the known 
instrumental asymmetry in the “usual geometry.” 

Owing to the existence of this instrumental asym- 
metry it probably would have been desirable to further 
improve the magnetic shielding of the y counter. 
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Fic. 9. Asymmetry measurements obtained for 6’s from u* and 
uw decay. The data have been corrected for a measured shift in 
the zero line due to the influence of analyzer magnetic field on the 
y counter. The curves are calculated asymmetries; 5: would be 
expected for 100% polarized photons, 61; is calculated by assum- 
ing that 100% polarized electrons make bremsstrahlung in the 
lead radiator but by neglecting multiplicative shower effects. The 
top curves are for right-handed particles and the bottom curves 
for left-handed ones. To change the assignment of the left- and 
right-handedness it would be necessary to reflect both expected 
curves_above the zero line. 
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However, we chose to stop when this asymmetry was 
of the order of the statistical limits. In fact, the pro- 
cedure used to correct the asymmetries introduces an 
error that can be neglected. The whole effect is suffi- 
ciently small so that, for example, one might assign a 
constant zero shift of 1.5% to the empirical result in 
Tables I and II. If one applies this directly to the result 
in Fig. 9, the agreement between the points and the 
curve is perhaps even better. However, to justify the 
constant-shift procedure one would have to assume a 
different (but as yet unidentified) source of the false 
asymmetry. 


C. Enumeration of Possible Sources 
of Asymmetries 


Before comparing the observed results with the 
theory we will describe some of the sources of asym- 
metries that come from spurious effects. We will 
divide these effects into two classes. Class A effects are 
in the same direction for either plus or minus muons. 
Class B effects reverse with change in sign of the par- 
ticle being studied; that is, they behave in the same 
way as the signal. 


Class A. Sign of Asymmetry Independent of 
Sign of Particles 


1. Field effects on the gamma counter.—The one effect 
that we are sure is present is associated with the fringe 
field of the analyzer magnet on the y-ray counter. The 
lack of cylindrical symmetry in the phototube con- 
struction gives rise to different sensitivities for small 
fields in different directions. The size of the effect is 
due to the combination of the cyclotron fringe field 
with the analyzer field so that it is not necessarily of 
the same magnitude when the cyclotron field is reversed. 

2. Field effects on the beta counter—The 8 counters 
also are sensitive to the fringe field of the analyzer. It 
was found that the only positive way to eliminate these 
effects was to add a 3-ft light pipe on these counters. 
In the final geometry, less than 10 gauss was present 
at the exterior of the magnetic shield and no asym- 
metry in 8 counts was seen (to an accuracy of ~1%), 
as shown in Tables I and II. 

3. Compton component in the shower—The shower 
that develops in the iron includes Compton-scattered 
electrons. If these electrons are deflected by the field 
of the analyzer in such a way as to increase (or de- 
crease) the transmission through the iron, the effect 
will be the same for both signs of mu mesons. We 
believe that such an effect is eliminated by the geo- 
metrical symmetry of the detection system, as dis- 
cussed directly below. 


Class B. Sign of Asymmetry Dependent on 
Sign of Particles 


1. Deflection of the shower particles——Orbits of the 
shower particles excluding the Compton-scattered com- 
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Fic. 10. Asymmetry measurements made with the “hollow” 
geometry of Fig. 4. The curves a and ¢ reflect the small expected 
asymmetry due to the 2 in. of partially magnetized iron. The 
curve } represents the asymmetry expected due to the residual 
analyzer field on the y counter for unpolarized gamma rays. The 
zero shift as applied to Fig. 9—the asymmetry results—is some- 
what smaller (X#) than the 5 curve for positive particles and } 
as large for negative particles. 


ponent are deflected by the magnetic field. When the 
sign of the primary 6 particles is changed the orbits 
of the shower particles are then interchanged, i.e., 
field-up orbits for positrons are the same as field-down 
orbits for electrons. If the detector or the source is 
located on the axis of the analyzer the deflections with 
field up and with field down are mirror images. There- 
fore any decrease (or increase) in transmission is the 
same for the same magnitude of field. If the centers of 
the source and of the detector can be connected by a 
line that passes through the center of the analyzer, the 
same argument applies. The only geometric case for 
which there can be an asymmetry is that where in both 
source and detector are off the axis of symmetry of the 
analyzer, and then only the components separated by 
90° in azimuth are affected. In our geometry the 
analyzer is built with an axis of symmetry and the 
detector is on the axis. The source is broadly illuminated 
and centered on the axis. The radiator is also located 
on the axis. 

One would expect that such orbit effects would per- 
sist and be exaggerated in the lowest-energy gamma 
channels. No such effect is indicated in the data. 

It does not appear to us that there are any orbit 
effects of a size comparable to the effects being ob- 
served here. 

2. Compton component in the detector—Another 
method for measuring the polarization of y rays is to 
measure a change in the yield of Compton electrons 
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from magnetized iron. If the attenuation of Compton 
electrons is small this asymmetry is in the opposite 
sense from the absorption technique used here. To 
eliminate the possibility that our asymmetry might be 
canceled or reversed by such processes, we performed 
an experiment more sensitive to this effect. In Fig. 2 
the counter No. 8; was added to detect those events 
with a charged particle leaving the iron absorber. The 
spectrum in Fig. 8 shows that the fraction of these 
events falls off toward low-energy y rays, varying from 
10% at the upper end to 3% at the lowest energy, and 
the asymmetry was measured with this as a signal. The 
results were in the same direction as the usual asym- 
metry. The Compton yield vould drop off at higher 
pulse heights in the detecting NaI counter. We con- 
clude that the largest fraction of these events is pairs 
made immediately before the detector, and their 
asymmetry would not be distinguishable from the 
parent y rays. 


D. Comparison with Theory 


The spectrum for uw decay’? with the two-com- 
ponent theory is given as 


N (x)dxdQ= 22°[3—2x+ {€(1—2x) cosd} ](dxdQ)/4r, 


where x= E/W, W is the maximum energy of the spec- 
trum (~ Myc?/2)=52.8 Mev, 


&= (gvga*+gv*ga)/(\gv|?+|ga\?), 


and @ is the angle between the electron momentum and 
the uw spin. The polarization of the electrons for the 
parallel and antiparallel unpolarized muons is 


N,/Na= |gv—ga\?/|gvt+ga|*=(1—&)/(1+8). 


The parameter has been estimated from the asym- 
metry experiments,” 


| Re| =0.874+0.12, 


where R represents the depolarizing effects, polarization 
of muon beam, etc. 
The percent of polarization of the electrons is 


| (Na—N;,)/(NatN>)| =£20.87. 


Therefore within the two-component theory the asym- 
metry experiments establish a lower limit of 0.74 for 
the polarization. Clearly to improve this limit requires 
a measurement of accuracy better than 10%, which it 
will be seen is not possible at this stage by this experi- 
ment. The polarization has been calculated by Kinoshita 
and Sirlin" for the four-component theory. There are, 
however, no restrictions on the polarization. The rela- 
tion between the polarization of the r+—y+ decay and 
a-—-~ decay was shown to be a consequence of the 
CPT theorem.’ 

The scattering of circularly polarized photons by an 
electron with its spin polarized along the photon direc- 


13D). H. Wilkinson, Nuovo cimento 6, 516 (1957). 
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tion has a cross section 
o=o0t01, 


where the positive sign refers to photon spin along its 
momentum, 
1+4y+57’ 


= for ——— In(1+2y) 
y(1+2y)* 


l+7 
’ 
27’ 
ao is the non-spin-dependent total Compton cross sec- 
tion, or is the Thompson cross section, and y= E,/m,c? 
is the initial gamma energy in electron rest-mass units.“ 
In the attenuation of a line spectrum for good ge- 
ometry, the asymmetry for the transmitted intensity, 
with iron of length Z in which 7 electrons per atom are 
polarized along or against the photon direction, is 


5= ¥ 2tanh(Nro,L), 


where the negative sign refers to a photon with its spin 
along its momentum, N is the number of atoms per 
unit volume, 


n= ny B— H)»/ Bo, 


vo= 2.02 at room temperature, and Bo~ 21.4 kilogauss."® 

The polarization of the shower incident on the 
analyzer is not known. If we assume the McVoy and 
Dyson cross sections'® we find that for a 100% forward 
polarization electron, the polarization P of the photons 
with an energy k= Eg is 





Ntorward— Nbackward 
P=- -= 


n—i9 ) 
t—ntin] 


Ntorward + N backward 


We have calculated polarization for photons pro- 
duced by the bremsstrahlung of the u-decay beta par- 
ticles, including the energy loss up to the beginning of 
the radiator. If we assume that the radiator is thin and 
neglect the shower in the radiator and the iron, we 
obtain as estimates for the photon polarization the 
values given in Table III. 

A calculated spectrum (summed over the ¥ polariza- 
tion after passing through the 6 inches of iron) is given 
in Fig. 8, corrected only for attenuation. At low energy 
this spectrum appears to be low, presumably owing to 
neglect of the cascade effects. 

The actual polarization will be different from this 
simple model, and work is in progress on a detailed 
calculation of such cascade effects.'’ It does not seem 
unreasonable to us that in the cascade shower for 
photons near the critical energy (7 Mev in lead), the 


4S. B. Gunst and L. A. Page, Phys. Rev. 92, 970 (1957). 

15 C. Kittel, Introduction to Solid State Physics (John Wiley and 
Sons, Inc., New York, 1953), p. 166. 

16K. W. McVoy and F. J. Dyson, Phys. Rev. 106, 1360 (1957); 
K. W. McVoy, Phys. Rev. 106, 828 (1957). 

17L. F. Cook, Jr., and N. A. Williams, Jr., Phys. Rev. Letters 
1, 262 (1958). 
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TABLE III. Calculated asymmetries: 5; is calculated on the 
assumption of good geometry. P is the gamma-ray polarization 
calculated by using the McVoy-Dyson results, and 611 is the 
expected asymmetry with this assumption. The measured asym- 
metry is expected to fall between these two results. 





E (Mev) 2.5 5.0 10 15 20 25 


61 9.3 9.0 ; 6.0 5.1 4.5 
a 12 24 45 64 78 88 
bir 1.1 2.2 3.2 3. 4.0 4.0 





polarization might be strongly enhanced over that 
calculated. 

The preliminary Monte Carlo results for the y-ray 
polarization obtained by Cook and Williams"? for a 
shower made in 0.5 cm of lead by 30-Mev electrons 
already indicate several points. 


(a) The polarization below 5 Mev follows the McVoy- 
Dyson result and is approaching zero as indicated in 
Fig. 9. 

(b) Above 15 Mev there were no backward photons 
and 46 forward photons (500 incident electrons were 
followed). 

(c) In the region between 5 and 20 Mev the statistics 
are not sufficient to establish any deviation from the 
McVoy-Dyson results. 


These results as applied to this work can be inter- 
preted as follows. The McVoy-Dyson polarization is a 
good approximation to the actual polarization, although 
for photons with energy of about one-half the incident 
energy, the indication is that it underestimates the 
polarization. 

To obtain an upper limit for the asymmetry measure- 
ment, we can assume 100% polarization. This is plotted 
in Fig. 9. 

In order to obtain a best value for the observed asym- 
metry, we must combine the data, correcting for the 
known instrumental asymmetries. We have done so in 
Table IV for both charged muons. The y-ray energy is 
cut off at 8 Mev to reduce the uncertainties in the 
expected asymmetry due to possible shower effects. 
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TABLE IV. Results combined for y-ray energies 
greater than 8 Mev. 





Calculated 
asymmetries 


Zero 


correction 


Par- 


Corrected 
ticle 6 ZB 





et 6.6+0.8 +0.5+0.2 +6140.9 +3.5<6<+6.3(R.H.) 
& —-3.9414 +1.0+04 -4941.5 -—63<6<—3.5(L.H). 
Combined |6| =5.8+0.7 
Calculated 6, 3.5<|6| <6.3 


IV. CONCLUSIONS 
The results, as shown in Table IV and Fig. 9, indicate 
that 8* is right-handed and @~ is left-handed. For the 
two-component theory, u* is left-handed, and yo is 
right-handed.'* The results are in agreement (or, more 
accurately, not in disagreement) with the assumption 
of (a) the two-component theory with left-handed 
neutrinos; (b) conservation of leptons; (c) universal 
B-decay theory with V and A interactions; (d) com- 

plete polarization of both 8* and 8-. 
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The cross section for the bremsstrahlung resulting from high-energy collisions of electrons with protons 
is calculated, considering the electrons as extreme relativistic and taking into consideration the proton’s 
recoil, anomalous magnetic moment, bremsstrahlung, and form factors. The final cross section is integrated 
over the recoil proton and final photon to obtain a formula of interest for the Stanford accelerator experi- 
ments. The computation of the integrated cross section, made without regard for radiative corrections and 
mesonic contributions, is estimated to be accurate to 2% in the energy ranges of interest. This cross section 
is corrected for radiative effects, which produce an additional uncertainty of less than 5% and possibly as 


little as 1 


%. Resonance effects due to meson interactions in the ‘‘virtual Compton effect” diagrams, how- 


ever, become significant in the range of interest. Their contribution to the cross section is discussed. 





I, INTRODUCTION 


HE calculations described here have been moti- 

vated by the experiments now being carried out 
at Stanford! on the production of pions by electrons. 
Bremsstrahlung (above the pion threshold) will be a 
competing background effect for the primary process 
of pion production. A theoretical knowledge of its size 
in the range of interest is useful as a supplement to 
experimental procedures of subtracting the effect. 

For the inelastically scattered electron of laboratory 
momentum ,', observed at a fixed laboratory angle 
Q,', the cross section may be considered as a function 
of two invariants, which are chosen for convenience to 
be W, the center-of-mass energy of the photon and final 
nucleon, and ¢,', the incident energy of the electron in 
the laboratory, so 


da 
dQ,'d pe! 





W,e'). 


= ( 
dQs'd p.! 


The present range of interest extends for values of W 
from the pion threshold, W~1079 Mev, to about the 
resonance energy, W~ 1235 Mev, while values of e;' up 
to 700 Mev (present limit of the Stanford accelerator) 
have been considered. 

The cross section d*c/dQ2'dp>', hereafter referred to 
as the integrated cross section, is an average over the 
recoil proton and final photon. We have explicitly 
evaluated it as a function of ¢,', for fixed values of W, 
corresponding to the kinematics’ of pion experiments 
completed or in progress. An expression for the un- 
integrated cross section, also given here, is applicable 
to coincidence experiments being planned on the pro- 
duction of pions by electrons,’ though the brems- 
strahlung background is less important in this case. 


* Supported in part by the U. S. Air Force through the Air 
~~. Office of Scientific Research. 

W. K. H. Panofsky and E. A. Allton, Phys. Rev. 110, 1155 
(1958). Also W. K. H. Panofsky (private communication ). 

2 The superscript / refers always to a quantity in the laboratory 
frame. Kinematics are discussed in Appendix A. The electron 
momentum transfer r* is also relevant for comparison with pion 
kinematics. 


Our work is an extension of previous calculations of 
the bremsstrahlung matrix element and_ integrated 
cross sections.* We take into account the effects of 
proton recoil, bremsstrahlung by both the charge and 
anomalous magnetic moment distributions of the proton 
(using the Hofstadter proton form factors‘), and 
radiative corrections. 

The diagrams considered are pictured in Figs. 1 and 
2. Since the processes considered are extreme relativ- 
istic for the electrons, terms involving the electron mass 
may usually be neglected. The interference of I and IT 
was considered up to terms of order g*/M*, where g* is 
the four-momentum transferred to ‘he proton. The 
maximum value of g’ in the range described above is 
about (500 Mev)?. Since the interference terms (when 
integrated over final photon and proton) only con- 
tribute at most 3% to the final integrated cross section, 
this will result in an inaccuracy of less than 2% in 
this region. 

The radiative corrections were estimated for the 
integrated cross section by taking into consideration 
the fact that the major contribution to the integrated 
cross section comes when the bremsstrahlung photon 
is parallel to either the incident or final electron. The 
major uncertainty in our estimate of the radiative 
correction comes from the non-infrared-divergent part 
of the real radiative corrections to the electrons in 
Fig. 1. We have adopted directly the expressions given 
by Bjorken, Drell, and Frautschi® for the closely related 


Fic. 1. Electron brems- 
strahlung diagrams. 


3H. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 83 
(1934); S. D. Drell, Phys. Rev. 87, 753 (1952); L. I. Schiff, Phys. 
Rev. 87, 750 (1952); P. a Hough, Phys. Rev. 74, 80 (1948). 

‘R, Hofstadter, in Annual Review of — Science (Annual 
Reviews, Inc., Stanford, 1957), Vol. 7, p. 2 

5 Bjorken, Drell, and Frautschi, Phys. oe 112, 1412 (1958). 
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process of pair production, and refer to their paper 
for details. 

The “virtual Compton effect” of the diagrams in 
Fig. 2 is treated here as a purely electrodynamic 
phenomenon. However, higher-order corrections to 
Fig. 2 involving virtual meson processes may become 
important in the region we consider. These effects are 
discussed in Appendix D. 

The charge and magnetic form factors of the proton 
used here are those determined by the Stanford electron- 
scattering experiments. These experiments determine 
the form factors to be used in the electron brems- 
strahlung (Fig. 1) for the real proton vertex, but the 
form factors to be used in the proton bremsstrahlung 
(Fig. 2) are unknown. Since more than one invariant 
describes the proton vertex with both photon and 
proton virtual in Fig. 2, the two Hofstadter form factors 
may not be adequate for this process. However, for 
simplicity, we have assumed that the form factors are 
the same for both cases. We also treat the magnetic 
and charge form factors as identical, in agreement with 
the scattering results.‘ 


II. CALCULATIONS 
A. Unintegrated Cross Section 


The notation used is the same as that of Schweber 
et al.,® with boldface italics replacing letters with 
slashes through them.* Symbols and kinematics are 
defined in Appendix A. The matrix elements used are 
(aside from a common factor) 


, , 1 
M:i= (?: |je————y"+7'—_e ) 
= gg re ear 


1 
X (02 T,.(g) ig tall 


—1 
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Fic. 2. Proton brems- 
strahlung diagrams. 
(Virtual Compton ef- 
fect.) 
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~ 6 Schweber, Bethe, and de Hoffmann, Mesons and Fields (Row- 
Peterson and Company, Evanston, 1955), Vol. I. 


where 
ly (q) = Fy(q*)yv+ (u, ‘4M)F > (q") (qy»— 
Dy! (7) =Gi(r? yu (u/4M)G2(9”) (try .— 


E= ry, (2?= O)e* 
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We assume that the “virtual Compton effect” form 
factors G1, (from II) are identical with those from I, 
and that the charge and moment form factors are 
identical : 


F = F.= Gi= G2= F. 


The usual techniques® are used to compute the cross 
section, averaged and summed over initial and final 
spin and polarization states, neglecting terms of order 
q’/M® in the interference of M; and My. In addition, 
|Mi1|? has been neglected. 

The differential cross section is then 


aé Pk d* p> dQ» 
— — (p+ 01— 
4? M2; + €2 E, 


@o= 


p2—Q2—k)Y, 


where 
Y= 4m?M4S 8; M;+ Mu 2= F*(q’) YutF(?)F(r) ¥,.. 


The dimensionless quantities Y,, and Y;, will be 
written here in a form which is convenient for integra- 
tion over the recoil proton and the final photon. (A 
more concise form for Y,; is given in Appendix B. This 
form agrees with the analogous result for pair produc- 
tion.®) Here terms involving the electron mass m were 
neglected, with the exception of terms involving \,;~* and 
Ay’, since these give nonzero results when integrated: 
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a,=—a,=r/M’, 

4(urtus) wy 
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€5=05(u3)= —2x—pus/2M*,  a¢=—as(—m:), 
az= —4, 
ag= — 8x, 


4rx 4M?) /ruist2(ur+u;’) 
me Sole See 
M? 2 2M+ 


r 





@10= G10(u1) = —4y1°/ M4, 411=430(—yps), 
@12= @12(p1) = — 1— 2p) /M?+p'p1/M*, 


a= 14(441) — 2xt+u7u1 ‘2M?, 


@13= @12(—ys), 
415=d14(—ps), 


3 


4us 2uus/1 1 
b=); (u1,u3) = + —+— 
Aoui3M M Mis Ao 


usr? M 
+ (1+—), 
M?A> 2u13 


Quis 2u: My ys 
bs=b3(u1,us) = —1-——+ — 
2Ao A or r A or 2 A 9 
Surus 4Au? 


Myy37? MP uygr? 


2ui1 1 

bs= bs (41,43) =—-— —— 

13 

2(uit+ns) M*r’ 

b,=—_—_—_(—+ 
r Aopis Ao 
2(urt+us) (2M? 4M? 

bs= 2 ( +4— ), bs=63(—us, — 1), 


As 
by =4M4/psi2", 





2ys1 
24+—), bo=bi(—ys, —H), 





Ams 


be=b5(—us, — pM). 


B. Integrated Cross Section 


The cross section of particular interest is then given 
by integrating over the recoil proton and the final 
photon. For convenience, all integrations will be carried 
out in the photon-proton center-of-mass system (i.e., 
where k+Q,=0). Unless otherwise specified, all en- 
ergies and momenta will be in this system. The inte- 
grated cross section then becomes 


da ary-m €! k 
= (=) fanny. 
dp'dQs! 4n°M*\ c'/ k+ Ey 


The coefficients a; and 6; are not functions of the 
photon direction and can therefore be taken outside 
the integrals. The form factors are expanded in a power 
series in g*/M? for the integration. The integrals which 
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occur are given in Appendix C. The following expansion 
is used for the form factor: 


rig)=1+423(—)+740(£)+447(“) 


This expansion deviates from the exponential form used 
by Hofstadter to describe the experimental results, by 
at most +4% for the largest values of g® considered. 
The net error introduced by integrating over these 
fluctuations is expected to be much smaller. 

The calculation of the integrated cross section was 
programmed for an IBM 650 computer and the results 
are shown in Fig. 3 for different center-of-mass energies. 
We find the results to be substantially in agreement 
with previous calculations (e.g., Panofsky') using the 
Schiff-Rosenbluth formula.*7 Deviations at the lower 
energies can be ascribed to the more precise evaluation 
of the integrals used here. 


C. Radiative Corrections 

We have directly adopted the results of Bjorken, 
Drell, and Frautschi,’ who calculated the radiative 
corrections to the closely related process of pair pro- 
duction. For the integrated cross section, the correc- 
tions to the diagrams of Fig. 2 are neglected. Keeping 
only terms of order a In(E/m), the radiative correction 
is then given by 


af r 13 
o(radiative}~—| n( — “) | ——2] 
2x m'/ \ 3 


where ¢; is due to the non-infrared-divergent part of 
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Fic. 3, Integrated cross section as a function of the incident 
electron energy in the laboratory for different values of the 
center-of-mass energy, W. The inelastically scattered electron is 
observed at 6;=75°. The explicit contribution of the anomalous 
moment included here varies from 1% at ¢:'=350 Mev to 60% at 
«,'=700 Mev. 


7M. Rosenbluth, Phys. Rev. 79, 615 (1950). 
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the two-real-photon emission. The energy resolution for 
the integrated case we take as AE=k. We have not 
made an estimate of o;. The radiative correction 
(not including o;) is about 5% for the regions of 
interest. In the closely related process of pair produc- 
tion, there are strong cancellations between o; and the 
remainder of the radiative correction (for low energy 
resolution) lowering the 5% estimate for pair produc- 
tion to about 1%.° It is possible that a similar type of 
cancellation may occur in the radiative corrections 
(with low resolution) considered here, and result in a 
correction much less than 5%. We do not consider the 
unintegrated cross section here. In the latter case the 
radiative corrections to the proton diagrams may also 
be significant. 
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APPENDIX A 
Definitions of Symbols 


pi, Qi= energy-momentum 4-vector of initial electron 
and proton; 


Pi=(Pryex) Qi=(Q,£1) 
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k=energy-momentum 4-vector of final electron, 
proton, and photon, respectively. 


(ab) = a,b*= a°b°—a-b, 
q=Q2—-Oi=Qn, 
—7= pr— pi= a, 
P=Q2+Q1, 
Aj= (kp), 
K,= (pip), 
r= 2m*—2(pipo), 


p2, QV», 


=43(1+y)?- 


A;j= (RQ3), wi= (p101), u2= (p22), 
K2= (Q1Q2), us= (201), us= (f102), 
g’=2M*—2(Q102),  wis=Mi— Us. 


Kinematics 
i= Mpy', us= Mp!, 
Ao=pastr?/2 

For the electron energies considered we assume that 
€;= p;. The energies in the photon-proton center-of- 
mass system are 
(Actus), 
e=W- 
W= 


r’/2= — py'p2'(1—cos6'), 


E,=W-(M?+ 3), 
E.= W- (M?+A,). 


E.+k=center-of-mass energy of photon plus pro- 
ton= (M?+2A,)!. 


€1— €2 Cos), 


k=W Ad 


a=W 


1(ui—Ad), 


gi= k( 
g2= ke, cosd— 2), 

f=M*— E\ Ep. 

Here g:, g2, f are defined in terms of center-of-mass 


system energies, and @ is the angle between p; and peo 
in the center-of-mass system. 
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The Y,, term is neglected in the limit m’ — 0. 


obtained from the above by a permutation (if u.=0). 
Y,roton= M*X [permutation of (1/M*) Y..] 


Permutation: Mm, P-— pith: P;—Q, 
AHA; i.€., 
qI=— 
APPENDIX C 


The integrals which occur in the integrated cross sec- 
tion are: (See Appendix A for definitions of symbols— 
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all energies, angles, and momenta are in the center-of- 
mass system.) 
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The corresponding integrals where \; has been re- 
placed by Az can be obtained from the above by the sub- 
stitution g1— 2, €1— €2. 

Integrals of the same form as above, but where g’ 
has been replaced by 2A; can be obtained from the 
above set of integrals by substitution; f— f+pi—us. 

Note: Q:=!@Q,! (in center-of-mass system). 


APPENDIX D 


Our calculation has taken into consideration only the 
electrodynamic interaction. We examine here the 
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mesonic contribution of the virtual Compton process to 
the diagrams IT of Fig. 2. Karzas, Watson, et al.* have 
computed the matrix element for the real Compton 
effect in the static limit. This includes essentially the 
transverse part of the mesonic addition to J,"!’. We 
denote the sum of these as J,"’*. The |J,!"|? con- 
tribution of the bremsstrahlung can be related to the 
real proton Compton effect by a standard Weizsicker- 
Williams treatment.’ In the limit of r? — 0, the relation 
between these real and virtual processes becomes a 
purely kinematic one, 


aa (Compton) 


4n*p,(1—cosd") 


d’o(brems.) 


1m 
ris0 dps'dQ,! 





Therefore an estimate of this contribution for this 
nonphysical limit can be made directly from the work 
of Karzas et al.§ At resonance, where we expect the 
effect to be most significant, we find 


2 
—™~1.6X 10-**— on a 
sterad- Mev 


_ @a(brems.) 
lim - 
roo dp2'dQ,! 


For small values of r? the result can be expected to be 
insignificant. 

We have not carried out the calculation for r?>0. If 
we assume small longitudinal and scalar contributions 
to the matrix element and a monotonic decrease be- 
having roughly as | F|?, as in the corresponding meson 
process (which is more slowly varying than the electro- 
dynamic process) then we estimate from Fig. 3 that 

|J,'!*|? may contribute roughly 4% correction to the 
pure eloctentipabiaiic result for an incident electron 
energy of 700 Mev at resonance. This estimate, how- 
ever, does not include the mesonic part of the | J,"""J,,| 
interference. We note that integration considerably re- 
duced the pure electrodynamic part of the interference 
term, but we have not made any attempt here to 
ascertain whether the mesonic interference is likewise 
affected. It is, however, probably the dominant correc- 
tion to our result at resonance, at least for still larger 
values of e; than those considered here, although brems- 
strahlung is less significant as the background to pion 
production by electrons in this case. 


Note added in proof.—After this manuscript was sub- 
mitted for publication we received a communication 
from M. Dresden, T. Fulton, and D. S. Moroi informing 
us of similar work” which confirms the expression for 
Y.:. We wish to thank them for pointing out some errors 
in our preprint. 


8 Karzas, Watson, and Zachariasen, Phys. Rev. 110, 253 (1958). 

*R. H. Dalitz and D. R. Yennie, Phys. Rev. 105, 1598 (1957). 

® Moroi, Dresden, and Fulton, Bull. Am. Phys. Soc., Ser. II, 3, 
184 (1958). 
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Electron scattering by the deuteron has been studied experimentally at 400 and 500 Mev. The results 
of the scattering are compared with the scattering expected by three different static deuteron models. All 
three models satisfy the usual deuteron requirements such as binding energy, effective range, quadrupole 
moment, and percent D state. Two of the models have Yukawa neutron-proton potentials; the third has a 
repulsive-core potential. The experimental results agree with the repulsive-core model and disagree with the 
Yukawa models. This result applies only to the triplet-S neutron-proton potential. 


I. INTRODUCTION AND CONCLUSIONS 


HE charge distribution of nuclei can be deter- 

mined from the elastic scattering of high-energy 
electrons (~100 Mev) from nuclei.! With the exception 
of the deuteron, however, there is no reliable theoretical 
prediction of what the nuclear charge distribution 
should be like. In this respect, the deuteron is of 
particular interest since the nonrelativistic theory of 
the deuteron can be used to relate the charge distribu- 
tion (wave function) determined by electron scattering 
to the kind of neutron-proton potential holding the 
deuteron together. 

The usual theory of the deuteron is straightforward 
and rests on a very few fundamental assumptions.? The 
two main parameters of the theory are the deuteron 
binding energy and the effective range of the neutron- 
proton potential for the triplet S state. The binding 
energy determines the behavior of the deuteron’s wave 
function outside the nuclear potential and the effective 
range determines the range of the potential. Thus, the 
deuteron wave function is determined by these two 
parameters except for the region inside the potential 
well. Since the extent of the deuteron is 4.3 fermis 
[1 fermi(f)=10-"% cm] whereas the effective range is 
only 1.70 f, it is seen that these two parameters deter- 
mine quite well the deuteron wave function. These 
values also show that an electron scattering measure- 
ment to probe the deuteron charge inside the potential 
well will be difficult because only about (1.70/4.3)*~6% 
of the deuteron charge is inside the well. 

A considerable effort has been made in the past? to 
determine the deuteron wave function inside the nu- 
clear potential. This amounts to determining, in addi- 
tion to the effective range of the potential, a second 
“shape” parameter of the potential. The usual approach 
has been to make more precise measurements of the 


* The research reported here was gic y by the joint pro- 


gram of the Office of Naval Research and the U. S. Atomic 
Energy Commission, and by the U. S. Air Force through the 
Office of Scientific Research, Air Research and Development 
Command. 

t Now at Yale University, New Haven, Connecticut. 

1 For a review of such investigations see R. Hofstadter, Revs. 
Modern Phys. 28, 214 (1956). 

2 See, e.g., J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear 
Physics (John Wiley and Sons, Inc., New York, 1952), Chap. 2. 


low-energy neutron-proton scattering’ or of the photo- 
disintegration of the deuteron.’ In neither of these 
cases have sufficiently accurate data been obtainable, 
however. Another approach to the problem has been to 
study neutron-proton scattering at higher energies. 
More information about the neutron-proton potential 
is indeed gained, the most striking feature being that 
the potential has a repulsive core.‘ It would not be 
surprising, therefore, to find that the repulsive core 
also is present in the deuteron. A second line of in- 
vestigation has led likewise to a repulsive core in the 
deuteron. Using the successful static meson-nucleon 
theory of Chew,’ Gartenhaus calculated the form of the 
neutron-proton interaction®; his resulting potential had 
a repulsive core also. In conclusion then, low-energy 
data concerning the neutron-proton potential, yield 
only an effective range for the potential whereas higher 
energy data and a phenomenological meson theory 
indicate in addition that the potential should have a 
repulsive core. 

Analysis of the electron-deuteron elastic scattering 
experiments is straightforward if relativistic effects in 
the bound two-nucleon system are neglected. Because 
of the small charge on the deuteron the first Born 
approximation can be used as Valk and Malenka have 
verified.” By using this Born approximation, Jankus°® 
has calculated the elastic scattering from the deuteron 
including both the S- and D-state contributions and the 
scattering by the deuteron’s magnetic moment (refer- 
ences to earlier calculations of the electron-deuteron 
scattering are given in Jankus’ paper). It is important 
to note that Jankus’ calculation is not a relativistic one 
in that the deuteron is treated as a static bound system. 
Thus, the deuteron wave function is considered as 
simply the product of Pauli two-component spinors for 
the neutron and proton wave functions, meson currents 


’ Barnes, Carver, Stafford, and Wilkinson, Phys. Rev. 86, 359 
(1952); D. H. Wilkinson, Phys. Rev. 86, 373 (1952). 

4R. Jastrow, Phys. Rev. 79, 389 (1950); 81, 165 (1951). 

5G. F. Chew, Phys. Rev. 95, 1669 (1954). 

®S. Gartenhaus, Phys. Rev. 100, 900 (1955). 

7H. S. Valk and B. J. Malenka, Phys. Rev. 104, 800 (1956). 
H. S. Valk [Nuovo cimento 6, 173 (1957)] has also shown that 
inelastic effects such as virtual meson production contribute a 
negligible amount to the elastic scattering. 

§V. Z. Jankus, Phys. Rev. 102, 1586 (1956). 
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being neglected. Also, the neutron and proton are 
considered as point particles and the recoil of the deu- 
teron is treated nonrelativistically. 

The experimental results to be reported here are the 
fourth to be presented on electron-deuteron elastic 
scattering." The previous results, however, did not 
have sufficient accuracy to distinguish between the 
different neutron-proton potentials. In this paper more 
accurate electron-deuteron scattering data are pre- 
sented. These were obtained by modifications in the 
experimental apparatus as explained in Sec. II. The 
scattering angles were small enough so that the scatter- 
ing from the D state of the deuteron at all angles except 
one was less than 10% and the magnetic moment 
scattering was at all times negligible. The scattering 
data therefore determine the neutron-proton potential 
in the triplet S state. The effect of the size of the proton 
in the deuteron” was eliminated experimentally by 
taking ratios between electron-proton scattering and the 
electron-deuteron scattering. The justification for this 
treatment of the proton size has been demonstrated by 
Blankenbecler® from relativistic field theory. His only 
assumption is that meson exchange currents can be 
neglected. 

The experimental results obtained here are compared 
with the scattering calculated using three different 
deuteron models. The calculations are based on the 
Jankus® analysis of the deuteron scattering and have 
already been presented." Two of the deuteron models 
have Yukawa potentials" and the other has a repulsive- 
core potential.* Comparison of the experimental data 
with the scattering curves for the three different static 
deuteron models analyzed shows agreement with the 
repulsive-core deuteron and disagreement with the two 
Yukawa deuterons. The evidence for this conclusion is 
presented (in Fig. 5) where the scatter of the ex- 
perimental points indicates the reliability of the 
measurements. 

It must be emphasized that this comparison is only 
for three specific static deuteron models. A systematic 
investigation of other deuteron models with various 
parameters must be carried out before the static re- 
pulsive-core deuteron model can be considered as being 
determined by the electron scattering data. 

Finally, it is important to recall the limitation of the 
static deuteron calculation of Jankus. An investigation 
of the relativistic effects in the deuteron has been made 
by Blankenbecler* who considers a deuteron model 
composed of two spin-zero bosons. His calculation 
includes the effects of the contraction of the final-state 
wave function and the retardation of the binding 


* J. A. McIntyre and R. Hofstadter, Phys. Rev. 98, 158 (1955). 

J. A. McIntyre, Phys. Rev. 103, 1464 (1956). 

u J, A. McIntyre and S. Dhar, Phys. Rev. 106, 1074 (1957). 

2 See Yennie, Lévy, and Ravenhall [Revs. Modern Phys. 29, 
144 (1957)] for a discussion of the effect of the finite size of the 
proton on the electron-deuteron scattering results. 

18 R. Blankenbecler, Phys. Rev. 111, 1684 (1958). 

4H. Feshbach and J. Schwinger, Phys. Rev. 84, 194 (1951). 
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potential. With a relativistic Yukawa model he finds 
that the corrections are negative and bring the scatter- 
ing down to that expected from a static repulsive-core 
model at the g values in this experiment (see Fig. 5). 
He finds no positive correction such as that calculated 
by Bernstein. 

In conclusion, it may be said then that an inde- 
pendent method for determining the triplet-S potential 
between the neutron and the proton has been de- 
veloped. This method gives results in agreement with 
other methods*?* for measuring the triplet-S potential 
characteristics. In addition, however, the electron 
scattering method selects between potetials that have 
previously been indistinguishable. In particular, for the 
three potentials studied here, using the static deuteron 
calculation, the repulsive-core potential is to be pre- 
ferred to the two Yukawa potentials. 


Il. EXPERIMENTAL APPARATUS 


The apparatus used in the electron scattering experi- 
ments at Stanford has been described previously.' + In 
order to obtain more accurate data a number of modifi- 
cations in the equipment were made. These modifica- 
tions were the following: (1) installation of a nuclear- 
induction type probe to measure and regulate the 
magnetic field of the electron-beam deflecting magnet ; 
(2) installation of a “beam sniffer’ to insure that the 
electron beam was centered on the target; and (3) use 
of a liquid deuterium target. 

The nuclear induction probe was built by Franz 
Bumiller. Its use permitted the magnetic field of the 
deflecting magnet to be kept fixed to better than 0.01%. 
Since the spread in energy of the electrons being studied 
in the experiment is approximately 1%, a 0.01% varia- 
tion in their energy selection would have a negligible 
effect on the experimental results. On the other hand, 
the absolute energy of the electrons as determined by 
the integrated field of the deflecting magnet along the 
path of the electrons is known only to about 1%. This 
calibration was made by Panofsky, Woodward, and 
Yodh"* who used a floating-wire technique and by 
Chambers and Hofstadter'? who made a comparison 
with the calibration of the electron-scattering analyzing 
magnet. The absolute value of the electron beam en- 
ergy, however, need not be known more accurately than 
this since ratios between the scattering by the proton 
and the deuteron are taken during the experiment and 
the strong energy-dependent part of the scattering 
cross section (Mott cross section) cancels out. It should 
be pointed out here that it is just as essential to sta- 
bilize the electron-scattering analyzing magnet spec- 
trometer as it is to stabilize the electron-beam deflecting 
magnet. The analyzing-magnet stabilization was ac- 


16 J. Bernstein, Phys. Rev. 104, 249 (1956). 
16 Panofsky, Woodward, and Yodh, Phys. Rev. 102, 1396 
1956). 
( 17E, E. Chambers and R. Hofstadter, Phys. Rev. 103, 1454 
1956). 
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complished as before by using a magnet-current regu- 
lator. The magnet field was set by adjusting the magnet 
current as read on a potentiometer. Since the magnet 
current was being changed quite often during the course 
of the experiments a current drift of more than 0.02% 
was quickly noticed and corrected. Corrections of this 
magnitude did not occur very often. After most of the 
data had been taken a rotating coil type magnetic field 
probe was installed in the analyzing magnet by F. 
Bumiller and A. W. Knudsen. This probe measured the 
magnetic field to an accuracy of better than 0.01%. 
Spot checks between the magnet current reading and 
the rotating coil measurement of the field showed no 
significant discrepancy in the current measurement. 
The “beam sniffer’ consisted of a double-section 
ionization chamber. The collector plate for the first 
section was divided by a vertical cut into two halves 
whereas the collector plate for the second section was 
divided by a horizontal cut into two halves. The signals 
from these halves were then balanced against each 
other; by steering the electron beam a null reading 
could be obtained indicating that the beam was hori- 
zontally and vertically centered. The horizontal steering 
was achieved automatically by feeding the horizontal- 
balance error signal through an amplifier to the shunt 
of the second electron-beam deflecting magnet. The 
ionization chamber was placed about 10 ft beyond the 
target in order not to interfere with the analyzing 
magnet which could be swung around the target. The 
Faraday cup for measuring the electron beam was 
directly behind the ionization chamber. The chamber 
diameter was 18 in.; its active volume was connected 
to the atmosphere. The large size for the chamber was 
required because of the multiple scattering of the elec- 
tron beam in the target 10 ft away and the fact that the 
Faraday cup was behind the ionization chamber. After 
most of the data were taken, a television camera'® 
viewing a small scintillator next to the scattering 
chamber was installed. A continuous visual check of the 
beam was than possible although the scintillators be- 
came darkened after about 10 hr of operation. This 
television monitor however was not very sensitive in 
detecting whether the center of gravity of the }-in.-diam 
beam remained stationary. With the “sniffer” the beam 
center was held fixed to within +j/5 in. vertically, and 
accurately centered horizontally with a periodic ex- 
cursion of +;'5 in. The vertical movement of the beam 
effectively changed the energy selection of the analyzing 
magnet (deflection vertical) by +0.04%. Since the 
elastically scattered electrons being detected by the 
magnet had an energy spread of approximately 1%, 
the +0.04% variation was reasonably small although 
still possibly large enough to have some effect on the 
data taken. On the other hand, the periodic (~1/sec) 
variation of the horizontal beam position introduced by 


18 General Precision Laboratory, Inc., Pleasantville, New York. 
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the feedback control would have a negligible effect on 
the angular measurement. For small scattering angles, 
where the effect is largest, the variation would amount 
to +7;/26=+0.14° in the determination of the angle 
of scattering (26 in. is the distance from the target to 
the analyzing-magnet entrance slit). Being periodic and 
small, this variation in the beam position can, therefore, 
be neglected. 

The third modification in the apparatus was the 
construction and installation of a liquid deuterium 
target. The target assembly consisted of three reser- 
voirs: a liquid nitrogen reservoir surrounding a liquid 
hydrogen reservoir which in turn surrounded the liquid 
deuterium reservoir. Hanging below these reservoirs and 
connected to the liquid deuterium reservoir was the 
liquid deuterium target. This target was 1} in. in diam 
and 8 in. long, the electron beam passing along the axis 
of the cylinder. The walls of the target were made of 
0.004-in. stainless steel and the ends were hemispheres 
formed from 0.004-in. stainless steel sheet by a die 
press. The target was assembled by brazing in a hydro- 
gen furnace and was tested to hold 200 psi pressure. 
The target was sufficiently long so that electrons scat- 
tered from the entrance or exit hemispherical ends 
could not pass through the analyzing magnet and into 
the counter. A copper, gold-plated heat shield with a 
0.001-in. aluminum window surrounded the target. This 
heat shield was attached to the liquid nitrogen reservoir. 
To cut down radiation losses in the system all of the 
reservoirs were gold plated. This cost very little more 
than nickel plating and reduced the radiation losses by 
a considerable factor. Because of a limitation in space 
in the vertical direction, the filling tubes to the different 
reservoirs had to be limited to a few inches in length. 
The main heat leak to the liquid hydrogen reservoir was 
by conduction along the filling tubes; the main heat 
transfer to the liquid nitrogen reservoir was by radia- 
tion. The liquid nitrogen reservoir contained 14.5 1; 
the nitrogen evaporated in 14 hr. The liquid hydrogen 
reservoir contained 6.3 1; the hydrogen evaporated in 
24 hr. The liquid deuterium reservoir and target con- 
tained 0.5 liter. The liquid deuterium was obtained by 
cooling and liquefying deuterium gas; about 45 min 
was required to fill the deuterium system with liquid. 
Most of the liquid hydrogen, however, was evaporated 
in this liquefying process and so the liquid hydrogen 
reservoir was always refilled after liquefying the deu- 
terium. This hydrogen refilling operation took about 
20 min. The liquid deuterium target was also used for 
liquid hydrogen by introducing hydrogen gas into the 
deuterium system at a few pounds psi positive pressure. 
The experimental advantage gained by using the liquid 
deuterium target was a counting rate 6 times higher 
than that attainable with the high-pressure (2000 psi) 
gas target, without introducing a background to be sub- 
tracted as with the solid (CD) target. 
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TaBLE I. Deuteron properties of the three wave functions used in the electron scattering calculations. 








Neutron-proton Binding energy 
potential (Mev) 


Triplet effective range Quadrupole moment 
0-8 cm 


Percent 


(10-*7 cm?) D state Reference 





Repulsive core 2.226 1.7 
Yukawa (1) 2.23 1.7 
Yukawa (2) 2.23 1. _* 
Experimental 2.226+0.003 .70+0. 


Gartenhaus* 

Feshbach and Schwinger 
Feshbach and Schwinger> 
Blatt and Weisskopf* 


2.90 

2.74 

2.77 
2.74+0.02 








* See reference 6. 
> See reference 14. 
© See reference 2. 


Ill. THEORETICAL CONSIDERATIONS 


The calculation of the electron-deuteron scattering 
cross sections for three static deuteron models has been 
described in some detail before." As reviewed already 
in Sec. I the calculations are based on the work of 
Jankus.® Three different deuteron wave functions were 
substituted into the Jankus formula, the properties of 
these deuterons being summarized in Table I. Curves 
giving the contribution of the deuteron S state, the 
deuteron D state, and the deuteron magnetic moment 
to the scattering from these deuteron models may be 
found in reference 12 (Figs. 6, 7, and 8). These curves 
are for deuterons with point nucleons, the form factors 
plotted being denoted by Fa. 

The effect of the proton size in the deuteron may be 
included in a simple manner.” If Fz is the deuteron 
form factor for a deuteron containing point nucleons 
and F, is the form factor for the proton, then F, the 
form factor for the deuteron with a finite size proton, is 
given by the relation 

F=F,XfF,,. (1) 


Because scattering at relatively small angles is to be 
investigated in this paper, the charge distribution only 
in the proton needs to be considered. Thus, in the fol- 
lowing, F, is to be considered as the form factor for the 
charge distribution of the proton. F, has been deter- 
mined experimentally by Bumiller and Hofstadter.” 
The neutron charge extension, of course, has been 
assumed to be negligible in this discussion since the 
neutron charge is ignored in the Jankus calculation. 
Experimentally also, the neutron charge has been 
found to have a negligible geometric size.” Using Eq. 
(1) then, F? is found for the three deuteron models 
from the total F? values and an exponential proton 
with rms radius of'® 0.80 f. The deuteron F* values so 
obtained are plotted in Fig. 1 along with the proton 
F,? curve. 

The experimental cross sections for the deuteron and 
proton scattering can be compared to these curves in 


1” F. Bumiller and R. Hofstadter, Bull. Am. Phys. Soc. Ser. II, 
3, 50 (1958). 

® Melkonian, Rustad, and Havens, Bull. Am. Phys. Soc. Ser. 
i, 1, 62 (1956); Hughes, Harvey, Goldberg, and Stafne, Phys. 

Rev. 90, 497 (1953). These experiments actually indicate only 
that the root-mean- -square radius of the neutron is zero. L. I. 
Schiff [Revs. Modern Phys. 30, 462 (1958)] and A. Goldberg 
[ Phys. Rev. 112, 618 (1958) ] have investigated the possibility of 
a non-vanishing higher moment radius. 


the following manner. F? and F;,? are related to the 
experimental cross sections by the equations 


F?= a exp dO Mott, 
Fm greas/ 
” eee: p? exp p? Ros: 


@exp ANd pOexy are the electron-deuteron and electron- 
proton experimental scattering cross sections, respec- 
tively, and gomot: is the Mott scattering cross section 
from a point deuteron" and ,oRos is the Rosenbluth”! 
scattering cross section from a point proton. By com- 
bining Eqs. (2) and (3), F? may be expressed as 


a0 ex po 
m(Eje 
pl exp dT Mott 


Since poRos and aomot, have been calculated and F;,? is 
known from the work of Bumiller and Hofstadter,” the 
experimental ratio in Eq. (4) is sufficient to determine 
the experimental values for F* which may then be 
compared to the calculated curves in Fig. 1. An absolute 
cross section is therefore not measured. 

A special case for Eq. (4) occurs when geexp and p@exp 
are measured at the same g value, where q is the mo- 
mentum transferred in the scattering process in the 
center-of-momentum system. This follows from the 
fact that all of the F’s are functions of g only. Thus, 
division of Eq. (4) by F,*(q) yields [using Eq. (1) ] 


F*( a7 ex Ros 
< -r7=(==)(="). © 
F,7(q) pT exp a? Mott 
F?(q) is therefore determined independently of F,?(q), 
ie., independently of the proton size. Since F,* is the 
quantity calculated from Jankus’ formula, a comparison 
can be made directly between the deuteron model 
calculations and the experimental results without intro- 
ducing the size of the proton. A number of deuteron/ 
proton ratios were taken in this way (at the same q 
values) so that the comparison made between the 
deuteron model calculations and the experimental data 
is independent of the proton size. However, for the sake 
of clearness in showing the method used and to demon- 
strate that the proton points obtained with the liquid 
target agree with the Bumiller-Hofstadter solid target 
data, the data have been plotted as shown in Fig. 1. 


21M. N. Rosenbluth, Phys. Rev. 79, 615 (1950). 
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Fic. 1. F? values for the proton and for three static models for the deuteron. F, the deuteron form factor, includes the effect of the 
proton size. The proton form factor F, is that determined by electron-proton scattering” and is for a proton having an exponential 
charge distribution with rms radius of 0.80 f. g is the momentum transfer in the center-of-momentum system. 


IV. EXPERIMENTAL DATA 

As before," scattered electrons were detected at 
various angles by transmission through the analyzing- 
magnet spectrometer. The detector of the scattered 
electrons was again a liquid Cerenkov counter. The 
pulse-height distribution from the counter is shown in 
Fig. 2. The setting of the discriminator is also shown; 
all pulses higher then the discriminator setting were 
counted. 

A curve such as that shown in Fig. 3 of electrons 
counted versus analyzing-magnet current was obtained 
at each scattering angle, the area under the curve being 
a measure of the scattering cross section. Most of the 
curves taken had approximately 200 counts at the peak. 
No curve was taken with less than 100 counts in the 
peak. All curves had at least 12 points in the peak. At 
one angle a curve was repeated four times during a 
run; the areas under the four curves agreed with each 
other to within a few percent. However, a month later, 
the same curves were again repeated twice; the two 
repeat runs agreed with each other to within 3% but 
disagreed with the previous runs by 15%. Because of 
the occurrence of such effects, each run was normalized 
separately at one particular angle to either the F,? 
curve (see Fig. 1) if a proton cross section were measured 
or to some previously measured deuteron point. Often 
various runs agreed within a few percent of each other; 
the discrepancy between runs was never more than the 
15% value mentioned. The source of this variation 


between runs is not known. Using the previously 
described method of normalizing, the data were found 
to be consistent to an accuracy of about +5%. 
Measurements were made at 400 and 500 Mev for 
scattering from both the deuteron and the proton. Most 
of the measurements were made with the liquid target. 
At the smaller angles two runs were made with gas 
targets and one with solid (CD, and CH) targets. The 
carbon subtraction for the CD, target was 30% at the 
peak, for the CH, target, 10%. A total of 38 elastic 
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Fic. 2. Pulse-height distribution obtained with the Cerenkov 
counter. The setting of the discriminator is indicated by the 
arrow. 
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Fic. 3. The elastic scattering peak obtained at 40°, 400 Mev. 
The elastic scattering cross section is obtained from the number 
of counts in the dashed curve to the right of the upper arrow. The 
lower arrow indicates the deuteron disintegration threshold. 


peaks were measured between 35° and 70°. One of the 
deuteron peaks obtained in one of the gas target runs 
was anomalously narrow and the cross section came 
out correspondingly small. This point was discarded 
on this basis. All of the other data for the various 
targets were consistent within the accuracy of the 
experiment, i.e., there were as large fluctuations among 
the liquid target data as occurred when comparing the 
liquid and the gas or the solid target data. The liquid 
target results were also checked by comparing the 
proton measurements with the electron-proton scatter- 
ing results of Bumiller and Hofstadter’ which had been 
taken with a solid target. Again a good check was 
obtained. By scattering from three kinds of targets a 
number of target correction factors could be verified. 
The target thickness of the solid target is determined 
by the target itself whereas in the liquid and gas 
targets the thickness is determined by one of the 
analyzing-magnet slits and the angle of scattering. 
Secondly, the target density could be verified: in the 
liquid, the deuterium density is 2.30 times that of the 
hydrogen whereas in the gas target the ratio is 2.00 if 
the pressures are the same. The agreement of the data 
therefore validated these corrections. 

The cross section for the scattering at a given angle 
is proportional to the area under the elastic peak at that 
angle (see Fig. 3). Because of the indefiniteness of the 
boundary on the left side of the peak a consistent 
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scheme for determining the left boundary was de- 
veloped. It was assumed that the “true” shape of the 
scattering peak was given by the scattering peak 
obtained by electron-proton scattering. (The 45°, 500- 
Mev proton peak was used as the standard proton 
peak.) The electron-deuteron scattering peak in Fig. 3, 
on the other hand, is distorted on the left by inelastic 
scattering, i.e., scattering which has broken up the 
deuteron. The threshold for this scattering is only 2.2 
Mev below the center of the elastic scattering peak as 
shown in the figure. Therefore, a peak having the “true” 
elastic shape (the proton peak shape) was fitted under 
the deuteron peak. The dashed curve in Fig. 3 is this 
fitted peak. The fitting was done by adjusting the 
width and the height of the standard proton peak until 
it fit the right side and the top of the deuteron peak. 
The left side of the proton peak was then considered 
to be the “true” left side of the elastic deuteron peak. 

The area under the “true” deuteron peak in Fig. 3 
was computed as follows. All of the counts represented 
by the experimental points were totaled from right to 
left until a point was reached which corresponded to an 
abscissa where the “true” (dashed) peak had dropped 
to 30% of its maximum value. From this total was then 
subtracted, for the few appropriate leftmost points, 
the difference in counts between the “true” (dashed) 
curve and the curve drawn through the experimental 
points. This left the number of counts represented by 
the “true” curve. This number was then multiplied 
by the appropriate magnetic field conversion factors, 
target geometrical factors, and the reciprocal of the 
beam magnitude to give a relative cross section for the 
angle of scattering investigated. 

A small correction must be made for the fact that 
the proton peaks are in general wider than the deuteron 
peaks (because of the larger recoil of the proton in the 
scattering process). Thus more electrons that have lost 
a small fraction of their energy will be included by the 
wider peak. This effect has been calculated by 
Schwinger’ and amounts to at most a percent or two 
for the variation in peak widths encountered in these 
experiments. Although the variation in the Schwinger 
correction can be neglected, the correction itself is such 
as to multiply the experimental values by 1.22, i.e., 
the elastic peaks accept only 82% of the elastic 
scattering. 

The subtraction method just described for Fig. 3 
gives an upper limit for the deuteron cross section, i.e., 
the dashed curve. This upper limit would not be the 
correct value however, if the inelastic scattering 
extended in a significant way under the elastic scattering 
peak. The “true” (dashed) elastic scattering peak in 
Fig. 3 would then have to be squeezed to the right and 
lowered. That the inelastic scattering could extend in a 
significant way under the elastic scattering peak seems 
possible because the threshold for the inelastic scattering 


# J. Schwinger, Phys. Rev. 76, 790 (1949). 
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lies somewhat under the elastic peak (see Fig. 3) and 
the instrumental resolution would extend the inelastic 
scattering considerably to the right of the threshold. 
In order to determine the importance of the inelastic 
scattering, the behavior of the scattering near the 
threshold must be known. This behavior has been 
calculated by Jankus® at 60° for 350-Mev scattered 
electrons. This angle and energy is not a great deal 
different from the experimental situation at 400 Mev. 
As a rough orientation then, the 60°, 350-Mev results 
will be used. These results (see Fig. 3 in reference 8) 
may be approximated rather well by the dotted (not 
dashed) curves shown in Fig. 4. The elastic scattering 
occurs essentially at one energy (the Schwinger correc- 
tion will be ignored here) and has the cross section 
shown. The inelastic scattering rises abruptly at the 
threshold and remains constant in the region of interest 
near the elastic scattering peak. Its magnitude is 
considerably smaller than that of the elastic scattering. 
The dotted curves are then modified to include the 
effect of the instrumental broadening (see the dashed 
curves). The elastic scattering becomes a peak 1% 
wide to agree with the experimental widths of the 
deuteron peaks (a Gaussian line shape has been assumed 
for convenience) and the edge of the inelastic scattering 
is extended as shown assuming the same instrumental 
broadening. The sum of the two dashed curves then 
yields the total scattering, the solid curve. This solid 
curve represents the data taken in an electron-deuteron 


scattering experiment and is equivalent to the solid 
curve in Fig. 3. The left boundary of the curves in Fig. 4 
is indicated by the arrow as in Fig. 3. 

By taking areas to the right of the arrow in Fig. 4, 
the “true” (dashed) elastic scattering curve is found 
to enclose 3% less area then the total (solid) curve. 
Thus the inelastic scattering contribution to the total 
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Fic. 4. Theoretical elastic and inelastic scattering cross sections 
at 60°, 350 Mev (indicated by dotted lines). Instrumental broaden- 
ing similar to that obtained experimentally is then applied to the 
dotted curves and the dashed curves result. Addition of the two 
dashed curves gives the solid curve. The elastic scattering dashed 
curve and the solid curve are seen to be similar to the experi- 
mentally determined dashed and solid curves in Fig. 3. 
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peak would be only 3% if the total peak were used as 
the measure of the cross section. However, in Fig. 3, 
the total peak was not used; rather the “true’”’ (dashed) 
peak was used which has 4% less area than the total 
peak. Therefore, the method used in calculating Fig. 3 
seems to be a valid one to an accuracy of one percent. 

This last remark must be qualified to some extent 
because the calculations for Fig. 4 are for 60° at 350 
Mev whereas the experiment of Fig. 3 is for 40° at 400 
Mev. Thus, a correction must be made for the difference 
in the scattering conditions. There are two ways for 
comparing, at different angles and energies, the inelastic 
scattering near the threshold with the elastic scattering: 
one by calculation, the other by experiment. Jankus® 
has calculated the two scatterings for two situations, 
namely 60° at 350 Mev as already mentioned and 70° 
at 190 Mev. The results are shown in Figs. 2 and 3 of 
reference 8. A ratio can now be taken between the 
inelastic scattering cross section near threshold and the 
elastic scattering cross section modified to take into 
account the fact that the elastic peak will have the 
same percentage width in each case. Surprisingly, this 
ratio between the inelastic and the elastic scattering 
cross sections is the same (within a few percent) for 
70° and 190 Mev and 60° at 350 Mev. Since both the 
electron energy and the g for the scattering are different 
for these two situations, this ratio will be assumed to be 
the same for all scattering situations in this energy and 
angle range and will be assumed to apply to the region 
of the experimental data also. The experimental 
results also confirm the method used in Fig. 3. If the 
ratio between the elastic scattering peak height and 
the height of the inelastic continuum as obtained 
experimentally is computed, this ratio is found to vary 
from 2.6 at 40° and 400 Mev to 1.8 at 60° and 500 Mev. 
Since the inelastic subtraction is only 3 to 4% at 40° and 
400 Mev and since this subtraction is accounted for to 
within 1% by comparing Figs. 3 and 4, a variation of 
only 50% in the magnitude of the subtraction should 
not introduce an error of more than 1 or 2%. 

It should be noted, however, that the ratio between 
the elastic peak and the inelastic continuum given by 
Jankus’ calculations is 4.0 rather than 2.6 or less as 
found experimentally. Thus, there may be more 
inelastic scattering than has been assumed although 
this effect could hardly lower the deuteron cross sections 
more than a few percent. Further calculations of the 
inelastic scattering near threshold at the scattering 
angles and energies measured experimentally would 
certainly be of help here. Also, there may be experi- 
mental problems associated with the scattering of 
electrons from slits in the analyzing spectrometer which 
would broaden the elastic scattering peak. By taking 
the line shape to be that of the proton elastic scattering 
peak however, some of these effects should have been 
eliminated. The real solution to these problems would 
be to repeat the measurements with better resolution, 
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TaBLeE II. Summary of experimental results. (Normalized 
points are indicated by bold-faced type.) Normalization assumes 
an exponential proton with rms radius of 0.80 f. 








Lab 


Energy q 
angle F? 


Target (Mev) 





404 40° : 0.136 
45° . 0.101 
50° j 0.0746° 
a5” : 0.0546 
60° i 0.0435 
70° ‘ 0.0222 


Liquid D; s 40° : 0.0746 
45° / 0.0431 
50° j 0.0312 
60° ; 0.0141 


40° 3s 0.726 
0.724 
0.488 
0.511 
0.0720 
0.0710 
0.0760 
0.0794 
0.0196 


Liquid Dz 


Liquid Hz 


Liquid Dz 


0.419 
0.0219 
0.430 
0.670 
0.681 
0.0969 
0.146 


0.738 
0.720 
0.216 


0.698 
0.160 


Liquid H: 
Liquid D, 
Liquid H; 


Liquid D» 


Gas H, 
Gas D» 


Solid CHe 
Solid CD. 


* This measurement represents an average of four runs. 


if the resulting loss in counting rate could be tolerated. 
A check along these lines was made by using }% instead 
of 4% slits in the scattering apparatus at 40° and 404 
Mev. The elastic scattering cross-section ratio between 
these two angles was the same within the usual accuracy 
for the two sets of slits. A more sensitive check could 
have been obtained if a proton point had also been 
taken. The proton-deuteron ratio was taken however 
for the solid target at 40° and 400 Mev. Because of the 
target geometry of the solid target the deuteron elastic 
scattering peak was narrow enough so that no inelastic 
scattering subtraction was required. Agreement was 
obtained with the liquid target results. (Because of the 
30% carbon subtraction for the CD» target, the 10% 
agreement obtained between the liquid- and solid-target 
data can be considered satisfactory.) The deuteron 
point with the solid target was high which, if significant, 
would indicate that the inelastic contribution to the 
liquid target data has been overestimated. 

A check on the calibration of the scattering angle 
was also made. Since the relative angular calibration 
had been checked before and is determined by a gear 
train, only one angle had to be calibrated. The zero- 
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degree position was calibrated by setting the counter 
bias higher than for single pulses and by counting in 
the region of zero degrees. Because of pile-up in the 
counter, the most sensitive measurement proved to be a 
determination of the angle on each side of zero (+3°) 
where the counts disappeared. This angle was the same 
on both sides of zero to within 10’. The angular cali- 
bration was thus certainly accurate enough, particu- 
larly because the use of the deuteron-proton scattering 
ratios cancelled out the large angular dependent terms 
in the scattering cross sections. 

The data obtained are listed in Table II and plotted 
in Fig. 5. Both F? and F are listed for convenience. The 
curves of Fig. 1 are also shown in Fig. 5. Since F?, the 
square of the form factor, is expected to be a function of 
g, the momentum transfer in the center-of-mass system, 
F* has been plotted against g. Thus, the 400- and 500- 
Mev data are intermingled in the figure. The 400- and 
500-Mev data are distinguished in the figure by the 
symbols for the experimental points. Also, the gas 
target and solid target data are indicated. Some of the 
400-Mev data were actually taken at 404 Mev and so 
some of the “400”-Mev data are found plotted at a 
slightly higher gq. 

The significance of the data in Fig. 5 depends on the 
method of normalization. This point can be best be 
discussed with reference to Table II. The data in Runs 
I-III were normalized with respect to the measure- 
ments of Run III. In that run, 40°, 404-Mev and 45°, 
500-Mev proton scattering measurements were each 
made twice to give four values for F? as shown in Table 
II. These four values were normalized to best fit the 
proton curve in Fig. 5. With the proton points normal- 
ized, the deuteron measurements of Run III were 
determined. Inspection of Fig. 5 shows that the 500- 
Mev (%) proton points at g=1.81f— lie low whereas 
the 500-Mev (x) deuteron points at g=1.67f" lie 
high. If the proton points had been normalized to lie 
on the proton curve the deuteron points would have 
lain even higher. The opposite effect is apparent for 
the 404-Mev data. Here the proton points at g=1.33f- 
lie high. If they were lowered to the proton curve the 
deuteron points at g=1.66f-' would be even lower. 
Thus, the method of normalization has minimized the 
discrepancy between the 404- and 500-Mev points. 
This method of normalization has as its basis the q 
dependence of the F* values. The experiments then make 
use of this g dependence rather than verifying the q 
dependence. 

The deuteron data taken in Runs I and II are then 
normalized to the deuteron data taken in Run III. 
Again, making the assumption that the q dependence 
of F? is valid and that the discrepancies between the 
404- and the 500-Mev data are statistical rather than 
real, the deuteron data for Runs I and II are normalized 
to the average of the 404- and 500-Mev data at 
q=1.66f— and 1.67f-, respectively (F?=0.0746). With 
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Fic. 5. Experimental results compared to the calculated scattering curves of Fig. 1. 


this procedure the small-angle 404-Mev data (¢=1.36 
and 1.52) fit the theoretical curves. On the other hand, 
if the 500-Mev data had been ignored in the normali- 
zation procedure, these points would lie 8% lower. 
Within the accuracy of the experiment such a shift 
cannot be considered significant although the agree- 
ment between experiment and theory would look much 
poorer in Fig. 5. It should be pointed out here that no 
deuteron curve can be expected to lie below the 
repulsive-core curve in Fig. 5 at g values smaller than 
1.6f-' because of effective-range considerations. This 
feature has been discussed previously."! Therefore, the 
points at small g in Fig. 5 should not lie below the 
repulsive-core curve unless there is something seriously 
wrong with the method of analysis of the experiment. 

Further inspection of Fig. 5 reveals the importance 
of the normalization of the deuteron points. With the 
scatter in the experimental points shown, a systematic 
shift vertically in the experimental points could easily 
lead to a fit to the wrong theoretical curve. Also the 
limitations in the experimental accuracy forbid dis- 
tinguishing the curves except for the larger g values 
measured. For these reasons a deuteron-proton scatter- 
ing ratio was taken at 55°, 500 Mev. This measurement 
then checked the previous 55°, 500-Mev deuteron point 
and with it the entire normalization procedure. Also, 
the proton size correction would be cancelled out at this 
particular g value (g=2.21f-') as explained in Sec. III. 
Finally, a check could be made of the shape of the 
proton curve in Fig. 5 by obtaining a point at large gq. 
The result of this measurement was to obtain the 


proton point at g=2.11f—' and the upper of the two 
deuteron points at g=2.21f"'; the higher deuteron 
value indicates that perhaps the previous 500-Mev 
points had been normalized a little low after all. 
However, considering the accuracy of the measure- 
ments the agreement can be considered good. Further 
measurements were made during this run at 400 Mev 
for the proton and the deuteron; all of the 400- and 
500-Mev points for this run were normalized to the 40° 
and 45° proton points at 400 Mev. The closeness of the 
55°, 500-Mev proton point (g=2.11f-') to the proton 
curve is a good check on the g dependence of F* and 
the accuracy of the proton data in general. 

Because of the importance of the normalization of the 
deuteron points and because of the fact that the liquid 
deuterium density was supposed to be 2.30 times rather 
than 2.00 times as dense as liquid hydrogen,” runs were 
made with gas and solid targets at small angles at 
400 Mev. The gas point at g=1.18f" and the solid 
point at g=1.35f-' show that the normalization with 
the liquid target is essentially correct. As mentioned 
before, the 30% carbon subtraction for the solid (CDs) 
target makes this point more uncertain than the others. 

Although the data all seem to be consistent and 
checks have been made for systematic errors, one 
somewhat disturbing feature still remains, namely, that 
the previous data taken with the gas target! tended to 
be somewhat higher than these data at the larger q¢ 
values. The reason for this discrepancy is not known. 

%D. B. Chelton and D. B. Mann, University of California 
Radiation Laboratory Report UCRL-3421, 1956, (unpublished). 
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Certainly the effect is not a large one, the data in this 


report all lying within one probable error of the older - 


data. Since the newer data are more consistent than 
the older data and have been checked in more ways, the 
discrepancy is believed to lie with the older data. 

In conclusion, then, the data in Fig. 5 represent the 
electron elastic scattering from the deuteron. The 
accuracy of the points can be estimated by the scatter 
of the points. It is believed that there is no systematic 
error larger than the fluctuations in the data as shown 
in the figure. 


V. DISCUSSION OF RESULTS 


The experimental results are compared to the three 
calculated deuteron curves in Fig. 5. These results 
indicate that the calculated scattering from the static 
model of the repulsive-core deuteron does agree with 
experiment while the two Yukawa-type deuteron 
models do not agree with the experiment. Reference to 
the calculated curves in reference 11 (Figs. 6, 7, and 8) 
shows that for the g values investigated here experi- 
mentally, the S-state scattering accounts for more than 
90% of the scattering cross section except for one g¢ 
value. Therefore, this conclusion applies only to the 
triplet-S neutron-proton potential. 

An interesting question then arises: can any other 
Yukawa-type deuteron model be made to fit the data? 
This can be answered only by a systematic investigation 
of the electron scattering to be expected for a wide range 
of Yukawa deuteron models which at the same time 
satisfy the necessary deuteron requirements (see Table 
I for these requirements). It may be of interest here 
to point out that an earlier calculation” showed that a 
square-well potential deuteron model scatters very 
much like a repulsive-core potential model over the 
range of g values considered here. 


AND G. &. 


BURLESON 


It must be remembered that the preceding remarks 
are subject to the limitations in the calculational 
procedure which was used to compute the deuteron 
curves in Fig. 5. This procedure,* based on a static 
deuteron model, has been discussed in Sec. III and the 
limitations pointed out there and in Sec. I. A pre- 
liminary covariant calculation" of the electron-deuteron 
scattering indicates that all of the curves in Fig. 5 have 
to be lowered. This improved calculation may then 
alter the conclusion that the data favor a repulsive-core 
deuteron model. 
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An analysis of 958 x mesons ejected from stars which terminate their range in G5 emulsion exposed in the 
stratosphere shows a predominance of negative mesons. The average ratio from all emulsion interactions over 
a pion kinetic energy <45 Mev is x~/x*=5.17+0.41. Further study shows that this ratio varies with the 
charge of the target nuclei and is strongly dependent on the kinetic energy of the emitted mesons. By 
classifying the stars on the basis of the sum of the charges on the evaporation tracks a large fraction of the 
stars can be attributed to the disintegration of heavy (Ag—Br—JI) or light (C—N—O) target nuclei. On this 
basis 537 pions originate from heavy nuclei and 297 from light nuclei. The residual group of 124 mesons arise 
from peripheral collisions with heavy or light target nuclei, interactions with hydrogen, photomeson produc- 
tion, and fundamental particle decay processes. The variation of the charge ratio with pion kinetic energy is 
evaluated for both the light and heavy emulsion nuclei and compared with the yield from targets of similar 
charge employed in cyclotron studies. The energy spectrum of the mesons produced by cosmic ray interac- 
tions on emulsion nuclei from 1.5 to 33 Mev shows good agreement with early Bristol measurements of 
shower particles originating from stars and with more recent studies of ejected mesons by the Russian group. 
The form of the differential energy spectrum appears to be largely independent of geomagnetic latitude and 
altitude of the exposure when the meson yield is expressed in units of particles per shower star per Mev. 





I. INTRODUCTION 


N an earlier publication’ an analysis of the pion 
charge ratio was presented on the basis of the 
observation of 145 o stars and 26 r—u events ejected 
from stars in stratosphere-exposed emulsion. The method 
of scanning for meson terminations and following back 
the track to its point of origin appeared to be an 
efficient method for the detection of heavier funda- 
mental particles decaying with pion emission. This 
factor and the availability of thicker emulsions, favoring 
the recording of high-energy mesons, made a continua- 
tion of this program desirable both as a means of 
securing additional information on heavy mesons and to 
provide adequate statistics for the study of the variation 
of the charged pion ratio as a function of their. kinetic 
energy and the nature of the target nuclei. Including the 
events described in the first report a total of 759 o stars 
and 199 r—, events have been observed in the system- 
atic study of 265.7 cc of Ilford G5 emulsion exposed in 
the stratosphere. In the course of this work a r meson,? 
a pion-pair probably representing an alternate mode of 
decay of the #°-meson’ and the mesonic decay of an 
excited triton carrying a bound A° particlet have been 
described. 

The object of the present report is to evaluate the 
charged pion ratio as a function of the meson kinetic 
energy, a phenomenon shown by Mei and Pickup’ to be 
strongly energy dependent when all emulsion target 


*A preliminary account of this work was presented at the 
American Physical Society Meeting in Washington, April, 1954 
[H. Yagoda, Phys. Rev. 95, 648(A) (1954). 

1H. Yagoda, Phys. Rev. 85, 891-900 (1952). 

*H. Yagoda, Phys. Rev. 95, 648 (1954). 

*H. Yagoda, Phys. Rev. 98, 103 (1955). 

4H. Yagoda, + a Rev. 98, 153 (1955). 

5J. Y. Mei and E. Pickup, Can. J. Phys. 30, 430 (1952). 


nuclei are considered. The complex chemical composi- 
tion of the emulsion does not permit the assignment of 
individual nuclear evaporations to a specific target 
nucleus. Nevertheless, from a study of the total charge 
on the evaporation tracks associated with the stars it is 
possible to group the disruptions into heavy (Ag— Br—I) 
and light (C—N—O) target nuclei groups. This classi- 
fication and the large number of available events 
permits a more detailed study of the charged pion 
production ratio. By correcting geometrically for mesons 
produced in the emulsion but which failed to terminate 
their range in the sensitive layers the present data 
permit the evaluation of the differential energy spectra 
of the charged pions in the low-energy region where 
comparable cyclotron data are not available. On the 
other hand, the complexity of the cosmic radiation 
producing the disintegrations and the wide angular 
spread of the mesons limits the utility of the data to only 
a qualitative understanding of the Coulomb barrier 
effect on low-energy meson production processes.°® 


Il. EXPERIMENTAL 


The bulk of the new observations were secured by 
microscopic examination of G5 plates and unsupported 
pellicles of 1000- to 1500-microns thickness. An addi- 
tional smaller volume of emulsion was prepared from 
Ilford G5 gel in the form of cylindrical castings’ up to 
3280 microns thick. A Leitz 22X oil immersion objective 
with a working distance of 2300 microns was employed 
in locating the meson terminations and the tracks were 
followed back to their points of origin with the aid of a 
Koristka 55X immersion objective. Re-examination of 
one 1500-micron thick pellicle with a 40X fluorite 


*T. Kinoshita, Phys. Rev. 94, 1331 (1954). 
7H. Yagoda, Can. J. Phys. 34, 122-146 (1956). 
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TaBLE I. Characteristics of stratosphere exposures. 








Atmos 
depth 


Date (g cm~*) 


Emulsion Emulsion 
thickness volume 
(microns) (ec) 


No. of 
o@ stars 


Duration 
(hr)* 





1949-1950> 
May, 1951 +2 
July, 1951 +1 
October, 1952 +1 
June, 1953 +0.5 
March, 1952 +2 
May, 1952 > +! 
May, 1952 +1 
Ht 1952 13.541 





145 
8.72 32 
30.0 56 
3.09 
60.0 
29.9 
8.65 
30.6 
11.3 


OA~I~NO 00 = 
ukrOASCON S 











* The duration of the exposure is taken as the time spent by the balloon above 60 000-ft elevation. 


b These flights are described in an earlier publication (see reference 1). 


objective indicates that the detection efficiency with the 
lower power lens is better than 90% for r—y decays and 
o stars with >1 prong. Although a number of ejected 
mesons were observed that exhibited only low-energy 
electrons at the decay point, this category of negative 
pions was not scanned for systematically owing to their 
low detection efficiency and the difficulty of differ- 
entiating them from u* mesons. The total number of 
m~ mesons was evaluated from the o-star count utilizing 
a factor of m~=1.35¢ evaluated by Dudziak* from a 
study of cyclotron-produced mesons. The range-energy 
tables of Fay, Gottstein, and Hain® were employed in 
estimating the kinetic energy of the ejected mesons from 
their range in the emulsion. 

The characteristics of the stratosphere balloon flights 
are summarized in Table I. In most flights the balloons 
achieved a plateau exceeding 95 000-ft elevation. The 
parcels of emulsion were suspended on the load-line 
enclosed in air-tight wooden boxes having an equivalent 
absorber of 0.5 g cm~*. About } of the events were 
recorded in emulsions flown at Pyote, Texas, geomag- 
netic latitude 41°N, the remainder were observed in 
preparations exposed above Minneapolis, Minnesota 
(55°N). The unusually thick emulsion layers employed 
in this study were developed’*" by the use of either an 
ionic environment hot stage or by a series of isothermal 
(5°C) amidol developing solutions of successively in- 
creasing pH. 


Ill. RATIO OF NEGATIVE TO POSITIVE MESONS 
EJECTED FROM ALL EMULSION 
INTERACTIONS 


The over-all pion charge ratio as a function of meson 
kinetic energy is summarized in Fig. 1. At the lowest 
kinetic energy (0-4 Mev) the’ ratio is about 14 and 
diminishes to roughly 1.5 in the region of 30 to 40 Mev. 
This behavior is exhibited by the observations in the 
Texas as well as the Minnesota flights. The magnitude 
of the ratio is therefore largely independent of the 
kinetic energy of the incident radiation over a range of 


8 W. F. Dudziak, Phys. Rev. 95, 866 (1954). 

® Fay, Gottstein, ‘and Hain, Suppl. Nuovo cimento 2, 234 (1954). 
10H. Yagoda, Rev. Sci. Instr. 26, 263 (1955). 

"1H. Yagoda, Science et ind. phot. 29, 121-125 (1958). 


300 to about 2000 Mev per nucleon, represented by the 
geomagnetic cutoffs for protons at the two stations. 
Within the limits of statistical error the present observa- 
tions are in good agreement with the results of a similar 
study by Mei and Pickup* based on 70 events observed 
in 600 to 1200 micron thick plates exposed at Minnesota 
at an elevation of 85 000 ft. 

The integral value of the m~/x* ratio for kinetic 
energies <40 Mev for all emulsion interactions is 
5.17+40.41. This is comparable with an estimate of 
5.0+1.9 reported by Bonetti," but larger than the value 
of 2.9+-2.5 observed by Mei and Pickup.’ That negative 
mesons predominate at the low kinetic energies under 
consideration is further demonstrated by our observa- 
tions on multiple slow-meson production in cosmic-ray 
stars. In our earlier paper! two events of this character 
have been described, one with two m~ mesons and the 
other with three x~ mesons. In the current exposures 15 
additional events of this character have been observed. 
The pion charge ejection ratio for this particular group 
of stars is 4.8+2.2. Of the 17 events, in only one star 
were both slow mesons of positive sign of charge. A 
further description of this category of multiple meson 
ejects will be described elsewhere together with addi- 
tional observations recorded in emulsions exposed on 
mountain tops and in rockets. 
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Fic. 1. Variation of 
pion charge ratio for all 
emulsion interactions as 
a function of meson 
kinetic energy. 
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12 Bonetti, Levi Setti, Panetti, and Tomasini, Proc. Roy. Soc. 
(London) A221, 318 (1954). 
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IV. PION CHARGE RATIO FROM HEAVY AND 
LIGHT EMULSION NUCLEI 


The number and charges represented by the black and 
gray evaporation tracks VV, serves as a means for the 
identification of the disrupted emulsion nucleus. When 
N,>8 the star can be attributed to a heavy silver or 
bromine nucleus. A sharper discrimination is effected by 
using as a criterion that the sum of the charges on the 
evaporation tracks should be Z>8. In thick emulsions 
a large proportion of these tracks terminate in the 
recording medium thereby facilitating the estimation of 
the charge of the particle by means of gap-counts, delta- 
ray density or thindown of heavily charged fragments. 
When the summation of the charges is Z <8 and V,>3 
the star is attributed to a light nucleus (C—N—O). 
After this crystallization of the data a residue of complex 
composition remains whose nature will be discussed in 
Sec. VI. In terms of this classification the data sort out 
into 537 pions created in heavy nuclei, 297 pions from 
light nuclei, and a residual group of 124 mesons (R- 
group). ' 

The variation of the pion charge ratio for the heavy 
and light groups of emulsion target nuclei is shown in 
Fig. 2. The statistical uncertainty associated with this 
ratio is estimated from the number of ¢ stars x'and the 
number of r—y events y observed within the energy 
interval from the relationship: 


Statistical error= + (y?P2+2°P,7)'/y?, 


where P,= +2! and P,=+y'. The ratios were evaluated 
on the assumption that the average range of the 
particles in a fixed energy interval is approximately the 
same for the members of opposite charge and hence the 
magnitude is independent of geometric escape correc- 








{ 











40 45 Mev 


Fic. 2. Variation of pion charge ratio with meson kinetic energy 
for heavy and light groups of target nuclei. 
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TABLE II. Classification of mesons ejected from R-target nuclei. 








Number of mesons 
o stars 


Number of 


nucleon tracks* "—u 








2-tracks 39 16 
1-track 14) 11) 
V-events 8 1f 
0-tracks 15 10 
p-p collisions 3 

Meson recoils 0 

Tau-decay 1 

Pion-pairs 1 


Total 81 43 


2.6+0.5 


* In this classification the slow meson is not counted as a nucleon track. 


tions. It is evident from Fig. 2 that the charged pion 
ratio diminishes rapidly with the kinetic energy of the 
mesons for both the heavy and light groups of target 
nuclei, and that negatively charged mesons predominate 
in the disruption of silver and bromine nuclei. 

For comparative purposes Fig. 2 also shows the pion 
charge ratio produced at 120° to a beam of 300-Mev 
y rays interacting with copper, tin and carbon targets 
observed by Voss, Palfrey, and Haxby." The copper and 
tin targets, which have charges similar to that of 
bromine and silver, yield pion charge ratios exhibiting a 
similar meson energy dependence as that produced by 
cosmic radiation on the heavy emulsion nuclei. Their 
results from the bombardment of a carbon target, how- 
ever, indicate a roughly constant yield of positive and 
negative mesons in contrast with the present observa- 
tions on the light emulsion nuclei which show a strong 
energy dependence for this ratio. Wilson and Barkas" 
report a r~/x* ratio of 1.4 for mesons of 11- to 21-Mev 
kinetic energy produced in a carbon target bombarded 
by 375-Mev alpha particles, a value consistent with 
both the cosmic and y-ray observations. 


V. DIFFERENTIAL ENERGY SPECTRA OF 
COSMIC RAY MESONS 


The ranges of the mesons ejected from stars provides 
an independent method for evaluating the differential 
energy spectrum of pion production. In order to com- 
pare these observations with estimates of the spectrum 
proposed by the Bristol group"'® and Dilworth and 
Goldsack" from their studies of shower particles, all 
ejected mesons were included except for the last six 
categories described in Table II in which the mesons 
obviously originated in processes other than star 
formation. 

To evaluate absolute production rates the number of 
mesons must be corrected for particles produced in the 


18 Voss, Palfrey, and Haxby, Phys. Rev. 93, 918 (1954). 

4H. W. Wilson and W. H. Barkas, Phys. Rev. 89, 758 (1953). 

16 Camerini, Lock, and Perkins, Progress in Cosmic-Ray Physics 
(Interscience Publishers, Inc., New York, 1952), Vol. 1, p. 24. 
( co ea Fowler, Lock, and Muirhead, Phil. Mag. 41, 413 
1950). 

17C, C. Dilworth and S. H. Goldsack, Nuovo cimento 10, 926 
(1953), 
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TABLE III. Characteristics of mountain top exposures. 








Exposure 


Locality initiated 


Emulsion Emulsion 
thickness volume 
(microns) (cc) 


Duration 
(days) 





Climax, Colorado; \=48°N November, 1950 
January, 1951 
March, 1951 
June, 1951 
November, 1952 


July, 1951 
September, 1951 


Mt. Evans, Colorado; \=48°N 


Chacaltaya, Bolivia; \=5°S December, 1951 








sensitive volume but which failed to terminate their 
range as a result of escape from the faces or edges of the 
emulsion. Neglecting edge effects, the probability P that 
a particle created in an emulsion of thickness ¢ should 
terminate its range R therein is P}=1—R/2t when 
R<t, and P2=t/2R when R>+t. 

In 1500-micron thick emulsions of 58-cm? area the 
correction for escape through the edges becomes ap- 
preciable when R>5 mm. For long tracks the proba- 
bility P; of the potential trajectory being confined in the 
sensitive volume (aXbX?) when t< R<b, where b is the 
smaller side of the emulsion rectangle and k=¢/R is 
expressed by 


P3=k/2—[4—(cosk)/4+ (k/x)(1—#)4] 
X (R/a+R/b)+(2/n)[1—(1—#2)4] 
X (R?/3at-+ R?/3bt-+R*/6ab) — (Rt/4mab) (2—k?). 


For a square pellicle of edge length s, and R<s this 
simplifies to 


Py=k/2—[4— (cosh) /a+ (k/x)(1—k*)*] 
X (2R/s)+ (2/e)[1— (1—#*)*] 
X (2R?/3st+-R?/ 6s?) — (Rt/4as*) (2—k?*). 


These geometric escape corrections were derived on 
the assumption that the meson tracks are perfectly 
linear and free from large-angle scatterings. During 
microscopy it can be noted that the iarge-angle scat- 
tering plays a significant role in confining the trajectory 
within the recording volume. In several instances on 
approaching an emulsion interface the meson suffered a 
large-angle scattering which reflected the particle into 
the detector thereby increasing its potential linear 
length. It can be assumed, however, that such fortuitous 
cases are compensated by an equal number of scatterings 
in an opposite direction which cause the premature 
escape of the particle. 

Mesons will also escape detection which either decay 
in flight, or escape recognition as a result of nuclear 
interactions before coming to rest. Calculation of the 
time interval after which x mesons in motion will have 
come to rest in their own frame of reference indicate 
that even for the fastest group of particles in this study 
only 0.7% will decay in flight. Likewise, using a collision 


1040 4.58 
1000 9.52 
1250 8.19 
1270 8.30 
1000 19.46 


1000 
1000 


7.49 
11.60 


1500 28.0 


mean free path of 29 cm, as observed by Bernardini'® in 
a study of the interaction of 30- to 50-Mev mesons in 
GS emulsion, shows that assuming an exponential 
attenuation, the correction for collision loss is less than 
1% at E<10 Mev. At higher energies the collision loss 
reaches 5% at 29 Mev and about 10% at 42 Mev. In 
view of the large statistical error of our observations in 
the high-energy region, these small collision loss cor- 
rections have not been applied. 

The geometric escape corrections have been applied 
to the data secured on stratosphere flights W141, 732 
and 740 and for comparative purposes to a series of 
plates exposed at Climax, Colorado at 3350 meters 
elevation and Mt. Evans, Colorado (4300 meters) 
described in Table III. The absolute integral meson 
production rates (r* cc~! day) for these exposures for 
the entire kinetic energy range is summarized in 
Table IV. This comparison indicates a factor of 2 
variation in slow-meson production between flights at 
geomagnetic latitudes 55°N and 41°N. The meson yield 
on the Colorado mountain tops is about 200-fold less 
than in the stratosphere at approximately the same 
geomagnetic latitude. In general, the slow-meson pro- 
duction process shows a similar behavior to the star 
producing nucleonic component with respect to varia- 


TABLE IV. Integral meson production rates. 





740 Colorado 


3.4-4.3 


W141 732 


Exposure 
Altitude, km 28.6 32.0 30.0 
Energy interval, Mev 0-45 0-39 0-27 
No. of +* ejects 409 93 80 
Meson production* 149.9 70.2 60.2 
(cc day~) 
Total star count, 
N53 prongs 
(cc day) 
Shower star estimate 435 262 256 


n,>1, (cc day) 
0.0077 0.0069 0.0087 0.0068 


Meson production 
(star? Mev) +0.0004 +0.0007 +0.0010 0.0008 


1580 950 930 








* Corrected for meson escape. 

> The number of shower stars was deduced from the total star counts 
using a factor of 0.275 based on the Bristol star prong spectrum (see 
reference 16) for the stratosphere flights, and a factor of 0.155 observed by 
Dilworth and Goldsack (see reference 17) at 2800 meters for our Colorado 
mountain top exposures. 


18 Bernardini, Booth, Lederman, and Tinlot, Phys. Rev. 80, 924 
(1950). 
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Fic. 3. Energy distribution of combined negative and positive 
mesons originating from cosmic-ray stars produced in emulsions 
exposed in the stratosphere and on mountain tops. 


tions with geomagnetic latitude and depth in the 
atmosphere. This is further indicated by the constancy 
of the meson yield when expressed in units of pions per 
shower star (m,>1) per Mev which averages 0.0075 
+0.0007 for the four independent exposures. 

The variation of meson intensity with pion kinetic 
energy is shown in Fig. 3. The points are differentiated 
according to the geomagnetic latitude and altitude of 
the exposures. The points for \=41°N represent an 
average for flights 732 and 740. The absolute meson 
production rate increases as /°*°% from 1<E<15 
Mev kinetic energy and appears to reach a maximum at 
about 20 Mev. Although our statistics become meager 
at E>23 Mev the data are in fair agreement with the 
measurements of Camerini, Lock, and Perkins" in the 
region of 32 to 46 Mev. In their work the identity and 
kinetic energy of the particles was established by means 
of grain density and scattering studies on shower 
particles originating from stars. The point at 40 Mev 
deduced by Dilworth and Goldsack"’ by measurements 
of the magnetic deflection of shower particles recorded 
in emulsions exposed on the Pic du Midi is also con- 
sistent with the spectrum resulting from the present 
ejected meson study. The Bristol point'® at 1.6 Mev, 
also secured by a study of ejected mesons, is in good 
agreement with our observations at 1.5 Mev. 

More recently, Varfolomeev and co-workers” have 
studied the energy spectra of + mesons produced in 
P-type emulsion of Russian manufacture exposed to 
cosmic radiation. They employed two cylindrical blocks 
of this new emulsion,” which has a stopping power 

1 Varfolomeev, Gerasimova, Zamchalova, Podgoretskii, and 
Scherbakova, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1164 (1956) 
(translation: Soviet Phys. JETP 3, 986-988 (1957)]. 


* Denisenko, Ivanova, Novikova, Perfilov, Prokoffieva, and 
Shamov, Phys. Rev. 109, 1779-1784 (1958). 
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similar to that of Ilford G5, having diameters of 10 cm, 
one composed of 56 layers 330 microns thick (¢= 18.5 
mm) and a second unit made up of 60 layers of 450- 
microns thickness (¢=27.0). This improved geometry 
permitted an extension of the pion energy spectra to 
70 Mev, on the basis of the ranges of 195 x* and 328 
mesons ejected from stars. Their results on the differ- 
ential energy spectra are summarized in Fig. 4. Our 
results from Flight W141, based on a comparable 
number of ejected mesons, are exhibited as diamonds 
normalized to their data at 0-10 Mev. This comparison 
shows a fair agreement between the two sets of observa- 
tions, particularly in the low-energy region of E<20 
Mev where the geometric escape corrections and the 
statistical uncertainties are small. Our data indicate the 
presence of a sharp maximum at 10-20 Mev in the x 
production spectrum, consistent with a more diffuse 
maximum at 10-30 Mev reported by the Russian in- 
vestigators. The statistical spread of the +-meson data 
is too large to permit an estimate of the position of the 
maximum production rate. However, both sets of data 
suggest that the maximum is displaced towards a higher 
energy region than that exhibited by the negative 
mesons. A relative displacement of this character can be 
anticipated on the basis of the electrostatic Coulomb 
forces between the r* mesons and the positively charged 
heavy nuclei in which they are produced. 


VI. MESONS FROM RESIDUAL TARGET NUCLEI 


In the emulsions exposed in the stratosphere 124 
ejected mesons could not be assigned to heavy or light 
target nuclei on the basis of charge summation and 
prong classification. These events are further analyzed 
in Table II according to the sign of charge of the meson 
and the number of associated black and gray tracks. 
The x~/x* ratio for this group is 2.6+0.5 which is 
markedly smaller than the pion charge ratio associated 
with the multipronged stars. About 50% of the mesons 
classified in the R group are ejected from 2-prong stars. 
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Fic. 4. Differential energy spectra for negative and positive r 
mesons. The solid line histograms represent the spectra of the 
Russian group. The diamonds represent our data from stratosphere 
flight W141. Both experiments are normalized to a point at 0-10 
Mev kinetic energy. 
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Fic. 5. Histogram showing the energy distribution of positive 
and negative mesons probably originating from photomeson pro- 
duction processes. The black squares represent events recorded on 
mountain top exposures, the shaded ones on rocket flights, and 
the white blocks stratosphere balloon flights. 


These and a large fraction of the 1-prong events proba- 
bly originate as a result of peripheral collisions with 
emulsion nuclei. Only 4 events were observed which 
might originate as a result of central collisions with 
hydrogen nuclei. Of these 3 were slow negative 7 mesons 
emitted at wide angles to beams of singly charged 
minimum ionization tracks without any associated 
black or gray prongs. 

Two events designated ‘“meson-recoils” were ob- 
served in which the positive meson originated at a 
large angle to the path of a single particle traversing the 
emulsion. In both cases there was no measurable devia- 
tion in the direction of the incident particle or change of 
ionization after the act of meson production. In one 
example a 9.0-Mev x* particle was produced along the 
path of a singly charged particle at minimum ionization. 
The second example consists of an 11-Mev 2+ meson 
produced along the trajectory of a relativistic alpha 
particle. These events appear to be similar to an oc- 
currence described by Lord and Schein* in which a o 
meson of 2.2-Mev kinetic energy is produced along the 
path of a heavy primary nucleus which they attribute to 
meson production in a pure nucleon-nucleon interaction. 

In retracing the meson tracks to their points of origin 
a number were observed to originate, well embedded in 
the emulsion, without any other associated tracks. 
Occasionally the meson track would appear to start 
from a heavy grain which might be the track of a 
recoiling heavy fragment. These particles are probably 
produced by the interaction of y rays or neutrons with 
hydrogen or peripheral neutrons. The energy distribu- 
tion of 25 zero-prong mesons observed in the strato- 
sphere exposures together with 11 additional events 
recorded in the mountain top and rocket exposures is 
shown in Fig. 5. The x~/x* observational ratio for this 
category of meson production is about 2. 

A total of 44 mesons originated in simple interactions 
in which only one other ionizing particle, besides the 
meson track, was associated. A part of this group may 
represent peripheral collisions of nonionizing radiation 
with emulsion nuclei. The pion charge ratio for these 


’ 


2 J. H. Lord and M. Schein, Science 109, 114 (1949). 


events is 2.5 which suggests the possible occurrence of 
other production mechanisms. In nine examples the 
accompanying nucleon track also terminated in the 
emulsion and could be identified as being produced by a 
singly charged particle. On the possibility of these 
representing the decay of A° particles, the Q-values for 
2-body decay were estimated from the momenta of the 
particles, assuming the associated track to be that of a 
proton, and the space angle @ between the diverging 
meson-proton tracks. As shown in Table V only event 
No. 8 gave a Q-value of 35.7 Mev in good agreement with 
the accepted value for A° decay of 37.0 Mev. It is 
difficult to evaluate the significance of the low Q-values 
of the remaining events. They probably represent 
peripheral nuclear collisions where the range of the 
recoil nucleus is too small for resolution. Alternatively, 
five of the events have a Q-value of 20.8+2.6 Mev 
suggestive of a grouping which might represent an 
alternate mode of decay or excited state of the A° 
particle. Similar examples where both particles termi- 
nate in the emulsion yielding anomalous Q-values of 
about 20 Mev have been reported by Amaldi,” Peters* 
and Friedlander.™ It is well to note that in restricting 
the analysis to events in which both tracks terminate 
their range in comparatively thin media, the data are 
strongly biased towards the concentration of examples 
with anomalously small Q-values. 

Of some interest is the occurrence a of small group of 
similar V-events, described in Table V, in which the 
TABLE V. Q-values of V-events in which both the meson and the 

proton terminate their range in emulsion. 





Range in microns 


Proton Meson angle 





Negative mesons 
536 1850 74° 
460 670 130° 
368 6660 112° 
1900 4470 137° 
5 5120 120° 
89 8500 134° 
2500 7500 98° 
3000 10 800 128° 
-9 6900 1870 102° 
Y-10 3.6 6130 180° 
Amaldi* 900 1180 120° 
Peters» 6243 768 160° 
Friedlander® 3990 10 910 64° 
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Positive mesons 
Y-11 276 2600 
Y-12 275 5100 
Y-13 25 1120 
Y-14 17 100 


* See reference 22. 
> See reference 23. 
® See reference 24. 


134° 
120° 
120° 
150° 











2 Amaldi, Castognoli, Cortini, and Manfredini, Nuovo cimento 
10, 1351 (1953). 

%B. Peters, Congrés International sur le Rayonnement 
Cosmique, Bagnéres de Bigorre, France, 1953 (unpublished), p. 
174 and 258. 

( % Friedlander, Keefe, Menon, and Merlin, Phil. Mag. 45, 533 
1954). 
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meson is of positive charge, as established by the r—y 
decay process, and which likewise yield anomalous Q- 
values if interpreted as arising from a 2-body decay 
scheme. For three of these occurrences the Q-values of 
7 to 14 Mev are similar to that of an event observed in 
a cloud chamber by Cowan™ with Q=11.7+4 Mev. In 
the 4th example, owing to the long range of the nucleon 
track accompanying the z+ meson it was possible to 
establish that the particle was of protonic mass by 
constant sagitta-range scattering measurements. At the 
time of observation, the event suggested the possible 
existence of an anti A° particle decaying: A° > p++ 
+Q=47.9 Mev. The supposed antiproton track came 
to rest without any evidence of decay or interaction at 
the terminus. At the time the event was detected it 
could be rationalized by assuming a y-ray annihilation 
process. In view of present day knowledge of the strong 
interaction of antiprotons coming to rest in the emul- 
sion, this mechanism does not seem a likely explanation 
of the (p,r*) V-events. If these rare oddities originate 
from nuclear interactions, it also implies that the (p,9~) 
V-tracks giving low Q-values may well be of similar 
origin. 
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Fic. 6. Histograms showing the distribution of black and gray 
prongs NV, from stars associated with slow mesons. The shaded 
areas indicate events initiated by singly charged relativistic 
particles, the black blocks represent stars produced by multiply 
charged primaries of ZS 2. 


25 E. W. Cowan, Phys. Rev. 94, 161 (1954). 

+ Note added in proof.—Since the preparation of this manuscript 
G. M. Frye, Jr. [Phys. Rev. Letters 1, 14 (1958)] has observed 
an example of an antiproton annihilation event in which only 
neutral pions are produced. This event was detected by the pres- 
ence of an electron pair at the rest point of the antiproton, at- 
tributed to the alternate minor mode of decay of the neutral pion 
w—e+-+e~+-y. Since this phenomenological mode of decay occurs 
very infrequently (1.2% of all + decays) it suggests that the 
annihilation of antiprotons without the production of charged 
particles may be an appreciable process. Thus the possibility still 
exists that event Y-14 of Table V may represent the decay of an 
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Fic. 7. Comparison of integral star prong distribution from 
ejected meson study at \=55°N (upper curve) with that from a 
normal distribution (Bristol data) in which all stars of N,53 are 
tallied. Since the slow terminating mesons fall in the category of 
black or gray prongs our V4 values of Fig. 6 must be augmented by 
one prong for normalization purposes with the Bristol star 
spectrum. 


VII. THE INCIDENT STAR-PRODUCING RADIATION 


The star size distributions, classified according to the 
number of black and gray evaporation prongs N,, are 
compared in Fig. 6 for several levels of exposure in the 
atmosphere. The distributions at geomagnetic latitudes 
41° and 55°N are similar, suggesting that the disrup- 
tions were initiated chiefly by secondary rather than 
primary radiation, and on both exposures about 17% of 
the stars are initiated by charged particles. This esti- 
mate is to be regarded as a lower limit, as at high 
elevations radiation reaches the emulsions at large 
zenith angles and such fast charged particles may be 
identified as emergent shower particles unless the event 
is accompanied by a pronounced narrow-angle shower. 
At mountain top elevations the stars appear to be 
produced largely by uncharged particles. In general, the 
data suggest that in exposures near the top of the 
atmosphere about 80% of the stars associated with slow 
mesons are initiated by nonionizing radiation. Since it 
is well established** that the peak of the y-ray produc- 
tion occurs at 75 Mev, an energy inadequate for meson 
production, in most all instances the events must be 
attributed to neutrons. 

The star size distributions also suggest a pronounced 
preponderance of large stars. The deviation of the 
integral \V, distribution from a normal star distribution 
at stratosphere elevations, shown in Fig. 7, indicates 


antilambda particle. However, D. J. Prowse and M. Baldo- 

Ceolin [Phys. Rev. Letters 1, 179 (1958)] have presented evidence 

for the existence of an antilambda hyperon decaying A°9>p-+2x+ 

for which they estimate a Q value of 35_» .9*?-® Mev in good agree- 

ment with that of the normal A° particle. The Q value of event 

Y-14 is about 10 Mev too high to be reconcilable with this process. 
*6 Carlson, Hooper, and King, Phil. Mag. 41, 701 (1950). 
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Fic. 8. Differential energy spectrum of neutral radiation producing 
stars of N,>3 accompanied by an ejected meson. 


that for V,>10 large stars are concentrated threefold by 
the slow-meson scanning mechanism. The present study 
therefore provides added information on the relative 
abundance of high-energy neutrons in the upper atmos- 
phere. The kinetic energy of the particles initiating this 
special group of disruptions can be estimated from the 
following considerations : 

(a) For stars of N,>3 constituted exclusively of 
black and gray tracks, Ez=37N,+4N,?+(E,+140) 
Mev. This empirical relationship” allows for the kinetic 
energy of the undetectable secondary neutrons on the 
assumption that their energy is 1.25 that of the proton 
prongs. The additive term (£,+140) represents the 
total energy of the associated slow meson. 

(b) In disruptions accompanied by shower particles 
of N,>1, the energy of the incident particle can be 
approximated, as shown by Roederer,”* from E,= 1500N, 
+155N,— 100+ (E,+140) Mev in stars where V,<4. 
When V,>2 the energy contributed by the slow meson 
is negligibly small and E,=150(10N,.+N,) Mev. 

The resultant neutron energy distribution (Fig. 8) 
indicates that about 40% of the disruptions are initi- 
ated by particles of 300- to 800-Mev kinetic energy and 
that the spectrum extends up to 10 Bev. Owing to the 
strong bias introduced in the selection of the stars by the 
stopping meson criterion, the spectrum should be 
viewed chiefly as characteristic of the neutral radiation 
producing this particular category of events, rather than 
as being entirely representative of the over-all neutron 
energy distribution in the upper atmosphere. With this 
reservation, the integral neutron energy spectrum shown 
in Fig. 9 indicates that for total energies E;<4 Bev the 
distribution follows a power law V(>E,)=kE,-7 with 
y=1.0+0.15. The neutron energy distribution at 16 
g cm~ of air appears to be similar to that of the primary 
protons at the top of the atmosphere which varies as 
E;“* as deduced from the latitude effect on the pri- 
mary proton flux.” The frequency of neutron-initiated 
stars, when corrected for meson escape, provides an 


27 Brown, Camerini, Fowler, Heitler, King, and Powell,”Phil. 
Mag. 40, 862 (1949). 

28 J. G. Roederer, Z. Naturforsch. 7a, 765 (1952). 

*S F. Singer, Progress in Cosmic-Ray Physics (Interscience 
Publishers, Inc., New York, 1957), Vol. 4, Chap. 4, p. 272. 
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estimate of the omnidirectional neutron flux of 1400 
(sec m? sterad) when one employs a geometric collision 
cross section for all emulsion nuclei of charge Z>1 
capable of forming stars with V,5> 3. 

The data on the variation of slow-meson production 
with altitude (Table IV) permit the evaluation of the 
range in air of the radiation responsible for the special 
category of stars under consideration. Using our balloon 
and mountain top observations from geomagnetic lati- 
tudes 548°N and assuming an exponential collision 
process yields a mean free path for the high-energy 
nucleonic component L.~110 g cm~*. This is in good 
agreement with an analysis of the upper limit for 
L.=110 g cm™ of air deduced by Rossi* from diverse 
cosmic-ray measurements of the nucleonic component in 
the atmosphere. 


VIII. DISCUSSION OF RESULTS 


The preponderance of negative + mesons in our 
cosmic-ray observations is largely understandable in 
terms of the high frequency of interactions produced by 
neutrons. Thus, Bradner* observed a x~/x* ratio of 9.1 
for the mesons produced by the bombardment of a 
carbon target with 270-Mev neutrons, a value con- 
sistent with our pion ratio of 10 at very low meson 
kinetic energies from C—N—O-target nuclei. Likewise, 
the good over-all agreement between the cosmic-ray 
pion ratios and that observed by Voss" using 300-Mev 
y rays is in a large measure attributable to the large 
proportion of the disruptions being initiated by non- 
ionizing radiation. 

While the differential energy spectra deduced from 
the present study display the accelerative effect of the 
Coulomb barrier in shifting the maximum for * pro- 
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Fic. 9. Integral energy 
spectrum of high-energy 
neutrons deduced from 
stars accompanied by 
slow mesons. 
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®B. Rossi, High-Energy Particles (Prentice-Hall, Inc., New 
York, 1952), p. 496. 
| Bradner, O’Connell, and Rankin, Phys. Rev. 79, 720 (1950). 
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duction towards higher energies, it is worth noting an 
anomalous behavior at very low kinetic energies. Posi- 
tive mesons created in the nucleus with an initial kinetic 
energy Eo, after crossing a Coulomb barrier V, would be 
observed with an energy E= Eo+V., and hence E>V.. 
As shown in Fig. 10, however, an appreciable number of 
mesons have been observed with £ considerably less 
than V.=Z,Z2e?/r Mev if the nuclear radius r is taken 
as 1.2X10-%A! cm. 

The effect is particularly pronounced in the heavy 
Ag—Br target nuclei, about 40% of the observations 
having values of E<10 Mev, whereas V.=11.8 and 9.7 
Mev for Ag and Br nuclei, respectively. The meson 
track selection criteria favor the observation of very 
low-energy mesons. Applying geometric escape correc- 
tions to the data with the aid of egP, indicates that 
about 10% of the x* mesons of E<40 Mev produced in 
the disruption of heavy nuclei emerge with energies 
considerably less than V .. This effect is less pronounced 
for the C—N—O-target nuclei, only 2°% of the mesons 
having kinetic energies <3 Mev. This low-energy tail 
of the w+ production spectrum may originate from the 
escape of mesons after and during the evaporation of 
the nucleus. In many instances the slow meson occurs 
as a wide-angle member of a large shower suggesting an 
origin from secondary intranuclear collisions. This would 
be more probable in heavy target nuclei than in ones 
composed of relatively few nucleons which is in ac- 
cordance with the present observations. 
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Electron Number Distribution in Electron-Photon Showers 
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Numerical] results for the number distribution of electrons above a given energy due to primary electrons 
and photons are given. The average numbers derived from the distributions are also given. Values are 
presented both for the case of approximation A and for more accurate cross sections at low energies in air. 
Collision losses and Compton effect are taken into account but scattering at low energies is neglected. The 
calculations were carried out using Monte Carlo methods on the electronic digital computer SILLIAC. The 
results of the calculations are discussed and compared with previous work on the subject. 





1. INTRODUCTION 


UCH theoretical work has been done on cascades 
since Bhabha and Heitler' first suggested that the 
formation of an electron-photon cascade is an important 
factor in the penetration of electrons through matter. 
This work has been roughly divided into two branches, 
one dealing with the one-dimensional longitudinal de- 
velopment which considers the number development of 
shower particles, the other with the three-dimensional 
angular and radial spread of a cascade shower as it 
penetrates matter. Only the number fluctuation problem 
is considered in the present paper. 

The analytical solution of the fluctuation problem in 
cosmic-ray shower theory has been presented in a series 
of publications.?~* The formal solution is effected when 
we have obtained an expression, however complicated, 
for the distribution function ® which satisfies the 
diffusion equations describing the multiplication of 
particles in the cascade. Physically ® represents the 
probability of finding a given number of particles of a 
particular kind, above a given energy, at a certain depth 
below the cascade origin, the cascade having been 
originated by a given type of particle with a particular 
primary energy. 

Two approximations, usually referred to as approxi- 
mations A and B, are commonly used in dealing with an 
electromagnetic cascade. In approximation A, full 
screening cross sections are used for bremsstrahlung and 
pair production; other processes are completely neg- 
lected. Ionization loss, assumed to be at a constant rate, 
is introduced for approximation B but no other change 
is made. Even in the case of these two approximations 
the diffusion equations for @ are of considerable com- 
plexity and their solution?~* of such a complex nature 


* Also supported by the Nuclear Research Foundation within 
the University of Sydney. 
1H. S. Bhabha and W. Heitler, Proc. Roy. Soc. (London) A159, 
423 (1937). 
2H. Messel, Proc. Phys. Soc. (London) A65, 465 (1952). 
2 H. Messel and R. B. Potts, Proc. Phys. Soc. (London) A65, 473 
1952). 
é 4H. Messel and R. B. Potts, Phys. Rev. 86, 847 (1952). 
5 H. Messel and R. B. Potts, Phys. Rev. 87, 759 (1952). 
* H. Messel and R. B. Potts, Proc. Phys. Soc. (London) A65, 854 


(1952). 


that it is well-nigh impossible to evaluate the results 
numerically. 

The best that one has been able to do to date nu- 
merically is to evaluate the first two moments in ap- 
proximation A,’ and the first moment in the case of 
approximation B.* The first few moments do give some 
useful information about the probability distribution, 
such as average numbers, spread, symmetry, and so 
forth. However, the lack of any realistic numerical 
tables for @ has made the qualitative interpretation of 
many cosmic-ray and machine experiments next to 
impossible, and in many cases has undoubtedly led to 
results of dubious value. 

Attempts have also been made to reconstruct the 
distribution function @ from its first two moments. 
Arley’ in his book on the electron-photon distribution 
assumed that ® was a Polya distribution, used the 
calculated first moment of the electron-photon distribu- 
tion and a guessed value of the second moment to fit the 
two Polya parameters. Messel!® likewise assumed that 
the distribution was Polya, but rather than using a 
guessed value for the second moment, used the calcu- 
lated values obtained by Janossy and Messel.’? Perhaps 
the only comment one can make about these attempts is 
that they were the best one could do in the circum- 
stances. One could not expect, even in the range where 
calculation of the first and higher moments are reliable, 
to get sufficiently precise information about ®. 

Aside from these comments, it is also clear that the 
meager results on either the moments or the distribution 
itself, based on approximation A and B, are likely to be 
in great error at low energies, where the pair-production 
cross section and the rate of bremsstrahlung radiation 
become smaller and where the Compton effect plays an 
important role. 

These considerations have led us to a full-scale attack 
on obtaining numerical results for using the automatic 


7L. Janossy and H. Messel, Proc. Phys. Soc. (London) A63, 
1101 (1950). 
( 8H. S. Bhabha and S. K. Chakrabarty, Phys. Rev. 74, 1352 
1948). 

9N. Arley, On the Theory of Stochastic Processes (Gads Forlag, 
Copenhagen, 1943). 

1H. Messel, Proc. Phys. Soc. (London) A64, 807 (1951). 
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digital computer SILLIAC. The present paper presents 
the results of our calculation so far. 

We have been successful to date in evaluating ® in 
the cases of electrons being produced in air by primary 
electrons and photons, both in approximation A and in 
the case where accurate cross sections for bremsstrahlung 
and pair production are used. In addition both collision 
losses and Compton effect are taken into account; 
however, scattering at low energies is neglected. 

In Secs. 2 and 3 we give the relevant details of the 
method used; in Sec. 4, results and their discussion are 
presented. The SILLIAC is now being used six hours 
daily in the evaluation of ® for a wide variety of cases 
and in different absorbers. During the next twelve 
months most of the cases of interest to experimentalists 
will have been completed. 


2. MONTE CARLO METHOD IN CASCADE 
SHOWER CALCULATIONS 

The Monte Carlo or simulation method is the device 
of constructing an artificial statistical model whose 
statistics are known to bear a relation to the problem 
under consideration and by sampling from the model to 
study the properties of the relevant statistics and thus 
of the original problem. In our case, as the problem is 
itself a stochastic one, it is convenient to preserve a close 
analogy between the model and the physical problem. 

Thus our model would be of “electrons” and “‘photons”’ 
that have numbers associated with them representing 
the position, orientation, and energy of the “particles.” 
Each “particle” would have a certain probability of 
suffering a given type of ‘“‘collision” while traversing a 
given “distance.” 

All the “particles” that are produced are considered 
in turn, and the whole process continues until all 
“particles” have moved outside the region of “energies” 
and “positions” that interest us. At the end of each 
“shower” the number of “electrons,” say, that had 
“energies” above a given value at a given “depth” is 
assessed and added into a histogram. 

A new “shower” with a specified “primary particle” is 
started and the whole process is repeated sufficiently 
often for a given accuracy to be obtained. 

The difficulty that most obviously arises in doing as 
we have described is in keeping track of all the “‘par- 
ticles” that are produced. While one “particle”’ is under 
consideration the appropriate information about the 
other ones must be stored in the limited space of the 
computer. However, the method we use overcomes in a 
convenient way all the obvious difficulties that might 
arise. 

A directory is kept of all particles that are to be 
considered. When, because of a collision, two particles 
replace one, the particle of higher energy has its informa- 
tion stored at the end of the directory, and the other is 
the next considered. When a particle is to be taken from 
the directory the last one in the directory is always 
chosen. It is easily seen that doing as we have described 
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puts a limit on the total number of sets of entries that 
will ever be needed in the directory, and in fact the 
number cannot exceed the integral part of loge(Eo/£), 
where £ is the energy of the primary particle and E is 
the energy below which particles are no longer con- 
sidered. 


3. SIMULATING THE PHYSICAL PROCESSES 


The cross sections for bremsstrahlung and pair pro- 
duction are taken to be as follows (see Rossi!!) : 


— 4aNZ rep 1 x 
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:(E,) = {Le + (1- 14a) — 4 In] 
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where 9, is the differential cross section per unit distance 
for bremsstrahlung, that is for the production of a 
photon of energy e£ by an electron of primary energy F. 
®, is the differential cross section per unit distance for a 
photon of energy £ producing a pair of electrons one of 
which has energy e£. a, N, and ro are, respectively, the 
fine structure constant, Avogadro’s number, and the 
classical electron radius e®/m (m is expressed in energy 
units throughout). A and Z are the atomic weight and 
number of the absorbing medium. p is the density of the 
absorber. y is a variable that depends on the influence 
of the screening effect of the outer electrons on the 
electromagnetic interaction, being given in the brems- 
strahlung case by 
, m € 
= 100. Z-3, (3) 
E 1—e« 


and in the pair production case by 


m 1 
721 —— 
E e(1—e) 


Z* 3, (4) 


fi and fe, are numerically tabulated functions which 
become, in the full screening case (y=0), 
f:(0) =4 1n183, 
f2(0)= fi(0)—3. 
For convenience we use the variable 6= (136y/100) 
instead of y. We have found that f; and f. can be closely 
approximated as follows: 
For 6<1, 
fi=20.838— 3.600y— 2.76772+.6.0817°— 2.9434 
= 20.838— 2.6475— 1.4966?+-2.4175'—0.8608', (5) 
fo= 20.170— 1.599y— 4.4057°+-5.275y°-- 1.661y' 
= 20.170— 1.1765— 2.3826°+ 2.0975 —0.48665'; (6) 


UB. Rossi, High-Energy Particles (Prentice-Hall, Inc., Engle- 
wood Cliffs, New Jersey, 1952). 
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for 6>1 
h= fo= 19.80—4.184 In(y+0.695) 
= 21.12—4.184 In(6+0.952). (7) 


If we measure distances in terms of radiation lengths, 
where a radiation length R is defined by 


1/R=4aNZ*r;%p In(183Z—!)/A, 
then the cross sections become 


oi(E,e)=9,(E,e)R 


“l= (+s) ial) 


X[A(6)J+L2J2eJ[B)], (8) 
$2(E,e)=*2(E,e)R 


|}-—___ lnc} 
36 In(183Z-3) 


+2 (14; rs )| 


X[12(e-3)" 14], (9) 


where 


A (8)=[9fi(6)—3 fo(6)—8 InZ]/ 
[9f:(0)—3f2(0)—8 InZ], 


B(s)=[3f1(6) —4 InZ]/[3f,(0) —4 InZ], 


C(8)=[9f1(8) +3 fo(6)— 16 InZ]/ 
[9 f1(0)+ fe(0)— 16 InZ}. 


The reason for the factorization used in Eqs. (8), (9) 
will be apparent later, but we may observe here that the 
first factor in each case is a constant, and the last is a 
factor not greater than unity which alone depends on 
the absolute energy and becomes unity in the full 
screening approximation. 

In each case but one, the middle factor is normalized 
in the sense that its integral from 0 to 1 is unity. The 
“infrared catastrophe” term in the bremsstrahlung 
cross section is “normalized” in a sense that will be 
explained later. 

For the time being we may ignore the existence of 
processes other than radiation and materialization and 
consider how we might simulate the physical events 
that may take place. 

To begin with, we clearly need a method of generating 
some random event in a computer. In the computer 
SILLIAC, as in most computers, every operation the 
machine can perform is completely deterministic. Hence 
it is necessary to use some sequence of operations which 
produces numbers which, though precisely determined 
from some initial set of conditions, have many of the 
appearances of randomness. For convenience both in 


(10) 
(11) 


(12) 
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generating these numbers and using them it is con- 
venient to seek numbers that appear to be uniformly 
distributed. 

The method used to generate such numbers in the 
SILLIAC was to take a certain linear combination of 
the preceding four random numbers and a number 
formed by permuting the digits of the fifth from last 
number as the next member of the sequence at each 
step. Various tests applied to these numbers give results 
completely acceptable under the hypothesis that these 
numbers are uniformly distributed and independent. 

In what follows, it is assumed that a supply of 
random numbers uniformly distributed between 0 and 1 
is always available. We shall denote such numbers by 
the symbols &, £1, £2, «++ as required. 

A theorem that makes it possible in principle to write 
down a rule for computing variates from any distribu- 
tion is that, if F(x) be the cumulative distribution 
function of a variate x, then F(x) is itself distributed 
uniformly. F(x) is defined by the property that if x is 
sampled from the corresponding distribution, the proba- 
bility that the value of x will be less than x’ is F(x’). 
F(x) is a monotonically increasing function of x and 
hence 

Prob[ F (x) < F(x’) ]= Prob(«<x’) 
= F(x’), 


F(x) is therefore uniformly distributed between 0 and 1. 
Thus we may draw variates from this distribution by 
drawing a uniform random number é, and solving the 
equation 


F(x)=&. 
In the important case of the exponential distribution, 
F(x)=1—exp(—</2), 
the general method yields 
a= In[1/(1—£)], 
or, more simply, replacing 1—¢ by é, 
x= In(1/é). 


This method is the one used to compute exponential 
variates in our program. However, as a rule, it is 
advantageous to proceed less directly. Two general 
methods sometimes called ‘the composition method” 
and “the rejection method”* may be combined in the 
applications we have made of them to the following (see 
Appendix). 

If the frequency function of a distribution is f(x) and 
if f(x) can be written 


f(x)= x asf «(x)g s(x), 


(13) 


2 J. W. Butler, Symposium on Monte Carlo Methods (John 
Wiley and Sons, Inc., New York, 1956), p. 249. 
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O< gi (x) € 1, 
a;>0, 
fi(x)20, 


[sqar=1, 


then samples may be drawn from the required distribu- 
tion by first choosing an integer from 1 to m with 
probability proportional to a; of being 7. This may be 
done by drawing a uniform variate ¢ and forming in turn 


a) 
x= §—-—— 


atart+:-: 


ae 
P84 ee, 


aitaat+:++an 


’ 
Ry « 


and terminating the process for the first x; that becomes 
negative and choosing the corresponding 7. Having 
selected the value of i, a sample is drawn from the 
distribution function with frequency function f(x), and 
the value is accepted or rejected by computing the value 
of gi(x) and comparing with a random variate ¢. If 


E> gi(x), reject x; 
E< gi(x), accept x; 


so that the probability of accepting x is gi (x). 

In the case of rejection the process is repeated again 
and again until a value is finally accepted. 

The value of the method lies in the fact that a 
decomposition of the frequency function as in (13) can 
usually be found, without much difficulty, such that 
is a low number, f;(x) corresponds to a distribution 
easily sampled, and g,(x) is never much less than 1 (so 
that rejection of a sample is a rare event). 

Examples of distributions easily sampled are those 
with frequency functions of the form 


(m+n-+1)! 


m'n! 


f(x)= x™(1—x)", 0<x<1, 


where m and m are positive integers, for such a distribu- 
tion may be realized by drawing m+mn+1 uniform 
random numbers, ordering them in increasing order, 
say, 

£1 2S 3K +++ SEmints, 


and selecting as the value of « the number £m,,. For the 
joint frequency function of 1, £2, + + Emin41is(m-+n+1)! 
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and hence the frequency function of «= &m41 is 
0 1 Em—1 


1 1 1 
x f dns dEém+3° * f demi nti 
z Em+2 Emt+n 


(m+n-+1)! 
= ———_———"(1—~x)*. 
m'n! 


The reason for the factorization of the pair production 
cross section (9) is now obvious, for we may set 


ai = ¥—1/36 In(183Z-4), 

a2=yy($+1/9 In(183Z-4) ], 

fi nt 1, 

fa=12(e—}3)*, 

| Sa C(6), 

g2= A (6). 
The distribution corresponding to f; is simply the 
uniform distribution, and that corresponding to fz may 
be sampled by drawing three uniform random numbers 
and selecting the one that differs most from one half. 

For bremsstrahlung, the cross section is of course not 
so simple. An artificial cutoff must be introduced to 
avoid the infrared catastrophe, so for convenience we 
replace the term (1/ln2)(1—«)/e by a function fo(e), 
say, which has this value for 
2-"< eX 1, 


and has the constant value (1/In2)(2’—1) for e< 27’. If 
we now define 


fil=0, «2208 
1 (1-2) 


In2 € 


1 
=—2*!, «<2 
In2 


for i=1, 2, ---r, then we have 


fl=¥ fil. 


i=1 


Furthermore all the f;(e) have unit integral, and a 
variate from the f; distribution may be drawn by 
multiplying a variate from the f; distribution by 2'-‘. 

Thus we have, as a suitable decomposition of the 
bremsstrahlung cross section, 


r+1 


2 aif i(e)gi(e), 
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3 o 5 6 
t(rediction lengths) 


Fic. 1. Approximation A, Eo/E=10, primary photon. Proba- 
bility of no more than n electrons with energies greater than £; 
n is attached to the curves. 


where 


ieee Sh... 
9 In(183Z-4) 


The /; are as defined for 1= 1, 2, 


froi(e)=2e. 
Also 
gi(e)}=A(5), t=1, 2, 


£r4i(e)= B(6). 


Variates from the distribution with frequency func- 
tion 2e may be drawn by taking the higher of two 
random numbers, or more simply on a computer by 
drawing two random numbers, £; and £, and computing 
« thus: 

e=1— | &— &2| 

We need now consider only how to draw variates 

from the distribution with frequency function 


f()§=(1/ln2)(1—6)/e, FR eK 1 
=1/]n2, 0< e<3 


Probability 
Ss 825 28 © £ 8 
ie 4 


° 


° 


4 s 6 7? 10 
t (radiation lengths) 

Fic. 2. Eo=500 Mev, E=SO Mev; absorber: air; primary 
photon. Probability of no more than » electrons with energies 
greater than E; n is attached to the curves. 
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As 
Prob(e< 


we may first compare a random number £; with 1/2 In2, 
and if 1/2 In2>¢,, we may take as our value of 


3) =1/2 In2~0.72, 


q= &s. 

When 1/2 In2<é,, we must draw from the distribution 
with frequency function 

f()=[1/(n2—3) ](1—6)/«, 


bX eK 
=(, e< 
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Fic. 3. Ey>=50 Mev, E=5 Mev; absorber: air; primary photon. 
Probability of no more than n electrons with energies greater than 
E; n is attached to the curves. 
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Fic. 4. Approximation A, Eo/E=10, primary electron. Proba- 
bility of no more than m electrons with energies greater than E; 
is attached to the curves. 


If we substitute e=1— 3x so that x will range from 
zero to 1, we have as the frequency function of x, A(x) 


say, 





h(x)= 


1 [ x 
(4 In2)—2L1—4x 


—_———[x+}2°+}23+ -- 
~ (4 In2)—2 
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The series is terminated at a point such that the 
combined weight of the terms neglected is negligible 
compared with the accuracy to which we are working 
and the coefficients C2, Cs: -- are tabulated. 

As a distribution with frequency function rv”? may 
be sampled by choosing the highest of r uniformly 
distributed random numbers, we have a suitable de- 
composition of h(x) as in Eq. (13) with all the g(x) 
actually unity. From the value of x sampled from A(x), 
« is found from the relation e= 1— }z. 
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Fic. 5. Eo=500 Mev, E=50 Mev; absorber: air; primary 
electron. Probability of no more than m electrons with energies 
greater than E; n is attached to the curves. 
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Fic. 6. Eo=50 Mev, E=5 Mev; absorber: air; primary electron. 
Probability of no more than n electrons with energies greater than 
E; n is attached to the curves. 


We have seen how to sample from the distribution of 
secondary energies as defined by the cross sections for 
the various events. However, the task of computing the 
total cross section for a given primary energy still 
appears to remain. This problem may be completely 
avoided by observing that if we assume the cross 
sections to have the form 


fle - > aifileg (©), 
t=] 
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Fic. 7. Approximation A, Eo/£=100, primary photon. Proba- 
bility of no more than n electrons with energies greater than E; 
is attached to the curves. 


where the restrictions applying to the functions as in 
Eq. (13) are satisfied, then taking the total cross 
section as )> ;.1" a; introduces no error if we proceed as 
follows. 

Draw an exponential variate with total cross section 
> x1" ai, i.e., with mean free path 1/3 ;-1" a;. Simulate 
the movement of the particle being considered through 
this distance. Draw a sample of ¢€ as previously de- 
scribed, either accepting or rejecting the value of € by 
comparing a random number with the appropriate 
gi(e). However, in the event of rejection, instead of 
assuming that the distance that the particle has moved 
is to be rejected too, suppose that the particle has 
moved but is to be moved again and again until a value 
of « is accepted. If the true cross section is ¢ and the 
value of >> 1" a; is o’, then clearly the probability of 
acceptance of the ¢ at a given step will be just o/o’. 
Thus, if we require m attempts before acceptance, the 
distance traveled ¢ will be distributed as (o’)"—"~'e-*'* 
(w—1)!. But the probability of having exactly m at- 


tempts is (¢/o’)(1—¢/o’)"". Hence the distance 


1 


° ° 
wn 


Probability 
°o 


a 6 
t (radiation lengths) 


Fic. 8. Eo=5000 Mev, E=5SO0 Mev; absorber: air; primary 
photon. Probability of no more than m electrons with energies 
greater than E; n is attached to the curves. 
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Fic. 9. Eo>=500 Mev, E=5 Mev; absorber: air; primary photon. 
Probability of no more than m electrons with energies greater than 
E; n is attached to the curves. 


traveled will be distributed as 


e (o’)"i71e-«"# o o¢\7 
icon (oan 
n=1 (n—1)! ao’ a’ 

Thus the effective cross section is correct. 

The cross section for Compton effect is taken to be 
given by the Klein-Nishina formula. That is, the cross 
section for a photon of energy E giving a scattered 
photon of energy «£ per radiation length is given by 


™m 1 


[1+¢—e sin], 


$:(E,<) =—__—_ 
4aZ In(183Z-4) Ee 


where @, the scattering angle, satisfies the relation 
m(1—e)=e«E(1—cos6). 


The computation of variates from this cross section is 
straightforward. 

Ionization loss is allowed for by subtracting from the 
electron energy, after each flight through a distance / 
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Fic. 10. Approximation A, Eo/E=100, primary electron. 
Probability of no more than n electrons with energies greater than 
E; n is attached to the curves. 
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Fic. 11. Eo=5000 Mev, E=50 Mev; absorber: air; primary 
electron. Probability of no more than m electrons with energies 
greater than £; n is attached to the curves. 


radiation lengths, the quantity 


E,o—E 


™m Eo 
-—_" | 243 In——2 nz, 
2aZ \n(183Z-4) 


m 


where Eo was the‘energy at the beginning of the flight 
and E the corrected energy. This formula is based on 
Eq. (1.12) of reference 11 but differs by a negligible 
amount in that Zp in the logarithmic term replaces , 
the momentum of the electron, and that it is assumed 
that the rate of energy loss is constant as the electron 
moves through the small distance ¢. 


4. DISCUSSION OF RESULTS 


Results are here presented for 12 different cases which 
are summarized in Figs. 1-12. In each graph we have 
plotted the probability of having no more than n 
electrons with energies greater than E in a shower of the 
specified type, as a function of depth measured in 
radiation lengths. The number » is attached below the 
corresponding curve. Thus to read from the graph the 
probability of exactly n electrons, one need simply read 
the distance between the two adjacent curves between 
which the number » is written. 
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Fic. 12. Ey=500 Mev, E=5 Mev; absorber: air; primary 

electron. Probability of no more than m electrons with energies 

greater than E; » is attached to the curves. 
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Fic. 13. Eo=5000 Mev, E=50 Mev; absorber: air; primary 
electron. Probability of exactly m electrons with energies greater 
than E; n is attached to the curves. 


The first of each trio of figures (1-3, 4-6, etc.) corre- 
sponds to approximation A (Figs. 1, 4, 7, 10) while the 
second and third are for the more accurate approxima- 
tions for showers in air with different values of Ey and 
E but with the same value of E)/E(=10 or 100). For 
Figs. 1-6 the ratio Eo/E is taken as 10 and for Figs. 7-12 
it is taken as 100. Figures 1-3 and 7-9 correspond to 
showers initiated by a primary photon while Figs. 4-6 
and 10-12 are for showers initiated by a primary 
electron. 

To obtain a more ready comparison of the striking 
way in which the properties of showers depend on 
energy and depth, we have plotted in Figs. 13-15 the 
probability of finding exactly m electrons with:energies 
greater than £, with m attached to the curves for the 
cases n=0, 1, 2, 3, 4, etc. 

Generally speaking, the quantitative results appear at 
first sight to bring out pretty well what one would expect 
from arguing on a purely qualitative basis. However, we 
shall see that the detailed behavior is most complex and 
defies purely qualitative reasoning. Furthermore, the 
complexity of the curves bears out the contention that 
the task of trying to find a simple analytical solution of 
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Fic. 14. Approximation A, Eo/E=100, primary electron. 
Probability of exactly electrons with energies greater than E; 
n is attached to the curves. 
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Fic. 15. Eo=500 Mev, E=5 Mev; absorber: air; primary 
electron. Probability of exactly m electrons with energies greater 
than E; n is attached to the curves. 


the problem, amenable to easy numerical evaluation, 
was a hopeless one. 

Many interesting features are highlighted by the 
curves. For instance, in Figs. 13, 14, and 15 the odd- 
even effect in a shower is clearly shown. In the case of a 
primary electron, the probability of an odd number of 
electrons before the cascade maximum—which corre- 
sponds roughly to the minimum of the curves—is 
greater than the probability for an even number. Thus 
at a depth of one radiation unit the probability of one or 
three electrons is considerably greater than the proba- 
bility for zero, two, or four electrons. A similar plot in 
the case of a photon primary using Figs. 7-9 would 
show the reverse with the highest probabilities showing 
up for even numbers of electrons. The two-maxima 
behavior for the curves n= 2, 3, 4, and higher numbers 
is easily understood. The number development of the 
shower builds up through the small values of n, eventu- 
ally reaching the maximum value for a certain depth /, 
and then the numbers decrease as the particles die off. 


° ' . 3 a 5 6 7? 8 9 10 

t (radiation lengths) 

Fic. 16. Probability of finding exactly 0 electrons with energy 
greater than £ (primary photon) in the case of approximation A 
with Zo/E= 10, and in the case of accurate cross sections, Compton 
effect and ionization losses being taken into account, Eo>= 500 Mev, 
E=50 Mev; Eo=50 Mev, E=5 Mev. The energy Zp or the letter 
A in the case of approximation A is attached to the curves. The 
absorber is air or, in the case of approximation A, a general 
absorber. 
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Fic. 17. Probability of finding exactly 0 electrons with energy 
greater than E (primary electron) in the case of approximation A 
with E,)/E=10, and in the case of accurate cross sections, Compton 
effect and ionization losses being taken into account, Eo=500 
Mev, E=50 Mev; Eo=50 Mev, E=5 Mev. The energy £p or the 
letter A in the case of approximation A is attached to the curves. 
The absorber is air or, in the case of approximation A, a general 
absorber. 


Hence before and after the cascade maximum the 
probability of finding electrons, where n is less than 
the average number at the maximum, must be greater 
than at the cascade maximum. The value of the depth 
t for which each curve reaches its maximum value must 
therefore also approach more and more closely to the 
value of the depth at the cascade maximum as » ap- 
proaches the value at the cascade maximum. Near and 
beyond the average number at the shower maximum 
there is only one peak for the curve—namely near the 
cascade maximum. It is interesting to note that im- 
mediately past the cascade maximum the value of the 
probability of finding n=0, 1, 2, 3, 4 electrons (m less 
than the average value of the maximum) increases with 
increasing n. This behavior is understandable since the 
odd-even effect brought about by pair production be- 
comes masked as the other shower factors come into 
play and overshadow pair production effects. On the 
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Fic. 18. Probability of finding exactly m electrons with energy 
greater than E for n=0, 1 (attached to the curves) in the case of a 
primary photon and using approximation A with E,)/E=10. The 
broken lines give probabilities of m electrons when one assumes 
that the distribution was Poissonian with the correct mean value. 
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other hand, at sufficiently great depths the order men- 
tioned above is completely reversed. 

In each of Figs. 13, 14, and 15 the ratio of primary to 
secondary energy is 100. However, the effect of de- 
creasing primary and secondary energies brings into 
play the accurate cross sections for pair production and 
bremsstrahlung as well as Compton effect and ionization 
loss. The resultant complex interplay of all these 
factors with the odd-even effect thrown in gives rise to 
the complicated detailed behavior depicted in the 
figures. For instance, at a depth of one radiation length 
the probability of finding exactly four particles in the 
case of approximation A is about 0.125; for Eo=5000 
Mev, E=50 Mev the value is 0.110, and for Eo= 500 
Mev, E=5 Mev the value is about 0.075. As would be 
expected, this shows that at higher energies the proba- 
bility of finding a high number of particles is greater 
than at low energies. However, at a depth of only two 
cascade units the corresponding figures are 0.135, 0.150, 
and 0.175, respectively, showing that the effect has 
completely reversed. This single example chosen from 
dozens of similar ones shows the danger in the analysis 
of shower results without the aid of quantitative 
numerical results. 

Figures 16 and 17 give the probability of zero elec- 
trons with energies greater than £ in the cases for which 
E)/E=10, plotted as a function of depth. Again for 
convenience of comparison we have shown each set of 
three comparable cases, namely : approximation A with 
E,/E=10, and in the low-energy case in air with 
E,y=500 Mev, E=50 Mev; Eo=50 Mev, E=5 Mev. 
Figure 16 is for the case of a photon-initiated shower and 
Fig. 17 for an electron primary. Both figures again 
demonstrate the strong energy dependence of the 
probability distribution and the important roles which 
Compton effect, ionization loss, and accurate cross 
sections play. Figure 17 for a primary electron exhibits 
an interesting feature, namely the behavior of the 
curves between the depths of zero and three quarters of 
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Fic. 19. Probability of finding exactly n electrons with ey 
greater than E for n=O, 1 (attached to the curves) in the case of a 
ea electron and using approximation A with Eo)/E=10. The 

roken lines give probabilities of m electrons when one assumes 
that the distribution was Poissonian with the correct mean value. 
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TaBLE I. Approximation A, Zo/E=100, primary electron. The probability of exactly m electrons with energies greater than EF at a 
depth ¢. The numbers in parentheses are those of Messel*; the others are the values of the actual distribution found in the present 


paper. 
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(0.095) 


0.061 
(0.040) 


0.013 


(0.008) (0.057) 


0.148 0.091 


(0.184) 


0.225 
(0.246) 


0.244 
(0.240) 


0.167 
(0.129) 


0.057 0.031 
(0.060) 


0.128 
(0.147) 


0.261 
(0.310) 


0.507 
(0.452) 


* See reference 2. 


a radiation length. In this interval the probability of 
there being exactly zero electrons is smaller for the 
lower-energy case than for the high-energy one. The 
opposite behavior might normally be expected. Ap- 
parently in this interval the radiation losses are so small 
that the electron has a considerable chance of travelling 
a long distance. 

It is of some interest to compare our results with 
those obtained by assuming that the distribution is of a 
simple form with one or two parameters, and computing 
these parameters from the accurate values of the mean 
and, if necessary, the second moment. The two forms. 
that are most naturally chosen are the Poisson, with 
probability generating function e’™“~, and its generali- 
zation, the binomial, with probability generating func- 
tion [(A+-um)/(A+m)]}*. [The probability generating 
function g(«) of a distribution with probability f(m) of 
having the value # is defined as g(u)=>> 0% u"f(n). ] 
In the case where the parameter A is negative, the 
binomial distribution is usually called the negative 
binomial or the Polya distribution. : 

In Figs. 18 and 19 we have plotted the probability of 
finding exactly zero and one electron for the case of a 
primary photon and electron, respectively, in approxi- 
mation A with Eo/E=10. Also plotted in broken lines 
are the values that these functions would have if the 
distribution was Poissonian with the same value of the 
mean. It is seen that only after the region of the shower 
maximum is agreement close in this case. 

For the case of an electron primary and £o/E= 100, 
we may compare our results in the approximation-A 
case with those of Messel* who computed the distribu- 
tion function using calculated values of the first two 
moments and assuming that the distribution is of the 
negative binomial type. This comparison is shown in 
Table I. 

As would be expected, the agreement shown in 
Table I is better at large depths than at small ones. 


(0.111) 


(0.022) 


0.002 
(0.002) 


0.008 
(0.005) 


0.015 
(0.012) 


0.036 
(0.027) 


0.056 
(0.058) 


However, again as in the case of the Poisson distribu- 
tion, we see that the reliability of using reconstructed 
distribution functions is very poor indeed. Using our 
results we have tried to find some simple empirical 
formula which would yield these; however, to date we 
have been unsuccessful. By the time one takes the odd- 
even and various other factors into account, one seems 
to end up with an empirical relation too complicated to 
be of much value. 

It should be noted that throughout this paper for 
probabilities whose values are of the order of 0.1 the 
standard deviation of our results is about 0.005, and for 
values of the order of 0.02 it is about 0.002. 

Our results yield in a direct and accurate manner the 
average-number curves for the cases considered. In 
Figs. 20 and 21 the logarithm of the average number of 
electrons with energies greater than & at a depth of / 
radiation lengths, due to a primary photon, and primary 
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Fic. 20, The logarithm of the average number of electrons with 
energies greater than E at a depth of ¢ radiation lengths due to a 
primary photon. The value of Eo/E is shown beside the two sets of 
curves. The energy Eo in Mev of the primary photon, or the letter 
A in the case of approximation A, is attached to the curves. The 
absorber is air or, in the case of approximation A, a general 


absorber. 
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t (radiction lengths) 


Fic. 21. The logarithm of the average number of electrons with 
energies greater than E at a depth of ¢ radiation lengths due toa 
primary electron. The value of Eo/E is shown beside the two sets 
of curves. The energy Ep in Mev of the primary electron, or the 
letter A in the case of approximation A, 1s attached to the curves. 
The absorber is air or, in the case of approximation A, a general 
absorber. 


electron, are given. The values of Eo/E, 10 and 100, are 
shown beside the respective curves. The energy Eo in 
Mev of the primary or the letter A in the case of 
approximation A is attached to the curves. 

It is of great interest to observe the behavior with 
energy of the position of the shower maximum. It will 
be noted that the depth of the shower maximum de- 
creases with decreasing energy of the primary and 
secondary particles, whereas it may have been expected 
that the opposite would be the case. Clearly the de- 
creasing rate of bremsstrahlung and materialization at 
low energies would be expected to extend the region in 
which the shower builds up to a maximum, whereas the 
higher rates of Compton effect and ionization loss 
should give the opposite effect. The results show clearly 
that the Compton effect and ionization loss outweigh 
considerably the effect of decreasing cross sections for 
bremsstrahlung and pair production. 

A further surprising feature is the large variation of 
the average numbers with primary and secondary 
energy, even though the ratio of E/E is constant. For 
instance, in the case of Ey>=5000 Mev, E=50 Mev, it is 
reasonable to expect that the results for this would be 
yielded accurately by using approximation A. However, 
this is simply not the case, the error being in most cases 
as high as 15%. In the case of Ey>=500 Mev and E=5 
Mev the differences are so large that approximation-A 
results would be of little or no value. 
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APPENDIX 


Consider the distribution with frequency function 
f(x) given by Eq. (13) with the same restrictions on the 
symbols. We shall show that using the composition and 
rejection methods as we have described, we do in fact 
arrive at this distribution. 

First we choose an integer from 1 to » with probability 
proportional to a; of being 7. By following the procedure 
we outlined, 7 is to be chosen when x;<0, x;_;>0, which 
is equivalent to 


i—1 n i n 
>» aj/ dS as<t< Yo aj/¥ ay. 
7=1 i=] j=l t=] 
Since — is uniformly distributed, the probability of this 
occurring is simply ai/>. :21" ai. 
The joint frequency function of (i,) before we allow 
for rejection is 


asf s(x)/ 3 ai. 


i=] 


“However, there is a probability of 1—g,(x) that we shall 


reject this value once we have chosen it. Letting 7=0 
denote acceptance and j=1 rejection, we have as the 
joint frequency function of (7, 7,«) 


Las fi(x)/ 3 as || j—gs(x)|. 


t=] 


Hence, as we repeat the process until we reach a zero 
value of 7, the joint frequency function of the first 
accepted values of (i,~) will be ca: fi:(x)gi(x), where cisa 
constant required to normalize the function. To find the 
frequency function of x, we must sum over i, obtaining 


n 
Cd aifi(x)gi(x)=cf(x). 
1=1 
Thus, as it was supposed that f(x) is normalized, c is in 
fact unity and we have established the required result. 
It is of interest to note that the probability of rejec- 
tion (j=1) is 


Sf Lesfi(x)/ ¥ aIL1—g.(x)x=1-(1/ ¥ a). 


i=1 i=l t= 


Thus > ;.1" a; is the average number of attempts that 
must be made until a value of x is accepted. 





PHYSICAL REVIEW 


VOLUME 112, 


NUMBER 6 DECEMBER 15, 1958 


Two-Pair Decay and the Spin of the Neutral Pion 


Davip W. JosEPx* 
The Enrico Fermi Institute for Nuclear Studies and the Department of Physics, The University of Chicago, Chicago, Illinois 
(Received August 22, 1958) 


The rare decay mode x° — two electron pairs is investigated as a possible means of directly measuring the 
x spin; chief consideration is given to the case of spin 2, since the occurrence of the two-photon decay re- 
quires the spin to be 0 or 2 2. If the angle between the planes of the two pairs is denoted by ¢, the distribution 
in ¢ is proportional to (1+ cos2¢). For spin 2*, d is calculated to be +0.001, while for 2~, only the restric- 
tion —0.19<X <0 is found; this is to be compared with the values for spins 0* (previously calculated by 
Kroll and Wada) of +0.19. The rate of occurrence of events in which the two pairs share the energy quite 
unequally is also calculated. It is found that a small value of |A| for spin 2~ should be accompanied by a 
value of this rate and of the ratio (x° — 4e)/(x® — 2y) both considerably greater than for spins 0+, while 
for large || or for spin 2+ these quantities should be close to the spin 0* values. 


I. INTRODUCTION 


T the present time, the spin and parity of the 7° 


have not been directly established. Probably the 
strongest argument at present that the r° is pseudo- 
scalar comes from the property of charge independence 
now rather well verified for pion-nucleon processes.! 
Since the members of an isotopic spin multiplet have 
the same spatial quantum numbers, the fact that 
charged pions are established to have spin and parity 
0- provides a strong argument that the neutral pion is 
also pseudoscalar. However, a direct demonstration of 
the x spin and parity is very desirable. As pointed out 
by Yang,” information on the parity can be obtained 
from the correlation between the planes of polarization 
of the two photons emitted in the decay r°— 2y. In 
principle, this correlation can be determined by ob- 
serving the correlation between the planes of the two 
electron pairs produced by the photons through inter- 
action with the Coulomb fields of nuclei.’ For those 
events where the two electrons of each pair make equal 
angles with the photon direction, Yang calculated the 
correlation for spin zero to be (17g cos2@), where the 
sign is the same as the parity of the 7°, and ¢ is the 
angle between the planes of the electron pairs. How- 
ever, a recent calculation by Karlson‘ shows that if 
this restriction is not imposed, i.e., if electron pairs of 
all possible configurations are included, then the corre- 
lation is only (10.0091 cos2¢). Even for x° production 
in a hydrogen bubble chamber (for example, by -+ 
capture), this experiment appears scarcely feasible 
because, on the one hand, this correlation is so weak, 
and, on the other, the probability for conversion of both 
photons within the chamber is very low for hydrogen 
chambers of present dimensions. However, the “double- 
internal-conversion” decay process (x° — two electron 
pairs) has a probability which is comparable with that 
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for double external conversion in present hydrogen 
chambers, but gives a much larger correlation, at least 
for the case of spin zero’ where the correlation function 
is (1+0.19 cos2@). Since several experiments are now 
being planned to determine the 7° parity from this 
process, it is of interest to consider the correlation which 
would be expected for a nonzero r° spin, and whether 
these experiments can hope to confirm spin zero for 
the r°. Chief consideration will be given below to spin 
two (the two-photon decay precludes spin one’). 
II. GENERAL THEORY 

The two-pair decay is assumed to occur entirely via 
an intermediate two-photon state; we shall consider it 
only to lowest order in the coupling constant a= 1/137. 
Although two Feynman diagrams should actually be 
considered, corresponding to the two possible pairings 
of the electrons and positrons, the contribution of one 
will usually be much smaller than that of the other. 
Therefore, only one diagram will be considered in the 
following calculations ; the other diagram and the inter- 
ference terms will be neglected. The instances where this 
may fail to be a good approximation will be indicated 
below. 

The °-photon interaction must be of the form 


Ke! = gH ,,=gb"[(DiF)(DiF) J. (1) 


Here $4’ is the symmetric, traceless, zero-divergence 
tensor representing a spin-two® 7°; Fas is the electro- 
magnetic field operator; the D; are constants or opera- 
tors involving spacetime derivatives only; and g is the 
coupling constant. In the rest system of the 7°, 
=$“=().° By using the symmetry and tracelessness of 
the ##, it can easily be shown that the following are 
eigenvectors of S;, the component of the spin along the 
%3 axis: 
GH= } (G'—h”) + 1p? 
GH= G+ ih%, (2) 
P= (3/2)1(@+- 4”), 


5'N. M. Kroll and W. Wada, Phys. Rev. 98, 1355 (1955). 
6G. Wentzel, Quantum Theory of Fields (Interscience Pub- 
lishers, Inc., New York, 1949), p. 204. 
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In terms of these operators, which involve annihilation 
and creation operators for x eigenstates of S53, the °- 
photon interaction takes the form 


+2 
K’=g > $"H", (3) 
m2 
where the H” are related to the H,, by equations similar 
to (2), provided the H,, have been made symmetric and 
traceless. The part of H™ corresponding to the creation 
of a pair of (possibly virtual) photons the momenta of 
which lie along the x; axis will be denoted by H™. Con- 
sideration of transformation properties under rotations 
about the x; axis shows that 


H+**=[ay1—22+i(a12+02) |f a2, 
H+ = (ayy 1423) fest (@s1bids2) 241, (4) 
= (a1: +422) fot (a12— 21) g0+assho, 


where the notation a;;=a;'(1)a;t(2) has been adopted, 
at(1) being the creation vector for the photon travelling 
in the positive x3 direction, a'(2) that for the other 
photon. The coefficients f;, gi, and ho are functions of 
k, the magnitude of the momentum of either photon, 
and of ko, and kos, the energies of the two photons (of 
course, koi-+ko2=u, where w denotes the mass of the 
n°). Since the amplitudes for emission of timelike pho- 
tons are related to those for longitudinal photons by 
the current conservation condition (i.e., by the factors 
+ho;/k), it has not been necessary to mention them 
explicitly in the expressions (4). 

Now we consider the following operations. 

(1) x2—> —2e, inversion of the x2 axis. Under this 
operation, the functions fo, go, and 4p are unchanged, as 
are (@1:+422) and a33, whereas (@;2—4@21) reverses sign. 
Since this operation leaves $°= (3/2)!(6"+”) un- 
changed for even r° parity, but reverses its sign for 
odd parity, it follows from the invariance of 3’ that 


fo= ho= 0 
go=0 


for odd x° parity, 

(5) 
for even x° parity. 
Since &*+* = pb (where p denotes the parity of the °) 
under this operation, it is necessary that H+? = pH; 
this requirement implies that f,2=— pf_2. But the fx» 
are unchanged by this operation; thus f,2= pf_», so the 
two states m= +2 must contribute equally to the decay 
process. A similar argument applied to H*' shows that 
fer=pf-1 and gyi1=pg-i, so that the m=+1 states 
likewise contribute equally. 

(2) x3—> —4x3, inversion of the x; axis; note that this 
operation exchanges the photons, so ko, — ko and 
ai; —> +a;i[— if one of (i,7) is 3, + otherwise ], whereas 
k— k. Since 6** — pb**, the invariance of 3’ requires 
that f12(k,ko1,ko2) = pfs2(k,ko2,ko1) ; this means that 


fa2=0 for odd x° parity and ko:= hoz. (6) 


It is easily seen that Eqs. (3), (4), (5), and (6) hold 
for any even 2° spin, with appropriate expressions 
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corresponding to (2) for #" and H”; of course, for spin 
zero, H™ and 6” are zero for m0. For odd spin and 
even parity, Eq. (5) is replaced by 


fo=h=0; go=0 for koi= koe (5 ) 


[ which follow from invariance under operations (1) and 
(2) ]. The combination of odd spin and odd parity is 
excluded by the occurrence of two-photon decay.” 

For the emission of two real photons, it will now be 
shown that Eqs. (4), (5), and (6) yield, for any even 
spin, the restrictions on the correlation of the polariza- 
tions found by Yang.’ Since real photons are trans- 
verse, only the terms H+? and 7° can contribute. For 
odd x parity, M+* cannot contribute, according to 
Eq. (6), since kn. =k=ko2 for two real photons; only 
the go term contributes to H®, according to Eq. (5); so 
the two photons necessarily have perpendicular planes 
of polarization. For even r° parity, H*? and f° can all 
contribute, only the fo term being available in H®; the 
correlation between the planes of polarization will thus 
lie between complete parallel correlation (when only 
Hf contributes; this is necessarily the case for spin 
zero) and no correlation (when only A+? contribute). 
Similarly, for odd x°® spin (>3) and even parity, Eqs. 
(4), (5’), and (6) show that the correlation between the 
photon polarizations is zero, as was found by Yang.? 

The transition matrix elements for the processes 
(i) w°— 2y and (ii) #°— 2e++2e can now be calcu- 
lated according to the diagrams of Fig. 1. The factor 
corresponding to the vertices a for decay from a 7° 
state m is obtained from A of Eqs. (4) by aij 5iadjg; 
these contract with the polarization vectors €,“(1)«€,*(2) 
for the case of process (i), and with the photon pro- 
pagators g*°g**/k,?(1)k,?(2) for the process (ii). ‘Partial 
conversion coefficients” p(m,@) may now be defined by 


p(m,)do= W «.(m,o)do/LimW 2y(m), (7) 


where W2,(m) is the total probability per unit time for 
decay to two real photons from the state m and 
W4.(m,o)dd is the differential probability per unit 
time for decay from the state m to two electron pairs 
whose planes make an angle between ¢ and ¢+d¢. A 
calculation, the details of which will not be given here 


te) (it) 


Fic. 1. Feynman diagrams for the decays (i) 7°— 2y and 
(ii) x9  2e++2e-. Actually, two diagrams correspond to (ii), dif- 
fering by exchange of the momentum labels attached to (sa: ) 
the outgoing electron lines; only one diagram is considered in the 
calculations since the contribution of the other is expected to be 
relatively small. 
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(see Kroll and Wada‘ for an outline of the procedure for 


spin 0), yields: 


(A sin’?6+B cos*¢) | fo? 
p(0,¢) = 2C dX \dXo nm ree 





XX 





(A cos*¢+B sin*¢) | go|* 
+ 
XX_ 
(A+B)X1X_| ho|? 


4ko*kos” 


, (8a) 


p(+1,¢) =¢ f axux: ninok(A +B) 


X2| fail? Xil gail? 
x|- sce 


os , (8b) 
X ko? X oko}? 
fae 


(8c) 
X1X2 


o(+2,¢)=2C f dX dX 2 ninok(A+B) 


p(m,o)=0 for |m|>2. (8d) 


In these expressions (8), the region of integration is the 
right triangle bounded by X,=2, X2=2, and X,+X2 
= p= 264 (units have been chosen so that the electron 
mass is unity). The symbols used are defined as follows: 

A= 3(1+-4 ‘X ?+ 4/ xX), 

B=5 + 4/ ha e+ 4/X e+ 3 2/ ps 7X 9", 

n= (1—4/X?)}, 
where X 7=o?—k?. In terms of the variables X, and 
Xs, the momentum and energies transferred by the 
virtual photons are 

k= 4$u{1—2[(X4/u)?+ (X2/u)*] 
+[(X1/u)?— (X2/u)? P}, 
kor= 4ul1+ (X1/u)?— (X2/u)*], 
Roo= Auf 1 oe (X1/pu)?+ (Xe ‘u)*). 
The constant C is inversely proportional to the de- 
nominator of (7), and is given by 
C=0?(189*u)—[4| f42(0) |?+ | fo(0) |?+ | go(0) |? }-; 


the argument 0 indicates that these functions are to be 
evaluated for kon =ko=k=u/2, corresponding to the 
emission of real photons. 

From these expressions (8) it appears at once that a 
correlation in ¢ can occur only for decay from the state 
m= (). [This is already apparent from (4), since correla- 
tion of the transverse photon polarizations is found only 
in the terms (@y:+422)fo and (di2—~4@21)go.7] Since 


(9) 


7 These terms cannot interfere since f>=0 for one parity and 
go=0 for the other; similarly, the 4o and go terms cannot inter- 
fere. The reason the ‘op and fy terms do not interfere is essentially 
the following: consider one of the pairs in its c.m. system, and let 
#8 denote the angle between the electron momentum and the 
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B—A=2(1—4/X1?)(1—4/X,”) and B+ A = 8(14+-2/X,’) 
X (1+2/X,?), it follows that 0< (B—A)/(B+A) <0.25 
within the region of integration; so the correlation 
arising from the fo or go term is proportional to 
(1+2’ cos2¢) with 0<A’<0.25 for even parity and even 
spin (the fo term) and 0< —)’<0.25 for odd parity, or 
even parity and odd spin (the go term). Further, it 
may be noted that the functions multiplying |fo|? 
and |go|? in (8a) are strongly peaked at small values 
of X, and X,» (where the virtual photons are “almost 
real’), while fo and go are expected to vary relatively 
slowly with X; and X2 [since k, ko, and ko2 do, from 
Eq. (9) ]. Therefore, it is reasonable to expect \’ to 
be rather insensitive to the detailed forms of fo or 
go, and so to be close the value +0.19 which results 
(via numerical integration) from (8a) for constant 
fo or go. There is, however, an exception to this; if fo 
or go vanishes for X¥,;=X.=0, \’ may have a value 
closer to +0.25. But in this case, the fo or go term 
contributes no real photons, and few pairs [since the 
integral in (8a) is small }; therefore the total correlation 
|A| should be small, due to the relatively large isotropic 
contributions from the states with m#0. 

For spin zero, only the fo or go term can contribute, 
apart from a negligible contribution from the term 
@33ho for even parity (negligible provided ho~ fo, which 
is the case for the simplest interaction possible for the 
spin 0+ case), so the correlation coefficient \ for two- 
pair decay from a spin zero w° meson has a value 
A=)\’=+0.19, in agreement with the results of Kroll 
and Wada.*® 

For even spin #0, there may be appreciable con- 
tributions from the other terms. Since these contribu- 
tions are necessarily positive and isotropic, the total 
correlation function will be proportional to (1+, cos2¢) 
where \ has a smaller magnitude than \’, but the same 
sign. If | fz2|=|fo| or |go|, the (isotropic) contribu- 
tions from the m= +2 states are each two times that 
from the m=O state. This might be expected to be 
close to the truth for even parity, so that A would be 
considerably less than \’=0.19. However, for odd parity, 
fx: must vanish for ko. = ko2 [from (6) ]; the assumption 
ut! Roi— Roz| "| f42| = | go| = const. leads to contributions 
from the m= +2 states each equal to about 8% of that 
from the m=0 state. The m=+1 contributions are 
harder to estimate, since the integrals depend con- 
siderably on the forms of fy; and gy;. The assumption 
that | fai]=|gir!=(|fo| or |go|)=const. leads to 
m=+1 contributions ~30% of that from the m=0 
state; but a factor of & in fy: or g41 would considerably 
decrease this, while factors of ko; or Roz could increase 
or decrease it. Thus if the correlation for two-pair 
decay is expressed by the factor (1+ cos2¢), a typical 


x3 axis; then the operation 8 — +—¥# is equivalent to x3 > —-x; 
(for this pair). Since the interference term in question involves 
precisely one index ‘‘3” referring to this pair, it will have opposite 
signs for # and x—#; but the derivation of Eqs. (8) involves an 
integration over 3 from 0 to =. 





2110 


TABLE I. fi, gi, and Ao for the “simplest” interactions. 








Spin 2- 
Spin 2* a ¥ 
0 Fipth (ko: — koe) 
tipkhko*™ 
Fiukko? 


0 
Bok Cart hed’) 





(k°+-Rorkoe) 0 

0 tipkkokos 
fe 0 Fipkkoikoe 
(j MG heaton) 


2(§)*orkoe 


2(F)tuk® = 2(F)tukkoikos 
0 0 








estimate for nonzero spin would be \ ~ +-0.03 for even 
parity and even spin, \~ —0.11 for odd parity. 

Similar arguments can be applied to the case of odd 
spin and even parity (odd parity cannot occur with odd 
spin’). In this case, Eqs. (5’) show that the m=0 con- 
tribution is very small (~1% of the total). Thus the 
total correlation has a very small magnitude; a reason- 
able estimate is \~ —0.002. 


III. THE LONG-WAVELENGTH APPROXIMATION 


If it is assumed that the r°-photon interaction (1) is 
of the simplest possible form, i.e., that the operators 
D; involve only the lowest order derivatives which 
allow a nonzero interaction term 3X’, more specific 
statements can be made. This assumption corresponds 
to the long-wavelength approximation, that the wave- 
lengths associated with the (virtual or real) electro- 
magnetic fields are long relative to the linear dimen- 
sions of the volume containing the virtual currents 
giving rise to the electromagnetic interaction for the r° 
meson; the wavelengths are <1/(2u), while the size is 
expected to be ~1/M where M is the nucleon mass. 

For spin 2+, the simplest form for 3C’ is proportional 
to @”F,,F,’. For spin 2-, the interaction of the same 
order in the differentiation operators would be 
@,"e""°F,,F,,; but this vanishes identically, since 

OF oF po= 4(er""°F .,F,.)g-", and ,'g,“=%,"=0 
Hence it is necessary to consider interactions involving 
two differentiation operators. After the use of Max- 
well’s equations for F,, and the Klein-Gordon equation 
for &*” (and exchanging derivatives, corresponding to 
integrating by parts), the possible interactions of this 
complexity can be expressed as linear combinations of 
the following three independent interactions : 


a= 36°77 (OF ye) (0,F ys), 
B= "e477 (0:0 Fy.) Fy’, 
y=,"€°°1(930,F ye) F y?— 2(OsF v9) (OeF y°). 


The fi, gi, and Ao for these interactions are given in 
Table I. 

It is seen that the simplest interaction for 2+ yields 
an fo which vanishes for X:;= X2=0 [see Eqs. (9) ].° 
Thus the fo term contributes no real photons and few 
virtual ones, so that the correlation is much smaller 
than was estimated above (A ~ +-0.03); in fact, calcu- 


8 This is an example of the “exception” of Sec. II, paragraph 
seven. 


(10) 


DAVID W. 


JOSEPH 


lation yields \=+0.001. Of the interactions given for 
odd parity, a allows two-pair transitions only from the 
m= 0 state; 8, from m=0, +1; and y, from all m states. 
Any two of these 2- interactions may be combined to 
form an interaction producing no real photons (i.e., 
go=0 for X,;=X.=0), thus |A| small* and p infinite, 
where p=W4e/W2,= di mnJS do W4e(m,)/d- mW 2,(m) is 
the (total) conversion coefficient; such a limiting case 
does not, of course, apply to the actual physical situa- 
tion. An indication of the p and \ values obtainable from 
combinations of 8 and ¥ is given in Table II. 

As expected, the departure of \ from —0.19 for the 
spin 2~ interactions considered in Table II is mainly 
due to the isotropic contributions from the states with 
m0; large contributions from these states also raise 
the conversion coefficient, since (for negative parity) 
these states cannot contribute any real photons. An 
inspection of Eqs. (8) shows that these contributions 
should have a third effect on the pairs produced; for, 
the m=0 contribution favors X; and X, both small [the 
factor (X,X_2)~'], while the other contributions favor 
one X; large and the other small [due to the factors 
Xi/X-2 or Xo/X, for m=+1, and | f42|?/XiXe for 
m=+2, since fs2=0 for X1=X:, by (6) and (9) ]. 
Thus, for spin 2-, large contributions from the states 
with m0 should be accompanied by a considerable 
increase in the number of decays having large values 
of | X?~—- X??| . 

Figure 2 compares the distributions in | ko:— Roe| /u 
= | koy’— kos?! /w?= | XP—X.?| /u? for different m states 
and various spin 2* interactions, with the distribution 
for spin 0*. Each curve is normalized to unit total 
probability. The spin 0* curve has a very strong maxi- 
mum at zero; the portion of the curve shown, | ko— kos! 
>0.05u= 6.7 Mev, accounts for 28% of the total. The 
total spin 2+ curve and the m=0 curves for 8 and y 
actually differ slightly (~1%) from the spin 0* curve; 
for B—y the m=0 curve would be somewhat more 
humped than the m=-+1 curve (but of course its 
contribution to the decay rate is negligible). The 
m= -+1 curve for any combination of 8 and ¥ (a yields 
no m=+1 contributions) will have a shape inter- 
mediate to those of the curves shown for 6+ and B—y. 

Neglect of the electron mass (the electrons are in 
general highly relativistic) leads to X?=2pitpi- 
X (1—cos#,;), where p;* are the magnitudes of the 


Taste II. Conversion and correlation coefficients for spins zero 
and two. p=W4./W2, is the conversion coefficient. F(-+-m) is the 
fraction of two pair decay occurring from the states with Sy=-:m. 
d is the correlation coefficient. 
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® The spin 0* values agree with Kroll and Wada,‘ except that the value 
of \ is here calculated to somewhat greater accuracy (+0.002). 
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positron and electron momenta and 6; is the angle be- 
tween them; so a large X; requires a fairly large 4, 
while a small X; generally corresponds to a small 4,. 
Thus the m=0 state for 2~ and the m= +2 states for 
2+ yield chiefly events having two small-angle pairs, 
while the other states yield chiefly events with one 
wide-angle pair and one small-angle pair. Thus the 
presence of large m0 contributions for 2~ would also 
be accompanied by a considerable increase in the num- 
ber of wide-angle pairs. 

Qualitative arguments may now also be given con- 
cerning the justification of neglecting the second 
Feynman diagram and the interference terms in this 
calculation. For spin 2~ and m=O, or spin 2+ and 
m=-+2, events with two small-angle pairs are highly 
favored, so that for most events the opposite pairing 
of positrons and electrons, which would mean two 
very-wide-angle pairs, would lead to an entirely negli- 
gible matrix element. All other contributions (except 
that from a3340, which is negligible) favor one wide- 
angle pair and one narrow-angle pair. For these the 
situation is less clear-cut, since there is the possibility 
that one member of the wide pair may make a sma!] 
angle with the narrow pair, in which case the opposite 
pairing would lead to a matrix element of comparable 
size. However, such situations have relatively small 
probability, due to the limited phase space available 
for them, so one may presume that the (partially inte- 
grated) probability is not greatly affected. The proba- 
bility of such situations will increase with | ko:— oo! /u 
= |X "—X,?|u?, so the curves of Fig. 2 are more likely 
to be in error at large values of the abscissa than at 
small. 


IV. CONCLUSIONS 


If the distribution in ¢ is written as (1+A cos2¢), the 
parity of the ° is the same as the sign of A for any 
even spin of the 7°. However, if the r° does not have 
spin zero, A can take on values intermediate to the 
+0.19 allowed for spin zero, so that the determination 
of its sign becomes more difficult. An experimental 
value of \++0.19 (i.e., definitely different from zero 
and positive) would discriminate against spin 2+, in 
favor of spin 0*; a value of \ + —0.19 would not allow 
discrimination between 0~ and 2-. In the latter case, 
measurement of the conversion coefficient or the rate 
of occurrence of events with unequal energy sharing 


®Odd spin >3 is possible for positive parity.? In this case \ is 
negative but very small in magnitude (~—0.002). 
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Fic. 2. Sharing of energy between electron pairs for spins 0+ 
and 27. ko, and hoz are the energies of the two pairs (or of the 
virtual photons producing them). Each curve is normalized to 
unit probability. The curve for spin 2+ (either for m=+2 or 
total) and the m=0 curve for spin 2-, 8 or y, are not actually 
coincident with the spin 0* curve, but lie within about one per- 
cent of it. 


(that is, events for which the energy of one pair is 
considerably different from that of the other) would 
assist very little in discriminating between the two cases. 
On the other hand, a value of |\| decidedly less than 
0.19 would indicate spin > 2 for the x° meson. If \ were 
close to zero, but not of known sign, the observation of 
the conversion coefficient or of the rate of occurrence 
of events with unequal energy sharing would allow dis- 
crimination between the cases 2+ and 2-, these quanti- 
ties being comparable with those predicted for spin 0* 
for spin 2+, but significantly larger for spin 2-. 
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The helium distribution in a slice from the iron meteorite, Grant, has been measured and plotted in the 
form of contour maps. The contours of constant helium show a minimum helium content and isotopic ratio, 
He’/He', near the center of the slice, the isotopic ratio varying from 0.26 near the center to 0.30 at the 
surface. A cosmogenic helium production rate equation was fitted to the data giving a He*/He* production 
ratio by primary cosmic rays of 0.50 and by secondary particles of 0.14. Primary and secondary particle 
interaction cross sections were found to be 540 mb and 720 mb, respectively. The ratio of the average post- 
atmospheric radius to the pre-atmospheric radius of Grant was calculated to be 0.65. 





AUER! and Huntley’ independently proposed that 
cosmic rays interacting with meteorites should 
produce measurable amounts of helium. Bauer’ also 
suggested that the He*/He* abundance ratio might be 
quite different from that found in terrestrial helium. 
Evidence to support this hypothesis was obtained by 
Paneth ef al.* who showed that, in accordance with pre- 
dictions from evaporation theory,’ the He*®/He‘ abun- 
dance ratio in iron meteorites lay in the range 0.2 to 0.3. 
Inasmuch as cosmic rays are attenuated as they pass 
through matter, one should observe a “depth effect” 
if the helium at different distances from the surface of 
a meteorite were investigated. Paneth et al.® studied 
the isotopic composition as well as the absolute amount 
of helium found in drillings taken from two holes bored 
in the iron meteorite Carbo, and indeed found a depth 
effect. Martin® made a theoretical analysis of the prob- 
lem. More recently Ebert and Winke,’ working in 
Paneth’s laboratory, have reported ona redetermination 
of the helium (and neon) contents of a number of 


TaBLE I. Helium concentration in Bar B of meteorite Grant. 
L and R in position column refer to distances left or right from 
reference line scribed on slice (see Fig. 2). 


Position He? Het Total He Ratio 
em Lor R (10-* std. cc/g)* (10-* std. cc/g) (10-*std.cc/g) He*/He* 


21.88 28.05 

21.09 26.84 
19.47 24.64 
18.57 23.49 
18.51 23.39 
: 18.84 23.83 
4.97 18.70 23.67 
5.18 19.69 24.87 
5.61 20.34 25.95 
5.94 20.93 26.87 


0.282 
0.273 
0.265 
0.265 
0.264 
0.265 
0.266 
0.262 
0.275 
0.283 
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*cc of gas at 0°C and 760-mm Hg pressure per gram of meteorite. 


* Supported by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 
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metecrites. They discussed in some detail the depth 
effect, and the ablation of meteorites as they pass 
through the atmosphere. 

The purpose of the present investigation was to make 
a systematic study of the distribution of He® and He’ 
in the one-half ton iron meteorite, Grant. The meteorite 
had a cross-sectional slice cut from it which in turn 
was cut into a number of bars. Sets of these bars were 
distributed to several laboratories for rare-gas analyses.*® 
Preliminary reports on the present investigation appear 
elsewhere.’ 


APPARATUS AND METHODS 


A double-focusing mass spectrometer calibrated with 
standard helium samples was used to determine both 
the absolute amount and the isotopic ratio He*/Het of 
the helium in the gas extracted from the meteorite 
samples. The instrument was similar to one earlier 
described" -” for determining precise atomic masses. In 
order to improve the sensitivity, the slits were made 
wider. However, the resolution was ample to separate 
the He’ and HD ion peaks. 

One feature of the present instrument was a double 
collection system for He*® and He‘, permitting simul- 
taneous reading of the two ion beams. Separate vacuum 
systems were employed for evacuating the ion source 
region and the analyzer. Because the conductance 
between the two regions was extremely low (determined 
by the source slit area), samples could be analyzed by a 
recirculation technique. The gas was admitted to a 
manifold of metal vacuum valves and copper tubing 
and pumped continuously (by the mass-spectrometer 
ion-source diffusion pump) through the source region, 
past a titanium sponge getter, and back to the ion 


National Museum, Smithsonian Institution of Washington, D. C., 
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cutting by the Battelle Memorial Institute, Columbus, Ohio. 
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Annual Meeting of the American Geophysical Union, 1958 
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(U. S. Government Printing Office, Washington, D. C., 1953), 
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source. In this manner He’ samples as small as 10~"° cc 
(NTP) could be detected. The useful sensitivity for 
He‘ was not as favorable due to an in-leakage of 
approximately 2X10-’°cc (NTP)/min of atmospheric 
helium as a result of the permeability to helium of the 
Pyrex parts of the vacuum system. Approximately 3% 
of the sample was lost to the analyzer region per 
minute and pumped away. 

To extract the gas from an iron meteorite, a sample 
of about 0.150 g was loaded in an alumina crucible 
inside a tantalum cylinder and heated in vacuum by 
induction heating. The gas thus released was pumped 
continuously by a metal oil diffusion pump into the 
titanium getter in the spectrometer recirculation line 
where it was purified and stored until the heating cycle 
was completed. The helium was then recirculated 
through the mass-spectrometer ion source and the 
He’ and He‘ peak heights were measured on a two- 
channel recording potentiometer. 

In practice, 85 to 98% of the helium was extracted 
in a single heating cycle. A second or third heating cycle 
was performed until the entire sample was evaporated. 
It is believed that at least 99% of the helium was 
extracted from the sample. 

To calibrate the mass spectrometer, a standard con- 
taining known amounts of He* and He‘ was run im- 
mediately after and in the same manner as the unknown. 
The standard was prepared as follows: known amounts 
of pure He® and He‘ were mixed to give a stock supply 
of helium having an isotopic composition approximately 
equal to that found in meteorites. A standard volume 
(1.05 cc) was filled to a pressure of several cm Hg with 
the standard helium mixture. By a series of four ex- 
pansions into known volumes the original quantity of 
helium was reduced to a known amount near 3 X 10~* cc 
(NTP) which was then admitted to the recirculation 
line of the mass spectrometer and measured. 

To determine whether all the helium released by a 
sample was collected and measured, the following 
experiment was performed. A small copper tube of about 
0.3 cc volume was filled with a quantity (known to 
approximately 1%) of helium and sealed. This was 
placed in the alumina crucible and subjected to the same 
procedure as a meteorite sample. The measured amounts 
of He’ and He‘ both agreed to within 2% of the amounts 
sealed into the tube. 

In order to determine the atmospheric helium in- 
leakage under actual operating conditions, blank runs 
were made periodically using empty alumina crucibles, 
and a correction made. In a typical meteorite sample, 
the correction amounted to from 1 to 5% of the He’. 

From these tests and those of the standards, it is 
believed that all the meteorite analyses were made to an 
accuracy of 3% in the relative quantities of He* and of 
He‘ per gram of meteorite. The absolute accuracy of 
the helium content measurements is approximately 5%. 
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Fic. 1. Helium concentration in Bar B of Grant meteorite. Dis- 
tances are with respect to reference line scribed on slice (see Fig. 2). 


RESULTS 


The Grant meteorite is a 1060-pound fine octahedrite 
iron meteorite found in 1929 in the Zuni Mountains, 
forty-five miles south of Grant, New Mexico. It was 
cut in half and a slice 1 cm thick was removed (parallel 
to the cut surface) from one of the halves. The slice was 
cut into a number of parallel bars. Those marked B, F, 
J, N, and R were made available to us for the present 
research. Helium analyses were made on samples from 
various points along each of these bars, and the results 
from a typical bar, Bar B, are shown in Table I and 
plotted in Fig. 1. Distances are referred to a line scribed 
on the slice perpendicular to all the bars. (See Fig. 2 
for reference line and bar positions.) 

Contours of constant He® and constant He‘ were 
drawn from the helium-content data, the results being 
the contour maps shown in Fig. 2 and Fig. 3. These 
contour maps indicate that the minimum helium con- 
tent and minimum isotopic ratio.in the meteorite slice 
both lie near the center and increase monotonically 
towards each surface. It should be pointed out that these 
contours show only a two-dimensional picture of the 
helium distribution. The slice was cut so as to pass 
through the center of mass of the post-atmospheric 
meteorite. While this may not coincide with the pre- 
atmospheric center of mass or the “radiation center” of 
the meteorite, it is probably a fairly close approxima- 





H. HOFFMAN AND A. O. NIER 


Fic. 2. Contours of 
constant He’ in Grant 
meteorite slice. Sets of 
horizontal lines indicate 
bars into which slice was 
cut. Crosses (%) are 
points at which helium 
analyses were actually 
made. Dots (*) are in- 
terpolated helium con- 
centrations taken from 
graphs such as shown in 
Fig. 1. Diagonal lines 
indicate directions along 
which radial helium con- 
centration averages were 
made. 
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Fic. 3. Contours of 
constant He‘ in Grant 
meteorite slice. 
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PRODUCTION OF He 
tion since in the slice itself the point of minimum helium 
content lies near the geometric center. If ever sampies 
become available from another plane of the meteorite, 
this question could be settled. 

In order to interpret the experimental data, a com- 
parison was made with an equation representing the 
production of helium by cosmic rays. Parameters ap- 
pearing in the equation were evaluated by fitting the 
equation to the contour data, and the results were 
compared with data obtained from other types of ex- 
periments. To facilitate the evaluation of the parameters 
in the equation, the average radial He* and He‘ contents 
and the He*/He' ratio were plotted (in effect the con- 
tours were thus replaced by “equivalent” spheres). The 
results of this averaging appear as the solid portions 
of the curves in Fig. 4. The dashed portions will be 
explained later. 

Helium is produced in meteorites by the interaction 
of cosmic-ray particles with the nuclei of the meteorite 
material. When a nucleus is struck by a very high- 
energy particle (cosmic-ray proton), a large quantity of 
energy can be transferred to the nucleus by the creation 
and reabsorption of + mesons in the nucleus.” A few 
very high-energy nucleons or x mesons will escape from 
the struck nucleus. These are knock-on particles and 
are seen as minimum-ionizing tracks in nuclear emul- 
sions. Their multiplicity is about 0.2 times the primary 
flux.* Since their energy is in the range of primary 
cosmic-ray energy, they will be considered to interact 
in a meteorite in the same manner as primary cosmic- 
ray particles. Let a, be the total interaction cross section 
of primary cosmic rays with matter. Then the effective 
absorption cross section, 4, of the primary plus the high- 
energy knock-on particles will be smaller than the 
primary interaction cross section. Thus, ¢.=¢,/1.2. 

Lower energy nucleons and + mesons will also be 
emitted (grey tracks in emulsions) with a multiplicity 
of about 3 per primary incident particle.‘ These are 
termed secondaries and have an interaction cross section 
o,. It is assumed here that all secondary particles are 
emitted in the forward direction with respect to the 
primary particles. While Camerini ef al.“ have shown 
that there is a finite backscatter, the gray tracks in 
emulsions are strongly oriented in the forward direc- 
tion. Since no data are available for this phenomenon 
in iron and the backscatter is small in emulsions, we 
will neglect it here. In this analysis, both o, and a, are 
considered constant over the energy ranges of primaries 
and secondaries, respectively, since actually they do 
vary only slowly with energy. 

After a nucleus has been highly excited and the high- 
energy secondary particles have escaped and a near 
equipartition of energy has been achieved, the nucleus 


18 Wolfgang, Baker, Caretto, Cumming, Friedlander, and Hudis, 
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4 Camerini, Davies, Fowler, Franzinetti, Murhead, Lock, 
Perkins, and Yekutieli, Phil. Mag. 42, 1241 (1951). 
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Fic. 4. Average radial helium distribution in Grant meteorite 
slice. Solid portions of curves obtained from contour maps shown in 
Fig. 2 and Fig. 3. Entire curves (solid plus dashed) are plots of 
helium production equation fitted to experimental results. 


may dissipate its energy by either spallation or frag- 
mentation. The former process consists of evaporation 
of light-mass particles such as n, p, d, t, He® and Het. 
This process accounts for most of the cosmogenic He‘ 
and some of the He* produced in a meteorite. He* may 
also be produced by knock-on nucleons picking up two 
additional nucleons and subsequently being emitted as 
He’ or H*. The residual nuclei after the evaporation 
process is completed are called the spallation products. 
These may be any isotope of any element lighter than 
iron and include neon and argon which have also been 
measured in meteorites.!*-"” 

Under the assumption that a unidirectional beam of 
primary cosmic rays incident normally on a semi- 
infinite meteorite will be attenuated exponentially and 
that its energy spectrum is invariant with penetration 
depth, an equation which represents the He’ production 
rate at a distance / below the surface may be written 


18 P. Reasbeck and K. I. Mayne, Nature 176, 733 (1955). 

16 W. Genter and J. Zahringer, Geochim. et Cosmochim. Acta 
11, 60 (1957). 

17R, Bieri, Bull. Am. Phys. Soc. Ser. II, 3, 221 (1958); also 
private communication. 





2116 ‘. 


TABLE II. Summary of numerical quantities involved in 
helium-production analysis of Grant meteorite. 








r/R=0.65* 
r=25 cm> 
R=39 cm 


o2=450 mb 
op=540 mb 


up=0.046 
o,=720 mb 


u,=0.062" 


Mye?/Myet=0.50* 
My.=1.1 
Myet=2.2 
my =0.14 
myet= 1.0 


mue/myet= 0.14" 
Cpp3= 600 mb* 
@ppa= 1200 mb 
Cpazx= 120 mb 
Cpa = 850 mb 


* Determinations from curve fitting process (Fig. 4). 

b Average radius taken along diagonal lines in Fig. 2. 

© Extrapolated from data in reference 18. See text. The other numbers 
were calculated from the items designated by a, b, and c. 


as follows’: 


Pue= Maem! o exp(— pel) 


Ms 
+mue*—— Sp, I oLexp(—ual)—exp(—u,l)], (1) 
Ms—Ha 


where My.'= multiplicity of He’, i-e., the number of He® 
particles (including H*) produced per primary interac- 
tion ; my.?= the number of He’ particles (including H*) 
produced per secondary interaction; Jo=primary 
cosmic-ray intensity in space, and S=number of 
secondary particles emitted per primary interaction. 
Also yj;=(Npo;)/A, where N=Avogadro’s number, 
A=average atomic weight of meteorite material, 
p=density of meteorite material, and j=a, p, s. The 
first and second terms of Eq. (1) represent the He’ 
production rate by primary and secondary particles, 
respectively. A similar equation exists for He’, the only 
difference being that the multiplicities for He* are 
written in place of those for He’. 

Equation (1) was derived assuming a unidirectional 
flux. Since the cosmic-ray flux is actually omnidirec- 
tional and the Grant meteorite radius is of the same 
order of magnitude as the cosmic-ray interaction length 
in iron, the helium production rate at a given point 
inside the meteorite is found by integrating Eq. (1), 
recognizing that cosmic rays reaching this point come 
from all possible directions. In performing the integra- 
tion, the assumption is made that the pre-atmospheric 
meteorite could be approximated by a sphere. This as- 
sumption appears reasonable because the contours are 
approximately circular. 

By adjusting the values of the parameters in the 
integrated form of Eq. (1), the equation was made to 
fit the He* data curve; likewise the He* form of the 
equation was made to fit the He‘ data curve of Fig. 4. 
From this curve-fitting process, values for wa, u., and 
the ratios of the helium multiplicities were obtained. 
These are shown in Table II. Also obtained was the 
ratio of the post- to pre-atmospheric radius of the 
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meteorite, which ratio, r/R, turned out to be 0.65. The 
average post-atmospheric radius is 25 cm, thus the pre- 
atmospheric radius, R, is 39 cm. The dashed portions 
of the curves of Fig. 4 show the radial helium distribu- 
tion in the region ablated during passage through the 
atmosphere. Thus, the complete (dashed plus solid) 
curves give the helium distribution in the pre-atmos- 
pheric meteorite. 

In Table II, Mye?/M net=0.50 is the ratio of He*/He' 
(including decayed tritium) produced by primary cosmic 
rays in the meteorite. It must be pointed out that in 
deriving Eq. (1), it was assumed that this ratio is a 
constant over the energy range of primary cosmic rays 
(several Bev), and thus this number represents the 
average value of the He*/He‘ ratio over this energy 
range. Likewise mu.?/mue'=0.14 is the average value 
of the He*/He' ratio (including decayed tritium) pro- 
duced by secondary particles, again assumed a constant 
over the secondary energy range (several hundred Mev). 
It is reasonable to expect from a consideration of the 
processes by which helium is produced that the He*/He‘ 
ratio should be higher at higher energy, since a fraction 
of the He® may be produced by a knock-on process 
which is thought to be quite energy-dependent, the 
amount of He* produced increasing with energy. Also 
since the a@ particle is a more tightly bound structure 
than He’ or H? it would be relatively more abundantly 
evaporated at lower energy. Both these processes act 
to give a He*/He' ratio higher for primaries than for 
secondaries. 

The value 0.5 for the ratio He*/He* produced by 
primaries will now be considered in view of other ex- 
perimental data. Since the Grant meteorite size is of the 
same order of magnitude as the cosmic-ray interaction 
length in iron, at every point in the meteorite (including 
the pre-atmospheric surface) some of the helium will 
have been produced by primaries and some by second- 
aries. Since it is known from the work of Schaeffer and 
Zahringer'® that lower energy protons (few hundred 
Mev) hitting an iron target produce a He*/He* ratio 
(including decayed tritium) of 0.1 to 0.2, the primary 
cosmic-ray He*/He* production ratio must be greater 
than the largest measured helium isotope ratio in Grant. 
This latter is 0.30. Also, Fig. 4 shows this ratio reaches 
0.42 at the pre-atmospheric surface. Thus, the primary 
ratio of 0.50 seems reasonable from these considerations. 

In comparing the results obtained for targets ex- 
posed to proton beams with those found for meteorites, 
allowance must be made for the fact that in a meteorite 
the He® found includes the decayed H® as well as the 
directly produced He’; in target experiments, on the 
other hand, measurements are usually made in a time 
short compared with the half-life of H® (12 years) so 
that the He* found does not include any appreciable 
amount of decayed Hi’. 


180. A. Schaeffer and J. Zahringer, Z. Naturforsch. 13a, 346 
(1958). 
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The literature gives two different values for the 
He*/H? ratio produced by protons in iron. Martin ef al.’ 
give 0.6 for 340 Mev protons. More recently Schaeffer 
and Zahringer'® report 1.4 at 430 Mev and 2.4 at 3 Bev. 
The latter also measured the He*/He‘ ratio for protons 
of several different energies and found this ratio to 
increase fairly rapidly with energy, having a value of 
0.18 at 3 Bev, the highest measured energy. 

If one accepts the target He*/He! ratio of 0.18 and 
attempts to calculate a He*/He' ratio, which includes 
decayed tritium, one finds a value of 0.25 if a He*®/H* 
ratio of 2.4 is used and a value of 0.39 if Martin’s value 
extrapolated to higher energies,’ 0.85, is employed. The 
presently calculated value of 0.5 is not inconsistent 
with either of these results if the He’/He* production 
ratio increases rapidly with energy beyond 3 Bev. 

Bieri,” on the other hand, measured the He*/He‘* 
ratio in a copper target exposed to 6 Bev protons and 
found a value of 0.17. The He*/Het ratio which includes 
decayed H# will then be 0.24 for a He*/H? ratio of 2.4 
and 0.37 for a He*/H? ratio of 0.85. 

Since results on various meteorites as well as the 
analyses in the present paper point to a He*/He* ratio 
(including decayed H*) of at least 0.35 for protons of 
cosmic-ray energy on iron, it is obvious that more 
determinations of the He*/H* and He*/He' ratios are 
required for targets exposed to protons in the cosmic- 
ray energy range in order to clarify the picture. 

From the curve-fitting process discussed earlier, only 
ratios of the multiplicities were obtained. In order to 
find absolute magnitudes of these quantities, one of 
them was evaluated from other data. Unfortunately, 
lack of knowledge of the cosmic-ray energy spectrum in 
space makes it somewhat difficult to obtain such a 
number. Schaeffer and Zihringer'® have reported the 
(He’+H!*) production cross section, ¢»,s, in iron by 
protons at several energies. They found that this cross 
section rose fairly rapidly with energy, reaching a value 
of 340 mb at 3 Bev. If one accepts these data, it appears 
reasonable to expect that ¢,,3 will continue to rise with 
increasing energy and reach a value of perhaps 600 mb 
at the average energy of primary cosmic rays. 

From the value of uw, given in Table II, o, was 
calculated to be 540 mb. Hence My.?=¢pp3/ 7p= 600 
mb/540 mb=1.1. The other three multiplicities are 
M te!= 6 pps/ Op, Mie? = F p43 Fe, ANd MyHe!= Cpa To, Where 
opps is the Het production cross section by primaries, 
o ps3 is the He*® production cross section by secondaries, 
and oes is the He* production cross section by second- 
aries. These quantities could then be calculated, the 
results appearing in Table II. 

It is interesting to compare the helium multiplicities 
obtained for Ag and Br from cosmic-ray emulsion ex- 


1? Martin, Thompson, Wardle, and Mayne, Phil. Mag. 45, 410 
(1954). 
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periments with those calculated here for Fe. In emul- 
sions the distinction is made only between charge 1 and 
charge 2 particles and not the isotopes of hydrogen and 
helium. Therefore we must calculate the He* (not in- 
cluding H*) plus He‘ multiplicity. If one assumes that 
the He*/H® ratio of 2.4 reported by Schaeffer and 
Zahringer reaches a value of 3 at primary 
cosmic-ray energies, the He* production cross section 
(not including H*) will be 450 mb and the multiplicity 
(without H*) will be 0.8. From Table II My.:=2.2. 
Hence the total helium (charge 2) multiplicity is about 
3. This is in good agreement with the value of the order 
of 3 to 4 from emulsion data.”’ 

The secondary interaction cross section resulting 
from the curve fitting process is 720 mb. If it is assumed 
that this is the geometric cross section for an iron 
nucleus, #(roA*)*, then ro= 1.0% 10—* cm. This lies near 
values of this constant as measured by other types 
of experiments. 

Since the amount of helium found in a meteorite 
which is free of uranium and thorium is determined 
by the cosmic-ray intensity to which the body was 
exposed, integrated over time, one can in principle 
calculate an age for the Grant meteorite.” 


about 
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*! This age, which is an exposure time to cosmic rays, depends 
on some factors which are not well established. One assumes that 
the space and time average of the cosmic rays to which the 
meteorite was exposed was the same as that measured near the 
top of our atmosphere at the present time, about 0.25 particle 
cm*-steradian. [ J. A. Van Allen and S. F. Singer, Phys. Rev. 78, 
819 (1950); Meredith, VanAllen, and Gottlieb, Phys. Rev. 99, 
198 (1955) ]. Further, values for the primary helium production 
cross sections which were used in the age calculations could be con- 
siderably in error since they were obtained by extrapolation from 
measurements that have been made at energies below those of 
average Cosmic rays; moreover, there is considerable uncertainty 
in the actual energy distribution in cosmic rays. Finally, as 
previous sections indicate, the production cross sections by 
secondary particles are not known to any high degree of accuracy. 
On the other hand, loss of helium by diffusion apparently does 
not introduce an appreciable error in view of the fact that the 
highest helium concentration is found at the surfaces rather than 
the interior of the meteorite body. The “age” calculated from 
the present data is then 0.6X10* years. The value should be 
accepted with some reservations until the uncertainties mentioned 
have been clarified. 
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Stacks of C-2 emulsion were exposed to neutral AK mesons. These were produced by the charge exchange, 
in dense material, of A* mesons from the Berkeley Bevatron. Hyperfragments were found in these stacks. 
It is concluded that the hyperfragments were produced by K;° mesons in the K® mode. These were 
generated by the decay of the K,° component of the K° beam as would be expected from the Gell-Mann Pais 


} 


scheme. Other possible mechanisms of production of the hyperfragments have been considered and shown 


to be unimportant. 





1, INTRODUCTION 


of the K° amplitude, in a K° beam of definite initial 
strangeness, can show interference effects due to the 
mass difference of the K," and K;°. A possible method 
of detecting this interference is to utilize the charge 
exchange of a K+ beam in a dense target which then 
produces a pure beam of A° mesons of strangeness +1. 
By monitoring the amplitude of the A° at different 
distances from the K* target, it should be possible to 
detect the interference. An exposure has been made to 
test the feasibility of such an experiment. Preliminary 
data, although insufficient to give information on the 
mass difference, do show that the double change in 
strangeness does occur.* 


[’ has been pointed out'~ that the time dependence 


2. EXPOSURE 


Crude estimates of the background of stars and 
charged particles indicated that it would be very 
difficult to monitor, in G-5 plates, the A’ mode by 
detecting the interactions which would lead to the 
production of charged hyperons and A~ mesons. The 
principal background comes from the very high ratio 
of minimum-ionizing pions to K° interactions. However, 
the nonmesonic decays of hyperfragments can be 
detected with reasonable probability in much less 
sensitive emulsions which do not register the minimum- 
ionizing pions. For this reason C-2 emulsions were 
chosen with the intention of detecting the K," mesons 
interactions in the K® mode which ultimately lead to 
hyperfragment formation. 


* Supported in part by the U. S. Atomic Energy Commission 
and in part by the University of Wisconsin Research Committee 
with funds provided by the Wisconsin Alumni Research 
Foundation. 

+ On leave of absence from St. Paul’s University, Tokyo, Japan. 

tOn leave of absence from Centro Brasileiro de Pesquisas 
Fisicas, Rio de Janeiro, Brazil. 

1S. B. Treiman and R. G. Sachs, Phys. Rev. 103, 1545 (1956). 

2M. L. Good, Phys. Rev. 110, 550 (1958). 

3W. F. Fry and R. G. Sachs, Phys. Rev. 109, 2212 (1958). 

‘ An event indicating a double change in strangeness has been 
seen in a hydrogen bubble chamber by L. Alvarez et al. (private 
communication ). 


The geometry of the exposure is shown in Figs. 1 
and 2. The momentum of the K+ mesons at the position 
of the K* target was found from the ranges of protons 
in Al wedges placed in the position of the target. It 
was found that there was a variation of the momentum 
across the face of the target due to the dispersion of 
the magnet. The momentum interval involved was 
found to be 640+30 to 750+30 Mev/c. The ratio of 
pions to K* mesons in this beam is not accurately 
known, but is of the order of 70 to 1. 

A total flux of 7X10" protons of energy 6.2 Bev 
struck the internal proton target, which gave about 
2X10’ K* mesons on the A* target. The target for the 
K* mesons was Hevimet, an alloy of tungsten, with a 
density of 17.2. The high density was chosen to mini- 
mize the volume in which charge exchange would take 
place. Two stacks (B and C) were placed at different 
distances below the K A third stack A was 
placed ahead of the A* target and below the A+ beam 


target. 
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I'1G. 1. Geometry of exposure. 
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HYPERFRAGMENTS PRODUCED 


BY K* MESONS 


TABLE I. Summary of data. 








Number of stars 


Number of hyperfragments 


Volume s 
scanned ure 


No. of protons 
10 R<10 


Stack on target 


Probable 


Per cm?* 
per 10 
protons 


Per cm? 
per 10% Per 
Total protons hyperfragment 





5.9X 10" 
7X10" 
7X10" 


in order to study the spray of particles from the magnet 
and shielding. 

It would have been desirable to have used a separated 
K+ beam, but estimates of beam intensity requirements 
excluded this possibility, for an exposure of reasonable 
duration. 

Because of their low energy (<650 Mev) the pions 
which also came down the channel produced few 
strange particles in comparison to the K+ mesons. The 
threshold for A° production by positive pions on free 
nucleons is 760 Mev, and with Fermi momentum 580 
Mev. The estimated ratio, of K°® produced by charge 
exchange of the K*, to those produced directly by pions 
is about 30.° Furthermore, the K° produced by these 
pions will be very much in the forward direction and 
miss the B and C stacks. For these reasons we believe 
that the contribution to the total number of K° incident 
on the emulsion stacks from pion production is negligi- 
bly small. 


Gas 


K* Bean 





Stach B 





Stack C 





























Fic. 2. Geometry of exposure. 


5W. D. Walker (private communication) finds 10-* strange 
particles per collision in carbon by 750-Mev pions. 


1.1X 10# 
2.4X 108 


0.4 4.4X 108 
0.8 1.9X 108 
0.3 1.8X 108 





3. EXPERIMENTAL RESULTS 


The C-2 emulsions were scanned with an oil im- 
mersion objective (30X10) for all types of double 
stars. Aside from the usual problems of distinguishing 
hyperfragments from other classes of double stars; 
there are additional problems introduced by the in- 
sensitivity of the C-2 emulsions. Except in extra- 
ordinary cases, all mesonic decays of hyperfragments 
are unrecognizable as hyperfragments in C-2 emulsions. 
This particular aspect is not important because the 
mesonic decays comprise a small fraction of the total.® 
It is known’ that fast protons are ejected in about 50% 
of the nonmesonic decays. These fast protons would 
not be observed in C-2 plates. For this reason the total 
charge of the observed particles from the secondary 
star may not be the same as that of the connecting 
track. Also those events which consist of a fast proton 
and a recoil or in general one slow particle, will not be 
recognized as a fragment, but probably classified as a 
scattering. Because of these factors the true number of 
hyperfragments is undoubtedly greater than the number 
recognized by as much as a factor of two. The results 
of the scanning are given in Table I. 

In Table I, only the events which showed definite 
evidence that the fragment stopped, such as thin-down 
or small-angle scattering near the secondary star, were 
included in the catagory of “‘sure hyperfragments.” In 
the catagory “probable hyperfragments” were those 
events which saturated connecting tracks and without 
evidence for interaction in flight. It should be pointed 
out that pion and proton tracks have numerous gaps 
up to the very end of their range in these C-2 emulsions 
(see photograph in Fig. 3). 


4. DISCUSSION 


In order to conclude that the hyperfragments 
observed in stacks B and C originate from the K+ by a 
double change in strangeness, we must exclude the 
possible production of hyperfragments by other me- 
chanisms. Such mechanisms could be the following: 

(1) Pions, neutrons, or protons of high energy could 
scatter from the pole faces of the magnet, come down 
the channel, and either produce strange particles 
directly in the Hevimet or subsequently scatter into 


6 Schneps, Fry, and Swami, Phys. Rev. 106, 1062 (1957). 
7 Baldo-Ceolin, Dilworth, Fry, Greening, Huzita, Limentani, 
and Sichirollo, Nuovo cimento 7, 328 (1958). 
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stack B and C and produce strange particles. We shall 
call these particles “energetic spray particles.” 

(2) Strange particles, either neutral or charged, 
could originate from the pole faces of the magnet either 
by associated production, charge exchange, or scatter- 
ing, impinge on the Hevimet, and lead to eventual 
hyperfragment production in stacks B and C. We shall 
call these particles ‘‘strange spray particles.” 

Particles which originate from the jaws of the magnet 
will have a wider angular distribution than the beam 
particles and will have about the same or larger proba- 
bility of striking stack A as of striking the Hevimet, 
while nearly all of the beam particles miss stack A. 
For this reason stack A is a good monitor of radiations 
capable of producing hyperfragments other than the 
K* beam. 

If one assumes all hyperfragments in stacks B and C 
to be due to causes (1) or (2) one can calculate (see 
Appendix, Secs. I and II) that the expected density of 
hyperfragments in A is ~700 or ~150, respectively. 
This is to be compared with ~3 observed, indicating 
that the contribution of process (1) and (2) to hyper- 
fragment formation is unimportant. 

The calculations shown in the appendix are of an 
extremely crude nature, indeed it would be difficult to 
make them otherwise in view of the very scant data 
available on the processes involved. However, we feel 
that the arguments we indicate above are nevertheless 
valid, in view of the fact that the extimated densities 
differ from the observed one by factors of 300 and 50 
respectively. 

On the other hand, if one assumes that the hyper- 
fragments are due to the charge exchange in the 
Hevimet target, one obtains estimates that agree 
(Appendix, Sec. III) to within a factor of 2 with the 
experimental observations. 

We conclude that the hyperfragments were produced 


Fic. 3. Photograph of 
heavy hyperfragments 
in stack B. 


by nuclear interaction of neutral K mesons in the K® 
mode, which originated from the charge exchange of 
the K+ mesons incident on the Hevimet target. This 
represents a change of strangeness of two units since 
the strangeness of the incident K+ beam was +1 and 
that of the A hyperon —1. 
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APPENDIX 
We shall use the following assumptions and notation: 


\,=collision mfp (mean free path) of pions in 
emulsion. 
= mfp of K° in emulsion= 30 cm. 
\pp= geometric collision mfp of pions in lead= 14 cm. 
\x+= collision mfp of K+ in Hevimet*-”= 20 cm. 
w=solid angle subtended by 1 cm? in stack B as 
seen by the target= 1/200. 
Pxge= probability of K° production in collisions of the 
“energetic spray particles” ~ 1/100. 
Pzgr=probability of hyperfragment production by the 
“energetic spray particles” ~ 1/1000. 
Pgs=probability of an “energetic spray particle 
scattering with sufficient energy after scatter- 
ing to produce strange particlesS yy. 
Pss= probability of K,? scattering in Hevimet=}. 
Per=probability of hyperfragment formation by 
interaction of K°~ 1/40." 
Px+9= probability of K+ charge exchange in Hevimet 
ww } 8-10 


” 
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L= effective length in Hevimet for charge exchange 
=4cm. 
l=length of stack A=7.5 cm. 
R=ratio of pions to K+ in beam~70. 
S= frontal area of Hevimet target= 31 cm’. 


I. If it is assumed that all of the hyperfragments in 
stack B were due to K® production in the Hevimet 
target by energetic pions, or by scattered pions which 
directly produced hyperfragments in stack B, we 
estimate the ratio of hyperfragments in stack A to stack 
B to be 


No. of hyperfrag (A)/cm*/No. of hyperfrag (B)/cm* 
(1 ‘S) (5.9, ‘T)L(1/Ay) Per+Pre(1/d,) Porzs | 100 
wl Prot (1/d,)Por+Pes(1/\,)Per] 








The first term in the numerator corresponds to the 
direct production of hyperfragments by pions in stack 
A; the second term to hyperfragments due to K° 
produced in the lead near stack A. The first term in 
the denominator corresponds to K° production in the 
Hevimet; the second term corresponds to hyperfrag- 
ment production in stack B by spray particles of suffi- 
cient energy to produce hyperfragments. 

II. If it is assumed that all hyperfragments in stacks 
B and C were due to neutral K mesons in the beam 
which scatter and subsequently interact in stacks B 


8 Grilli, Guerriero, Merlin, and O’Friel (to be published). 
® B. Sechi Zorn and G. T. Zorn (to be published). 
TD. J. Prowse (private communication, 1958). 
( 1 Fry, Schneps, Snow, Swami, and Wold, Phys. Rev. 107, 257 
1957). 
” Baldo-Ceolin, Dilworth, Fry, Greening, Huzita, Limentani, 
and Sichirollo, Nuovo cimneto 6, 130 (1957). 


MESONS 2121 


and C, we estimate the ratio of hyperfragments in 
stack A to stack B to be 
No. of hyperfrag (A)/cm*/No. of hyperfrag (B)/cm® 
fs (5.9/7) (1/S)L(1/Ap) Por+ Pes(1, thi ON 
Posw}(1/d,) Por 





III. If we now assume that all hyperfragments in 
stacks A, B, and C were due to the charge exchange of 
the K+, we can estimate the number of hyperfragments 
expected. 

From electron-sensitive test plates placed in front of 
the Hevimet target, we find that the total number of 
pions incident on this target was 2.6X 10°. The number 
of hyperfragments/cm’ is estimated as follows: 


Number of hyperfragments (B)/cm* 10'* protons 
11 1 


Prts- —Por-= / aa 
\Kt 2 Ag 


2.6 10° L 
= wx Sateen 
R 


Number of hyperfragments (A)/cm* 10'* protons 


be; Aot 
—- 2.6X 10°——- —- —P xrePorp—= LZ. 
7RS 2d, 16 


where {= yy is the ratio of the intensities of minimum- 
ionizing tracks at the positions of stack A and of the 
Hevimet target respectively. 

The value of f was determined experimentally by 
means of G-5 test plates. These values, namely 1.1 and 
0.2, are to be compared with the observed numbers 
0.8 and 0.4. ; 
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Dispersion Relation for Nonrelativistic Potential Scattering* 
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A new dispersion relation for nonrelativistic potential scattering, when the potential has a finite extent, is 
derived by completing the contour of integration along a semicircle of infinite radius in the lower half of the 
complex \ plane (ReA=&). The residue terms then explicitly exhibit the contributions from virtual states 
and radioactive decaying states. Resemblance between the residue term arising from a radioactive decaying 
state and the Breit-Wigner resonance formula is noted and the Breit-Wigner formula is shown to follow correctly 


from the analytic properties of the S matrix. 





ISPERSION relations for nonrelativistic potential 

scattering have been derived by van Kampen! for 

the scattering matrix, and by Khuri and others? for the 

scattering amplitude. In a recent paper, Serdobol’skii® 

showed that some information about bound states may 

be obtained from a dispersion relation similar to the 
one previously derived by van Kampen. 

Those dispersion relations are arrived at by applying 
Cauchy’s integral theorem to a closed contour of 
integration, consisting of the real axis and a semicircle 
of infinite radius in the upper half of the complex A 
plane, A=&+iK. As a consequence, those dispersion 
relations contain residue terms representing the con- 
tributions from bound states. In this note, we wish to 
show that a new dispersion relation may be obtained 
by completing the contour of integration in the lower 
half of the complex \ plane, whose residue terms are 
the contributions from virtual states‘ and radioactive 
decaying states.® 

Van Kampen has rigorously established that for 
potentials of finite extent the s-wave scattering matrix 
has the form 

14D/ipn —§ (1 4+A/ Ym) (1—A/¥m*) 
S(\) =e? TT II Ae 
n 1—ND/ipn ™ (1—A/¥m) (1 +A/Ymn*) 





where c is a real number, 0<c<a, a being the extent of 
the potential; u, are real numbers, either positive or 
negative; and »,,=am+i8, are complex numbers with 
Qn>O and 8,,<0. Because of the condition that the 
potential vanish beyond a certain extent, S(A) does not 


* Work supported by the Office of Naval Research and done 
in part at the Sarah Mellon Scaife Radiation Laboratory under 
the joint program of the Office of Naval Research and the U. S. 
Atomic Energy Commission. 

+ Now at Department of Physics, University of Pennsylvania, 
Philadelphia, Pennsylvania. 

1N. G. van Kampen, Phys. Rev. 89, 1072 (1953); 91, 1267 
(1953). 

2.N. Khuri, Phys. Rev. 107, 1148 (1957); D. Y. Wong, Phys. 
Rev. 107, 302 (1957); A. Klein and C. Zemach, Bull. Am. Phys. 
Soc. Ser. II, 3, 68 (1958). 

3V. I. Serdobol’skii, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 
1268 (1957) [translation: Soviet Phys. JETP 6, 975 (1958) ]. 

4 We follow the suggestion made by S. T. Ma [Revs. Modern 
Phys. 25, 853 (1953) ], that the virtual state be defined as cor- 
responding to a pole of the S matrix on the negative imaginary 
axis. 

5 As defined by C. M@ller, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 23, No. 1 (1945); 22, No. 19 (1946). 


have any redundant poles.* The causality condition 
implies that S(A) is regular in the upper half of the 
complex A plane except on the positive imaginary axis.' 
The poles iz, of S(A) on the positive imaginary axis, 
un>O, correspond to bound states, and the poles on 
the negative imaginary axis, u.<0, to virtual states. 
The poles v,, and —y,,* in the lower half of the complex 
\ plane correspond to radioactive decaying states.° 
The S matrix, S(A), satisfies the unitary condition 


S(k)S*(k)=1, & real, (2) 
and the symmetry condition’ 
S(A)S(—A)=1. (3) 
From (2) and (3) we see that 
S*(k)=S(—k), 


k real, 
or 


ReS(—k)=ReS(k), ImS(—k)=—ImS(k). (4) 


From (1) we find that the residue of S(A) at A=tun, 
R(iu,), satisfies the condition 


R(inn)=—R* (inn), (5) 


i.e., R(iu,) is pure imaginary. The residues R(»,,) and 
R(—v,*) are related by 


R(¥m) = —R(— vm*). (6) 


We integrate the quantity S(A’)A’d\’/(\’"*— k?) along 
the contour of integration shown in Fig. 1, to get 


SONA’ |_ tte) 
f S008 a 
\/2— R2 = B-bp,? 
Vin (Vn) (-— Ym*)R(— Vm*) 


i 
R?— vy)? 





Re — v_,*? 


The integral along the semicircle of infinite radius 
vanishes. We, therefore, need not multiply S(A) by an 
exponential factor depending on the size of the scatter- 
ing region [exp(2iAd), d>c] to secure the vanishing of 
the integral along the semicircle of infinite radius as in 


6S. T. Ma, Phys. Rev. 69, 668 (1946); 71, 195, 210 (1947). 
7B. Lee, M. S. thesis, University of Pittsburgh (unpublished). 
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Fic. 1. Contour of inte- 
gration of Eq. (7). 





the case of applying the Cauchy’s theorem in the upper 
half of the A plane. As remarked by Gell-Mann, 
Goldberger, and Thirring,’ this exponential factor 
greatly complicates the dispersion relations obtained 
previously'# and makes them useless for many purposes. 
After taking the contributions from the two small 
semicircles and letting the line approach the real axis, 
we get 

1 ¢® 2k’dk’ 
ReS(k)=—-P f ImS(#’) 

T 0 k?— 





iunR (inn) 
+2 Re| 5 


Vm (Ym) 
| (8) 
" k?+-p,” ™ 


k?— v,? 
In deriving Eq. (8), use is made of Eqs. (4) and (6) 


and the fact that R(iu,) is pure imaginary. The Hilbert 
transorm of (8) is 


1 ® 2kdk’ 
Ims(e)=-P [ ——— ReS(k’) 
4 bk?! —- 


RR(ip,) 





F 2kR (Vm) 
+2 In| pm } 
oa Mr m k?— Pal 


Equation (8) can be written, with E= &?, as 


1 * dE’ 
ReS(E)=—-P f spine GERM 
T 0 E'-E 





2Nwn 
+Re 5 > | 
n E+W, » E—E,t+}tAm 
where 
W =u’, 
Em= Revm?2=m?—Bm?, Am= —2 Imr_,?= — 40mBm, 
M = 2ipnR(inn), Nn=2¥_R(Ym). (10) 


W.. is the “binding energy” of the mth virtual state,” 
anu E,, and A, are, respectively, the energy level and 
the disintegration constant of the mth radioactive 
decaying state. Equation (9) could have been derived 
by applying Cauchy’s theorem to the forbidden 


1 . — Goldberger, and Thirring, Phys. Rev. 95, 1612 
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Riemann sheet of the complex £ plane, in which case 
M,, and N,, are residues of the analytic continuation of 
S(£) at E=—W, and E=E,—}iA, on the second 
Riemann sheet. It may be noted that the residue term 
arising from a radioactive decaying state resembles the 
Breit-Wigner resonance formula. The absolute square 
of the denominator of the residue term is identical to 
the absolute square of the denominator of the Breit- 
Wigner resonance formula. In the appendix we shall 
show the relations between the resonance level £,,‘” 
and the half-width I’, and a», and B,. 
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APPENDIX 


The purpose of the appendix is twofold: first, we 
wish to show that the Breit-Wigner resonance formula 
follows correctly from the analytic properties of the 
S matrix®; second, we shall give the expressions for the 
resonance level E‘” and the half-width T in terms of 
the real and imaginary parts, a and 8, of the complex 
pole v of the S matrix. 

For the s wave only, the scattering cross section is 
given by 


o(k)= (w/k?)| S(Rk)—1|?. (A.1) 


Since the function S(A) has the modulus unity on the 
real axis of the complex J plane, the cross section would 
have a sharp peak when S(k) has the value —1, if S(k) 
is a rapidly varying function of &. Let us assume that 
S(k) is reasonably approximated by 


S(k) = e-**(k+-v) (R—v*)/(k—v)(k+*), (A.2) 


in a certain range of k, i.e., the rest of the factors of 
S(A) contribute approximately 1 to the product expan- 
sion of S(A) in Eq. (1). This amounts to assuming that 
singularities of S(A) other than » are all distant from 
the range of energy of interest. Under such circum- 
stances the cross section is given by 

ag —4ikB |? 


o(k)=— erie], 
k| a? — 6°— 2ikB | 





(A.3) 


where 


v=at+iB, a>0, B<0. 


The substitutions 
E=F, E“=e?+p*, T=—48k>0 (A.4) 


® We wish to make it clear that we do not claim any originality 
in the appendix. Such attempts have been made in the past by 
N. Hu [Phys. Rev. 74, 131, (1948)], and by van Kampen 
(reference 1). Their resonance formulas are, however, not the 
one used extensively in nuclear physics. We disagree with Hu’s 
identification of EZ‘) and I’: his resonance level and the half-width 
are, respectively, our W, and A». Van Kampen failed to recognize 
the contribution from the factor (k+v)/(&+»*): when & is near 
the pole v, the phase of the factor (k+v)/(k+v»*) differs signi- 
ficantly from 2xn, n=0, 1, 2, ---. 
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yield the usual one-level formula, 


BENJAMIN 


W. LEE 


The energy of the radioactive decaying state cor- 
responding to the pole »=a+ is 


_*| iT 2 


ike J (A.5) 
” BIE EOLHT’ 





y= a?— 6+ iaB= Ey— Hid. 


The real part of the energy, Eo, is related to the 
resonance level E‘” by 


Eo=e—- f= 


where y?=2|8| is the reduced width of the resonance. 


The level width is proportional to k, in conformity with 


the usual result.!° 
_——— ” r oe 

10 See, for instance, J. M. Blatt and V. Weisskopf, Theoretical EO — 7%. (A.6) 
Nuclear Physics (John Wiley and Sons, Inc., New York, 1952), 
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Green’s Functions for Particles of Arbitrary Spin 
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It is shown that the Green’s functions for particles of arbitrary spin are determined by the minimal 
equation for a certain matrix appearing in the field equations. An explicit expression for these functions is 
given, which depends on the degree of the minimal equation. An inequality for the degree is presented and it 
is proved that for particles with multiple, distinct rest masses the Green’s functions have no singularities 


on the light cone. 


HE general relativistic wave equation for free 
particles of higher spin may be written in the 
form 


(ad, —ix)y=0. (1) 


It is assumed that the matrices e* transform according 
to an irreducible representation of the proper Lorentz 
group. From this invariance postulate one can deduce 
important restrictions on the possible forms of the 
matrices.! The general commutation relations of the a* 
are also determined by invariance; they are 


> (axg)" (aryeur9— Brr201") itis (cxuyOu2— Zuw20 n*) =0, (2) 


where n=0 or 1 and the sum is extended over all per- 
mutations of the indices.?* On multiplying Eq. (2) by 
(0,)"0r10r2° - -Ou,9u2, applying the resulting differential 
operator to y, and using Eq. (1), we have 


(a? LJ+«)--- (an? _J+«)y=0. (3) 


Thus the nonvanishing numbers among the a, ---, aw 
are inversely proportional to the various rest mass 
values of the particle. 

If we put all the indices in Eq. (2) equal to zero, we 


* Postdoctoral Fellow of the National Science Foundation. 
t+ Present address: Department of Physics, Utah State Univer- 
we Logan, Utah. 
H. J. Bhabha, Revs. Modern Phys. 17, - (1945). 
: Harish. Chandra, Phys. Rev. 71, 793 (194 
’H. J. Bhabha, Revs. Modern Phys. 21, rc (1949). 


obtain the minimal equation‘ for apo; 
(cro) (cro? — a) « « (are? ay?) = 0. (4) 


We shall show that the minimal equation for ap com- 
pletely determines the Green’s functions for Eq. (1). 
The Green’s functions have previously been studied 
by Umezawa and collaborators’ * from another point 
of view. We shall point out an error in their work below. 


1. GREEN’S FUNCTIONS ESTABLISHED 


The inhomogeneous Green’s functions 7(x) are 


solutions of the equation 


(a8, — ix) T (x) =6(x). (5) 
Put 


(x)= f Tema, (6) 


6(x)= femae. (7) 


Then Eq. (5) becomes 


i(ak—x)T(k)=1. (8) 
Hence 
T (k) = —ix(aK—1)", (9) 


uation 


‘ The minimal equation for a matrix is the polynomial “ 
y the 


of lowest degree with leading coefficient unity satisfied 
matrix. 

6H. Umezawa, Quantum Field Theory (North-Holland Pub- 
lishing Company, Amsterdam, 1956). 

6H. Umezawa and A. Visconti, Nuclear Phys. 1, 348 (1956). 





GREEN'S FUNCTIONS FOR 


where we have put for simplicity 


k,/x=K,. (10) 
Since we consider only particles with nonvanishing 
rest mass, we may continue our considerations in the 
rest system. Thus we proceed to calculate (ao0Ko—1)* 
although we omit the subscripts zero for brevity. 

Now (aK—1)~ must be a polynomial of degree at 
most 2V+n—1 since any higher power of ao may be 
eliminated by means of the minimal equation. Thus we 
put 

2N+9-1 


(aK-1)"= ¥ 6,(aK)?. 


p= 


(11) 


To determine the coefficients 6,, multiply Eq. (11) by 
aK —1 and in the resulting equation eliminate a**** by 


(12a) 


N 
ae +922)" (— 1) PHlg?(¥ -r)+94 = 


r=] 


(12b) 


Equation (12) results from expanding Eq. (4) and 
collecting terms. After some rearrangement, we find 
that the equation so obtained may be written as 


N-1 


} [ (dopey hes Dopp _) K27*9 


p=l—y 
ond bong y—-1K24 +1 . 1)%-?A N—p ja®?t 


N-1 
+L (b2p+9— beptet1) (aK )PPtH 


p= 


—bo+(1—7)(—1)*#bey_1K?%¥Aw—1=0. (13) 


Since Eq. (13) is a polynomial equation in ao of degree 
less than that of the minimal equation, the coefficients 
must vanish identically. Solving the recurrence rela- 
tions thus obtained for the b,, we find 


(—1)*K%Ay 
(1—a,2K2)- +» (1—ay?K?)’ 





bo= —1+(1—n) (14a) 


N 
2d (—1)'4,K*™ 


r=N—p 





(14b) 


ben y_= bon4e41 = — 1+ 


(1—a,2K2)-- + (1—ay2K2) 


Finally, with these values of 6, Eq. (11) becomes, after 


PARTICLES 


some manipulation, 


(aK —1)'= —n— (aK +1) 


N-2 oN 
(aK yet = > (-1)'K*A,(aK)??* 


| p=) r=N—p 


bee 


(1—a;°K?)- - -(1—ay?K?) 





N—2 
+> (aK)??*" | . (15) 
p=0 } 


| 


This result being covariant, it is valid for any Lorentz 
frame. Thus we may again read a“K, for aK and K*K, 
for K?. The correctness of Eq. (15) may be verified 
directly on multiplying it by aK—1 and reducing the 
right-hand side by means of the commutation relations 
(2). 

.From Eqs. (6), (9), and (15) it follows that the 
Green’s functions are given by 


t« Kw fad, a0, \ 2N+9-2 
ae 
Ka;> ay*\ 1k 


T(x)=-—-- 
N-2 WN Fix? a“Oy 2pt9 
“Bea! | 
p= r=N—p\ x? ik 
A(x; Kk, di, «++, ay), 


where 


A(x; K, ae ay) 


e*=dx 
(17) 


-f 2 - is 
Gs) (Es) 
a? an? 


The particular Green’s function obtained is determined 
by the contour in the &o plane on which (17) is evalu- 
ated, in the usual way. The terms in (15) which have 
no poles of course make no contribution to (16) and 
(17). 

For the particular case of a unique rest mass, a;= A, 
=1, a2=A2=---=ay=Ayn=0, and (16) becomes 





9 


ad, \ 2N+-2 
T (x)= ra.) ( ) A(x; x). (18) 


1K 


2. AN INEQUALITY FOR THE DEGREE OF 
THE MINIMAL EQUATION 


Umezawa’ has given an argument, based on the 
assumption that the commutation relation for the 
quantized field y is proportional to the appropriate 
Green’s function, which shows that the coefficients of 


7 Reference 5, p. 81. 
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all terms in (0,)" in the Green’s function vanish for 
m> 2s, where s is the maximum spin of the particle. 
From this he erroneously concludes that the highest 
power of 0, appearing in the Green’s function has the 
exponent m= 2s, while, of course, the correct conclusion 
is m< 2s. Indeed, the author® has constructed a theory 
of particles of unique rest mass and arbitrary spin 
where m= 2 for every spin greater than one-half. On the 
other hand, the Fierz-Pauli theory for particles of spin 
$ has m=3,° so that the maximum is attained in some 
cases. 

Remebering [see Eq. (16) ] that the highest power of 
0, in the Green’s function has the exponent 2V+7n—1, 
we may summarize these results in the following ine- 
quality for the degree of the minimal equation: 


3Q2N+n<€2s+1 (s>}). (19) 
The case 2N+n=2, i.e., the case with commutation 
relations a,a,+a,0,= Z.», is characteristic of the usual 
Dirac matrices y, for the spin 3, according to a well- 
known result of Pauli.” 

It seems that on the basis of information obtainable 
from Lorentz invariance and irreducibility alone, it is 
not possible to determine the degree of the minimal 
equation more precisely. Its exact value depends on 
further structural properties of the a, and differs from 


theory to theory. 


3. REGULARITY OF THE GREEN’S FUNCTIONS 


It is interesting that in the case of multiple, distinct 
rest masses there are no singularities of A(x; x,d1,- + +,@y) 
on the light cone. This result may be inferred from the 
following theorem concerning partial fractions: 


8J. D. Harris, dissertation, Purdue University, 1955 (un- 
published). 

*S. N. Gupta, Phys. Rev. 95, 1334 (1954). 

#0 W. Pauli, Ann. inst. Henri Poincaré 6, 109 (1936). 
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If 
f(y) = 9-61): (y—by), 


a) 1 s 1 1 
fly) 1 f"(by) y—by 


N 1 
——_~ 
p=l f'(b,) 
N b, 

>. =(), 
p=1 f’(b,) 


The first statement is well known; the second is easily 
proved from the first by mathematical induction on 
setting g(y)= (y—bw41) f(y) and the third follows from 
the second using the same technique. ' 

Applying this theorem to Eq. (17), we find 


then 


(2) 


’ 


(3) 


N 
A(x}; K, a1, **+, @v)=L cyA(x; x/ap), (20) 


p=l 


N 
> ¢»=0, (21) 


p=1 


N 
> (x/a,)*cp=0. (22) 


p=1 


Equations (21) and (22) are the well-known regulari- 
zation conditions of Pauli and Villars," guaranteeing 
the absence of singularities on the light cone. 
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Bergmann and Leipnik have derived some special solutions of the general-relativistic field equations in 
which the metric has the Schwarzschild or the Minkowski form, although a scalar field is assumed to be 
present. It will be shown that in reality this scalar field vanishes. 


N a paper published under this title,! Bergmann and 

Leipnik consider the combined equations of the 

gravitational field g,, and a scalar field V derived from 
the action principle 


6 f (—g)#(g*"Ruetug’’V, WV, )dx=0. 


The authors are interested in the static spherically 
symmetric solutions of the field equations. They obtain 
a special solution described by their formulas (48) and 
(50), in which the Schwarzschild metric is combined 
with a scalar field of the form 


| To 
V=— In( 1-"*) +-cons (n, ro= const). 


To r 


In another solution described by formula (51) the 
Minkowski metric is combined with a scalar field of 
the form 


V=—n/r-+const. 
In both cases the energy-momentum tensor of the 


10. Bergmann and R. Leipnik, Phys. Rev. 107, 1157 (1957). 


scalar field is (for nonvanishing ») different from zero, 
although the Einstein tensor R,, vanishes. 

This strange result can be explained as follows. 
Examining the calculations which lead to the formulas 
(48), (50), and (51), one can see at once that these 
results are valid only if, according to (22) and (32), 


A=4ur’=0. 


Now the constant u may be taken to be the gravita- 
tional constant and therefore will not vanish in the 
general theory of relativity.2 Thus we must have 7»=0 
and therefore in the solutions described by (48), (50), 
and (51) V=const, i.e., the scalar field vanishes. The 
case of the Schwarzschild as well as of the Minkowski 
metric is then indeed the case of the empty space 
(with or without a singularity at the origin). 

It may also be noted that, if the scalar field V is the 
only source of the gratitational field (i.e., there are no 
additional singular sources of g,,), the solution of 
Szekeres* is the most general static spherically sym- 
metric solution for which the boundary conditions are 
satisfied. 


2 If one allows the constant u to vanish, then the action principle 
does not lead to any field equations for the scalar field V. 
3G. Szekeres, Phys. Rev. 97, 212 (1953). 
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A viewpoint is presented in which some boson pairs are included among members which are exerting 
universal weak interactions on each other. The inclusion of K-meson-pion pairs leads to direct terms re 
sponsible for K,3 and Ky3 decay modes. It is shown that these direct terms may result in too rapid decays of 
K,.3 and Ky; if one assumes the universality of the weak-coupling constant, while the branching ratio of these 


decay modes is quite consistent with the data. 


O establish a rigorous universality of weak fermion 

interactions, Feynman and Gell-Mann! suggested 

that leptons may interact not only with nucleons but 

with pion fields directly. More precisely, they proposed 
an interaction term 


re] re] 
} G|o—-+.- 6-6] 


x OX) OX) 
XLora(1+ys\¥-+¥.2(1+75)¥,J+H.C., (1) 


in addition to the customary term, where ¢, ¢o, ¥,, and 
y, are charged pion, neutral pion, neutrino, and y-meson 
fields, respectively, and 


G= (1.01+0.01) X10-*/M?, (2) 


M being the mass of the proton. 

An original motivation was to make the vector part 
of the nucleon current divergenceless with the help of 
the pion-lepton interaction (1). Many investigations? 
have since been made in connection with the application 
of this idea of divergenceless currents to various baryon 
currents presumably taking part in the weak fermion 
interactions. 

It is here pointed out that there is another viewpoint 
for incorporating the pion-lepton interaction (1): We 
have simply to conjecture that the weak interaction also 
exists between boson pairs and leptons, not only among 
fermions. The surprising agreement of coupling con- 
stants found by Feynman and Gell-Mann! would rather 
be an exceptional situation due to the universality of the 
weak interaction. We would not have to adhere neces- 
sarily to divergencelessness of currents participating in 
weak interactions. 

If we adopt this viewpoint and assume a weak 
fermion interaction between the A-nucleon pair and 
leptons, we are readily led to an interaction 


¢ ra] te) 
y G| oxo ore 
» Ox) OX) 


Xbova(l+ys¥e+¥ra(1+75)¥.J+H.C., (3) 


1R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
1958). 

2 J.C. Taylor, Phys. Rev. 110, 1216 (1958); Weinberg, Marshak, 
Okubo, Sudarshan, and Teutsch, Phys. Rev. Letters 1, 25 (1958); 
M. L. Goldberger and S. B. Treiman, Phys. Rev. 110, 1478 
(1958); J. C. Polkinghorne, Nuovo cimento 8, 179 (1958). 


where ¢x is the charged K-meson field, annihilating K* 
and creating K~ mesons. 

This is a direct K-pion-lepton interaction term, giving 
rise to K,3* and K,3* decays. Naturally there would be 
other decay channels. We, however, assume now that 
the direct decay due to (3) is dominant. The relevant 
decay probabilities are then predicted unambiguously 
using the lowest order perturbation theory. The results 
are reported below, which is the main purpose of this 
note. 

The ratio of these two decay modes is 


(decay rate of K.3*) 
= 1.55, 





(decay rate of K,3*) 

irrespective of G’. This value is just consistent with the 
available data, though they are still uncertain. To 
estimate G’, let us assume 1.25 19~® sec as the mean 
life of the charged K meson atid 3% as the branching 
ratio of the K,3* mode [which amounts to 2% of the 
K,3* branching ratio according to (4) ]. In order to have 
these modes proceed only through the direct term (3), 
we have to choose 

G’=0.92X 10-8/ M2, (5) 
which is roughly 10 times smaller than (2). 

Finally we add a few remarks. If the weak interaction 
really does exist between boson pairs and leptons and 
the direct decay channel due to (3) is the dominant one 
leading to the K,3* and K,3* modes, the result (5) 
seems to indicate that the strangeness-nonconserving 
weak interaction is weaker (by a factor of ~10) than 
the strangeness-conserving one. This would then further 
diminish the unobserved @ decays of baryons.’ On the 
other hand, if all the weak interactions are to have the 
same magnitude, our result may exclude the interaction 
(3) and correspondingly the A-lepton interaction, since 
a large cancellation of the direct decay channel due to 
other indirect ones is not quite likely.* As regards the 
ratio (4), this agreement is attained not only by the 
present scheme, but is expected on more general 
grounds, according to a recent work by Zachariasen.‘ 

We wish to thank Dr. D. C. Peaslee for his important 
comment. 


Such a big cancellation is expected when the A-nucleon current 
is made divergenceless, the consequences of which were investi- 
gated by several authors cited in reference 2. 

4 F. Zachariasen, Phys. Rev. 110, 1481 (1958). 
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In order to adapt the Hamiltonian dynamics of a system of classical (nonquantum) particles to general 
relativity it seems necessary to generalize the transformations used from contact transformations of phase 
space to extended point transformations of a joint observer and phase space. When this is done the curvature 
of observer space is seen to arise from the physical interaction of particles without the introduction of new 


gravitational field variables. 


In order to extend this theory to quantized particle and field theory it seems necessary to extend the 
unitary transformations of quantum mechanics in a similar manner, to linear transformations of matrices 
maintaining the trace of the product of two matrices, the Hermitian nature of a matrix, and the unit matrix. 
Such transformations do not preserve the phases of wave functions or the product of two matrices, but do 
preserve the characteristic values of matrices and the traces of the products of any number of matrices. 
That observers should be designated by g numbers, not c numbers, makes it difficult to interpret the theory 


except in the classical limit. 


INTRODUCTION 


HE essential starting point of quantum mechanics 
is that a statistical matrix gives the state of the 
universe under discussion relative to an observer; and 
the laws of dynamics provide canonical transformations 
from this matrix to those giving the same absolute 
state relative to other observers. In general relativity, 
however, the observer reached from one observer by a 
displacement, for instance to a later time, depends on 
what the state of the universe is ; change in the number- 
ing of observers may change this dependence but does 
not in general remove it. The starting point requires 
therefore some modification, and what this modification 
should be may be suggested from classical (that is non- 
quantum) mechanics by using the correspondence 
between Poisson brackets and commutators (Dirac’s 
rule), which, however, must be extended to a wider set 
of transformations.! 


1. CLASSICAL (NONQUANTUM) DYNAMICS IN 
CANONICAL FORM RELATIVE TO A 
GROUP OF OBSERVERS 


Although an observer and his equipment are really 
part of the universe, we shall formulate dynamics first 
relative to a group of observers specified by parameters.” 

A specific (nonstatistical) absolute state of the uni- 
verse under discussion is given by a set of values of a 
number, say m,° of pairs of canonically conjugate 
variables, a1, 8'; a2, 8?; +++; a@n, 8". Any given absolute 
state may be described relative to any one of an 
s-parameter family of observers numbered by s con- 
tinuous parameters ¢', #*, ---, &.4 This description 


1L. H. Thomas, Revs. Modern Phys. 17, 182 (1945), contains 
the ideas of this paper except for widening the transformations. 

?L. H. Thomas, Phys. Rev. 85, 868 (1952), where this formu- 
lation is extended to quantum mechanics. 

3 In general m need not be finite. 

‘We shall take s=10, for observers with various orientations 
and velocities at various places in four-dimensional space-time. 
The simpler case s=3, for observers with various velocities at 
various places in a world with time and one space dimension, may 
also be considered. 


may be given by a set of values of pairs of canonically 
conjugate basic dynamical variables 1, g'; po, g?; ---; 
pn, g”. These variables are functions of a1, 8'; a2, 87; +++; 
a», 8” given by a set of contact transformations® de- 
pending on £', &*, ---, & as parameters. Any other 
dynamical variable /, which can be observed by one of 
the observers, will be a function of the variables p,, q'; 
2, 9°; -*+3 Pa, g” for that observer. 

The dynamical variables have physical meaning, so 
that, while one-to-one transformations from ,, q'; 
p2, 9°; +++; Pay g” to another set, r!, 77, ---, 7°", say, 
may be used for analysis and simplification, the new 
variables have in general different physical meaning 
from the old, as when we change from Cartesian com- 
ponents of relative position of two particles to distance 
apart and position angles. The variables giving the 
absolute states are subject to arbitrary contact trans- 
formations, which may be called “changes of repre- 
sentation,” and the parameters giving the observers 
are subject to arbitrary continuous transformations. 

We suppose further than an observer can characterize 
neighboring observers as having a physical relationship 
to him, described by an infinitesimal displacement with s 
components, dx!, dx*, ---, dx*,®_suppose, in terms of 
which changes in ¢', ?, -- -, &* can be expressed linearly, 
and reversely, 


dt¢= L,%dx*, 
dx*= L,2dt*, 


a=1,2.---,5, 
(1.1) 
@=1,2 ++. 5 


where we have used the usual summation convention 
over a repeated index, and where 1," are coefficients 
that may be functions of é', $7, ---, ¢, but have non- 
vanishing determinant, and L,° are the reciprocal set. 
dx}, dx*, ---, dx* must be regarded as differentials of 
quasi-parameters,’ there being no true variables corre- 
sponding to them. 

5 E. T. Whittaker, Analytical Dynamics (Cambridge University 
Press, Cambridge, 1937), fourth edition, p. 292. ; 

*{n general these will be displacements in time, d/, position, 


dx, dy, ds, velocity, du, dv, dw, and orientation, dl, dm, dn. 
7 Reference 5, p. 41. 
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A continuous series of observers is given by making 
f}, &, ---, & functions of a variable s, and the rate of 
change of a dynamical variable observed by this series 
of observers for a fixed state is given by 


df afd af dx 


(1.2) 
ds 0% ds dx* ds 


where 


af/dt=L,*df/dx*, a=1,2,--+,5, 
Af/dx®= L,20f/ dé, 


(1.3) 
a=1,2,---,5, 


in terms of rates of change 0//02x* with respect to the 
physical displacements dx', dx’, ---, dx*. While these 
rates of change are not in general rates of change with 
respect to true variables, we regard them as having an 
invariant physical meaning that the rates of change 
0f/d¢* with respect to the arbitrary parameters do 
not have. 

The laws of dynamics now give for equations of 
motion as seen by an observer, the equations, in 
canonical form, 


af/ax*=(Xz,f), (1.4) 


a=1,2,---,5, 


where X,, Xo, ---, X, are s functions of the dynamical 
variables 1, g'; po, 9°; *°*3; Pn, 9”; and the Poisson 
brackets have the usual meaning*® 


(u,v) = (1.5) 


 Agt Ope Ope gt 


If the dynamical system is the whole universe con- 
sidered, we suppose that these rates of change depend 
only on the values of the dynamical variables fy, q'; 


independent of the observer, that is, of &', &, ---, &. 
We suppose indeed that these s functions X,, X2, 
--+, X, specify the nature of the dynamical system in a 
manner invariant with respect to the transformation of 
a, B'; ae, B*; -**5 Qn, 8” and of é", e, vale 

The equations giving qi, p'; q2, ~*; ; Qn, p” in 
terms of a, B!; a2, B?; ---;an, 8"; and é', &*, ---, & are 
now the finite equations of a group of transformations 
of which (1.4) give the infinitesimal transformations. 
Finding the finite equations is equivalent to integrating 
the equations of motion (1.4), and the necessary and 
sufficient conditions that this should be possible are 
that the Poisson brackets of any pairs of the functions 
X,, X2, ---, X, should be linear combinations of these 
functions with constant coefficients, 


(Xq,X1) = Ca*X ether. 
The constants C,,° are the structure constants of the 
group and have definite values determined by the 


physical meaning of the displacements corresponding to 
X,, Xo, «++, X,. They necessarily satisfy Jacobi rela- 


(1.6) 


8 Reference 5, p. 299. Eisenhart uses the opposite sign; see 
reference 9, p. 261. 
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tions.? The additive constants 4a, which must also 
satisfy certain relations, can be adjusted by adding 
constants to X;, Xo, ---, X,, and in particular, for the 
inhomogeneous Lorentz group of special relativity, can 
be reduced to zero simultaneously. 

Statistical states are in this theory defined by a 
function of the dynamical variables, P(q', ---, pa), the 
density in phase, such that 


feof P(q!,-++,Pn)dq'---dp,=1, 


and a consistent theory can be built up because the 
volume element of phase space, 


dq}: - -dp,=dB': - -dan, 


(1.7) 


(1.8) 


is invariant for contact transformations. 

We can immediately include the observer as part of 
the dynamical system if there is no interaction between 
them and if the observer is described by a dynamical 
system admitting the same group. The variables ,, q'; 

% 9°; g" are made up of two sets, for the 
observer and for the rest of the universe, and the func- 
tions X,, Xo, ---, X, are sums of functions of each set 
separately. If the observer’s system by itself provides 
a faithful representation of the group, the dynamics of 
the rest of the universe can be described by functions 
giving its variables in terms of those of the observer, 
these functions being invariant for the displacement 
operators (1.4). 

When there is interaction between the observer and 
the rest of the universe, we seem to require, even if the 
dynamics still admits a group such as the inhomo- 
geneous Lorentz group, at least some of the ideas and 
notation suitable for more general cases. This seems to 
be true even in the important special case in which the 
observer’s dynamical system is reduced to one “test 
particle,” no different from others of the universe, and 
interacting with them. 


2. A GENERALIZATION OF CLASSICAL DYNAMICS 
WHEN THE OBSERVERS DO NOT 
FORM A GROUP 


We desire to generalize the above formulation so that 
while the laws of nature still appear the same to each 
observer, their mutual relationship may have a curva- 
ture depending on the state of the universe. This will 
be effected first with the observers specified by param- 
eters. We would like the coefficients Cy* to depend on 
the dynamical variables, and the coefficients L,* and 
L,* to depend on the dynamical variables or on the 
variables specifying the state of the universe as well 
as on the parameters specifying the observer. It is 
then only in a special class of cases that the transforma- 
tions of dynamical variables from observer to observer 


*L. P. Eisenhart, Continuous Groups of Transformation (Prince- 
ton University Press, Princeton, New Jersey, 1933), p. 26. 
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can be contact transformations of these variables alone 
(see Sec. 4 below). 

We describe a specific state of the universe in terms 
of m dynamical variables y', y*, ---, y", and any given 
state may be described relative to any one of an 
s-parameter family of observers numbered by s con- 
tinuous parameters ¢!, &, ---, & by the values of m 
dynamical variables r', r?, ---, 7", which will be func- 
tions of y', y?, ---, y™, and of &!, ¢, ---, &. Any other 
dynamical variable f is a function of r', r?, ---, 7". The 
dynamical variables have physical meaning, while the 
variables y!, y?, ---, y™, describing an absolute state, 
are subject to arbitrary point-transformations. Thus 
we are not immediately requiring the variables de- 
scribing a state to comprise canonically conjugate pairs. 
Further, we allow arbitrary point transformations of 
the parameters £!, &, ---, &, which may depend also 
on the state given by y', y’, ---, y™. We still have 
physical displacements dx', dx®, ---, dx* such that 
equations (1.1) hold, but the coefficients L,*, L_* may 
now be functions of y!, y?, ---, vy”, as well as of &, &, 

-+, &. Equations (1.2) and (1.3) also still hold. 

The laws of dynamics now give for equations of 
motion as seen by an observer the sm rates of change 
of the dynamical variables with physical displacements 
as functions of the dynamical variables, 


Or*/dxt=ne*, a=1,2,---,5; k=1,2,°-+,m. (2.1) 
If the system is complete in itself, we still suppose that 
these rates of change depend only on r', r?, ---, r™, and 
indeed these sm functions of r', r?, ---, r™ specify the 
nature of the dynamical system in a manner invariant 
with respect to the more general transformations of 
vy}, v7, ---, y™, and of &', &?, ---, &. The rates of change 
under displacements of the observer of an arbitrary 
dynamical variable are now given by the s linear 


differential operators 


(2.2) 


and the equations of motion (1.4) are replaced by 


Af/dx°= Def. (2.3) 


These coefficients n,* cannot be arbitrary functions of 
ri, 72, ---, ¥™; in order that variables ¢', &, ---, &; 
y', y*, +++, y™ should exist such that equations of the 
form (1.3) hold, it is necessary that the operators 
D,, Dz, «++, D, should form a complete set. Conversely, 
if the operators (2.2) form a complete set, being s 
operators on m variables, they have in general m—s 
invariants,” and we may transform r', r?, ---, r™ to 
new variables s}, s*, ---, s™, of which the last m—s are 
invariants, the first s any other independent combina- 
tions, and we shall have 


Da= y fh, 


k=1 == s* 


(2.4) 


” Reference 9, p. 9. 
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where the coefficients ¢,* are functions of s', s?, --- 
If we now write 


sk= ¢* (1, #, a) P+’, Y’; . 


st=y*(y', 77, °° 7) 
and take 


8 0g 
tr - 2. Pe ee 


k=1 Os* 
a=1,2,:-: a=1,2,---,s; (2.6) 

expressed in terms of £!, &, ---, &; y', y*, ---, y™, by 
(2.5), then we have the general solution, and, inci- 
dentally, the condition is sufficient. 

The necessary and sufficient conditions that (2.2 
form a complete set are given by the conditions that 
their commutators 


(Dz,Ds) f= DeDsf—DsDa, (2.7) 


which are also linear differential operators, should be 
linear combinations of the operators themselves: 


(Da,Ds) = Car*De, (2.8) 
where the coefficients Cy,* which we may call “structure 
functions” may be functions of r', r?, ---, r™. 

In this theory statistical mechanics is a little com- 
plicated because which observer has a given description 
depends on the specific state. It is natural to describe 
a statistical state by a density in y', y’, ---, y™ space, 
as usual: 


P(y!, v7, «++, y™)dyidy?: + -dy™ (2.9) 
is to be invariant for transformations of y!, y”, ---, y™ 
space. There is, however, no unique meaning for the 
expected value of a dynamical variable relative to an 
observer with a given designation, invariant for our 
general transformations. 

We must specify “statistical observers” by densities 
in observer space, which may be functions of the state 
also, 


¢(g', g, eee &, +", vi Pity y™)dé'dé- i “dé, (2.10) 


to be invariant for transformations of é', &, ---, & 
space also perhaps involving y!, y*, ---, y”. The 
expectation value of a dynamical variable f is then 


f ‘ . [ ferae .-dttdy!---dy™, 


and is invariant for our general transformations. An 
ordinary observer is now a special case with ¢ having as 
a factor a 6-function in £', ¢*, ---, & space, and, if the 
expectation values of all dynamical variables are given 
relative to one such observer, P is determined. 

To be able to build up thermodynamics conveniently, 
we may assume further that all our transformations 


(2.11) 
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preserve the volume element 


dr'dr?- - -dy™= dy'dy?- - -dy™ (2.12) 


(or if we make transformations of y', y’, ---, y™, or of 
i, £2, ---, &, that do not, we introduce corresponding 
multipliers explicitly). This implies that the physical 
transformations given by D, preserve the volume ele- 
ment, and so have unity for a multiplier." Their com- 
mutators then also possess this property, as does a sub- 
class of the complete set they determine. (Members 
of the subclass are of the form ¥D,, where D.*=0.) 
In this theory the distinction between dynamical 
variables and parameters describing observes becomes 
almost nonexistent. The operators 
te] 0 
na*—— L.°—, (2.13) 
art aes 
with L,* functions of r', r?, ---, r™, &', &, ---, &, are 
such that a point transformation from r', r?, ---, r™, 
, #, ae - to vs a rye s e, e. tery takes 
them to 


(2.14) 


where L,* are the transformed functions of y', y’, 
-++) y™, £1) £2, ---, &. The operators (2.14) certainly 
form a complete set, since they comprise s operators in s 
differentiations, so (2.13) must be a complete set, and if 
no* are functions of r', r?, ---, r™ only, D, form a com- 
plete set. The requirement of preserving volume may 
easily be introduced. 

Reversely, if we can introduce s variables into the 
operators Dg, as in (2.13), so that the new operators 
are still a complete set, and if we express the variables 
ri, 72, ---, r™ in terms of the invariants of this set and 
of the new s variables, we have a solution of the equa- 
tions of motion corresponding to D,. If we take these s 
variables to be some among those used to define D,, 
for example those describing one particle, the situation 
is similar except that the variables now corresponding 
to £* enter 7,", representing reaction of this particle on 
the rest of the system. This will not prevent a point 
transformation from 1, r?, ---, r™, &', &, ---, & to 
vy, v7, +--+, 7”, &, &, ---, & being found, with the same 
degree of arbitrariness as before. 


3. THE RIEMANNIAN SPACE OF 
GENERAL RELATIVITY 
We now assume Einstein’s principle of relativity, 
perhaps slightly strengthened. The ten-parameter family 
of observers breaks up into a four-parameter set of six- 
parameter groups of observers with various orientations 
and velocities at the point-events of four-dimensional 


1 E, Goursat, Mathematical Analysis (Ginn and Company, 
Boston, 1917), Vol. 2, part 2, p. 82. 
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space-time.!? Each of these six-parameter groups is to 
be a realization of the homogeneous Lorentz group in 
transformations of the dynamical variables, so that 
the corresponding physical displacements form a six- 
vector. We suppose further that the four remaining 
physical displacements to neighboring subsets form a 
four-vector. 

Thus we divide é* into two sets; the first we call 
§*, a=1, 2, 3,4; they specify point-events comprising 
six-parameter groups of observers, and are subject to 
arbitrary transformations involving the state of the 
universe ; the second we call @*, A= 1, 2, - - -, 6, specifying 
which observer of the six-parameter group at that point- 
event is involved; these are subject to arbitrary trans- 
formations involving the &* and the state of the uni- 
verse. Likewise we divide d2x* into two sets; the first 
we call dx*, a=1, 2, 3, 4, the four-vector of physical 
displacements to neighboring point-events, which neigh- 
boring point-event depending on the state of the 
universe ; the second we call dx*’, forming a six-vector, 
so that 

dx*= — dx*, (3.1) 
comprising infinitesimal rotations and velocity changes 
of the homogeneous Lorentz group. 

Equations (1.1), (1.2), and (1.3) now take the form 


di*=1,2dx, a=1,---,4 
d= LXdx*+4L dx, d=1,--+,6 
dx*=1,2dt?, 
dx =],%rdte4+1 dp, a,b=1,-+-,4 
df af de afd af dx 1 af dx 


+- Sues et ie (3.3) 
2 dx® ds 


ds 0 ds O0\ ds dx* ds 


and 


of of 
Ties $1,;*—, 
og 


0 0 ce) 
to a A a, b=1, oe 
axe Oe" 


The coefficients omitted must vanish, and the factors 4 

oceur because each is included twice in the summation. 
Equations (2.1), the laws of dynamics, become 

Or*/ 0x4 = s", 

Or* / Ax = nap" ; 


” Reference 1, p. 186. 


a, b=1,---,4; k=1,2,---,m 


> (3.5) 
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and (2.2) and (2.3) become 


eu 
Da= ie ae 
k=l = Or 


n 0 
Da= > Na*—, 
b=1 8 Ort 


Of/dx*= Daf, 


(3:7) 
of/ 0x2>= Daf. 


The assumption that the operators Dw» are physical 
displacement operators corresponding to the homo- 
geneous Lorentz group allows us to choose them and 
the corresponding four-vector Dg, so that dx', dx*, and 
dx? are orthogonal displacements in space, d2* a time 
displacement, dx!*, dx, dx*! rotations from dx! to dx’, 
dx? to dx?, and dx’ to dx', while c?dx", c?dx™, c*dx* are 
velocity displacements in directions dx', dx, and dx’, 
c being the velocity of light. With this choice there 
goes consistently a fundamental tensor gas of the special 
form 


£11= £22= gaa= 1, (3.8) 


£ua= —c’, a= 0, ab, 


and we use this and its inverse to raise and lower the 
indices a, 6, ---, after the manner of general relativity 
theory. 

The commutators of D» must be given by 


DasDea— D.aDa= Lal ra— LoeDaat LaaDb— £bdD ca; 
and those of Dy and D, by 


DwD.— D-Das= SacDo— &reDa. 


(3.9) 


(3.10) 


More specially, operating on a vector function of 
dynamical variables 


DwA-= feoAs— Boe @ (3.1 1) 


with corresponding results for tensors. 

We find that for these dynamical laws to fit into a 
Riemann space it is necessary and sufficient that the 
commutators of D, have the form 


DaDs— DsDo= 4R%asDear, 


without any terms in D, on the right-hand side. 
R*,, are physical components of the Riemann curvature 
tensor as functions of the dynamical variables. 

To show, that this is necessary we follow the text 
books.” We introduce the fundamental tensor of 
general relativity by 


Vvapdé*di?= gadxdx’, 


(3.12) 


(3.13) 
so that 

Yas>= 1a*hs? gap. (3.14) 
The physical displacements define an orthogonal 


183A. S. Eddington, Mathematical Theory of Relativity (Cam- 
bridge University Press, Cambridge, 1923), p. 217; L. P. Eisen- 
hart, Riemannian Geometry (Princeton University Press, Prince- 
ton, New Jersey, 1926), p. 97. 
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ennuple, specified by /.° or their inverses /,*. If we 
consider a vector (over the homogeneous Lorentz 
group) function of position and dynamical variables, 
given by A, or Aq where 4,=h°A a, we have 


i) 
Ayt2LaLy*DeaAr 
og 


D,A,= i* 


0 
= a p)t+$LaLy4(gaAa—gaA-), 


which should agree with the covariant derivative in 
terms of Christoffel symbols, 


dAg Y 
“ss -4,] , 
og* Ba 


Apa 


giving us 


a —1s*— (1) +1.71L Ly gasl p?. (3.15) 
gt 


Gs 


That Ss is symmetrical in 8 and a@ turns out to be 
just the condition that when we form the commutator 
of D, and D, the terms in D, cancel; in addition the 
coefficients of D.q take the form (3.11). 

The sufficiency follows from the general argument of 
Sec. 2. If we solve the dynamical equations, which 
form a complete set, the conditions (3.9) allow us to 
separate out the local Lorentz groups, and (3.10) 
and (3.12) make the geometry at which we arrive 
Riemannian. 

If we regard the observers as specified by some of 
the dynamical variables of the system, we must arrive 
at just the above results, provided that we can neglect 
the reaction of the observer on the system. When this 
cannot be neglected, the curvature tensor will depend 
also on the observer. 

Einstein’s principle of the equivalence of gravita- 
tional and accelerational fields is now seen simply to 
state that if the physical displacement operators are 
given satisfying (3.9), (3.10), and (3.12), when ex- 
pressed in terms of the dynamical variables, gravitation 
is already included, and requires no new field variables. 
We see in addition that the state relative to one ob- 
server gives, by solving the equations of motion, the 
state relative to any other observer. To set up statistical 
mechanics it is convenient to make the additional 
assumption that unity is a multiplier for each physical 
displacement operator. 


4. CANONICAL FORM AND QUANTIZATION 


Any set of linear differential operators can be put in 
classical canonical form by introducing a new variable 
for 0/dr“ to be canonically conjugate to r“; the im- 
portant question is whether they can be put in canonical 
form with fewer than 2m variables, since the new 
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variables are not physically observable. It is well known 
that a single operator can be put into canonical form 
without introducing extra variables, and this theorem 
can be extended to any set of operators giving the 
infinitesimal transformations of a group. 

For a general complete set of linear differential 
operators we must use the 2m variables, but we do not 
wish to consider all contact transformations of these 
2m variables but only those that are extended point 
transformations"® in the m variables r’, r?, ---, r™. Our 
complete set of s linear operators together with the m 
variables r}, r?, ---, 7”, themselves now form a function 
group,'* reducible in general to s pairs of canonically 
conjugate variables and m—s singular variables. Indeed 
the singular variables are just the invariants and the 
reduction is equivalent to a solution of the equations of 
motion. 

If the complete set were so special that it could be 
expressed in canonical form in terms of the m variables 
r}, r?, ---, 7™, only, the s functions representing the 
operators and at most half the remaining m—s variables 
would have to form a function group of which the 
latter would be singular variables, so that the structure 
functions could involve only the first s functions and 
(m—s)/2 variables with zero Poisson brackets with 
them and with each other. This justifies the statement 
made at the beginning of Sec. 2. 

In classical mechanics we have generalized from 
canonical transformations of dynamical variables to 
more general point transformations of these, a special 
class of canonical transformations in a “larger” space 
of twice as many dimensions. In quantum mechanics 
our dynamical variables and statistical states corre- 
spond to infinitesimal unitary transformations of the 
Hilbert space of wave functions; in fact to Hermitian 
matrices over this space. Now all the matrices over this 
space may be regarded as the vectors of a “larger” 
Hilbert space, the trace of the matrix product of two of 
them giving the scalar product of vectors of the “larger” 
space.” We shall regard unitary transformations of this 
“larger” space as corresponding to canonical trans- 
formations of the “larger” classical space. The extended 
point transformations will be those that maintain 
Hermitian matrices of the smaller space Hermitian, 
which are characterized in the larger space as com- 
muting with a certain conjugation.’* Finally, it is 
convenient to restrict our physical displacements to 
those infinitesimal transformations which maintain the 
unit matrix of the smaller space: this corresponds to 
having unity for a multiplier in the classical case. 

The most general linear infinitesimal transformation 
of the matrices of the smaller space has the form 


F’=F+ue , A,FB,, (4.1) 


14 The theorem of Lie and Konigs. See reference 5, p. 275. 

15 Reference 9, p. 85. 

16 Reference 9, p. 283. 

17 M. H. Stone, Linear Transformations of Hilbert Space (Ameri- 
can Mathematical Society, New York, 1932), p. 67. 

18 Reference 17, p. 357. 
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where A, and B, are matrices. It is an infinitesimal 
unitary transformation of the larger space if it has the 


form 
F’=F+te>., (A,FB,—B,FA,), 


and it further maintains the Hermitian nature of F if 
A, and B, are Hermitian, while any such transformation 
that does this can be reduced to this form. Finally it 
maintains the unit matrix J if 
>, (A,B,—B,A,)=0. 

[It can then be written in such forms as 
F’=F+4ee >, {A,(FB,— B,F)+ (FB,—B,F)A, 

— B,(FA,—A,F)— (FA,—A,F)B,}.] 


While transformations of this form do not apply to the 
original wave functions, and do not in general preserve 
the product of two matrices, they do preserve the trace 
of the product of any number of matrices, and therefore 
also the characteristic values of Hermitian matrices. 
Thus the statistical matrix corresponding to a wave 
function is transformed into a matrix that breaks up in 
the same way, though the phase of the resulting wave 
function is not determined. 

By taking the point of view of the larger space, we 
see that what corresponds to multiplying an infinitesimal 
point transformation in classical theory by a function 
of the variables is here replacing a term 4,/B, by a sum 
of terms 


>. {(C,A-+4,C,)F (D,B,+B,D,) 
+ (D,B,+B,D,)F (C,A;-+AL,)}, 


(4.2) 


(4.3) 


C, and D, being Hermitian matrices. This leads immedi- 
ately to a definition of a linear combination of infinitesi- 
mal transformations with functions of dynamical vari- 
ables as coefficients. This preserves the form of (4.2) but 
not (4.3), just as in classical mechanics the corresponding 
operation does not leave the infinitesimal transforma- 
tion in general with a unit multiplier. We can then 
define a complete set of infinitesimal transformations as 
a set for which the alternants of any two members of 
the set are linear combinations of the members of the 
set, with dynamical variables as coefficients. I then 
conjecture that all such transformations that leave 
unaltered the matrices that the set leaves unaltered are 
linear combinations of the members of the set. 

These sets are expected to have enough of the 
properties of the complete sets of the classical theory to 
allow us to extend that theory. Even if the difficulty 
that our observers and test particles are defined by 
g numbers rather than ¢ numbers makes it impossible 
to set up a Riemann space except in the classical limit, 
that would perhaps be sufficient."® We see that classical 
theories extended in this way can be quantized, and 
that quantum theory can be extended in general to 
allow of the wider range of transformations. 

19 Perhaps Everett’s “ ‘Relative State’ Formulation of Quantum 


Mechanics” may help. H. Everett, III, Revs. Modern Phys. 29, 
454 (1957). 
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The question of the AT involved in strange-particle decays is discussed in terms of universal Fermi 
interactions. The fundamental interactions considered contain AT > 4 as suggested by both experimental and 
purely theoretical considerations. It is found that by assuming global symmetry in both the pion coupling 
and the weak coupling one may restrict the AT to 4 in a class of processes involved in hyperon decay. These 
are the processes in which the real pion is given off externally. A symmetry may also be incorporated which 


forbids the decay = 


»N-+-2. A breakdown of this symmetry is necessary to allow =~ decay. Reasons are 


developed for this breakdown to be manifested primarily in the P-wave part of = and A decay. A consequence 
is that 2~ decay should allow no parity nonconservation. The assumption of global symmetry enables one to 
connect = decay to A decay. Fitting the decay rates in the suggested model yields a prediction of the A decay 
rate and asymmetry in agreement with experiment. Various ways of obtaining a selection rule prohibiting the 
6* mode of K decay are discussed. These depend on symmetries which may be incorporated into an inter 


action containing AT =}, 3, and §. 


I. INTRODUCTION 


T has been suggested that the interaction responsible 
for all weak processes is constructed from a vector 
and pseudovector “current,” J,, in the manner'-* 


Leo=rAJ pt as (1) 


where J, creates one unit of electric charge, annihilated 
by J,'. This current is to include contributions from 
nucleon-nucleon, lepton-lepton, hyperon-hyperon, and 
hyperon-nucleon pairs of Fermi fields. The last is to 
account for the decays of K mesons and hyperons. It 
will be assumed here that there are no boson current 
terms except possibly the pion contribution to the 
vector current suggested by Feynman and Gell-Mann.! 
There exists much freedom in the introduction of the 
hyperons into J,. In what follows, an attempt will be 
made to see how the exact form of the hyperon terms 
may be connected to hyperon and K-meson decay data. 

Assumption of such a form for the weak coupling 
already limits somewhat the isotopic transformation 
properties of the weak coupling, so much discussed 
recently.‘ For example, the property AT = 4 may not be 
achieved in an interaction of the form (1) in which the 
current J, has no charge-conserving component, that is, 
in which there is always charge transferred between the 
two factors J. If higher AT are truly present in the 
fundamental interaction, then it is of interest to see 
whether there is a mechanism available to restrict the 
AT observed in hyperon decay to } (though it is not 
necessary for this to be so, even for A decay). 

This may be accomplished, with a suitable weak 
coupling, under the following assumptions: 
* National Science Foundation Postdoctoral Fellow. 
t Based on part of a Ph.D. thesis submitted to Harvard Uni- 
versity in May, 1958. 

1R, P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958). 

2 J. Schwinger, Ann. Phys. 2, 407 (1957). 

3 E. C. G. Sudarshan and R. E. Marshak, Phys. Rev. 109, 1860 
eg Gell-Mann and A. Rosenfeld, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1957), Vol. 7, p. 407. 


(1) The strong pion coupling has global symmetry.*:* 
The heavy fermion mass splitting will be assumed to 
result from the K-meson interaction. 

(2) Certain K corrections to the decay process may 
be ignored. 

(3) The final, real pion is emitted externally to a 
more fundamental decay process, (A,2) — nucleon. 

The last assumption seems reasonable for the P-wave 
part of the transition amplitude, where the external pion 
emissions produce a 1/w dependence on the pion energy. 
Here the situation is analogous to low-energy brems- 
strahlung. For the S wave it is an assumption motivated 
merely by the desire to achieve in a simple way the rule 
AT= 3, suggested by the branching ratio in A decay. 

A symmetry principle will be found to exist which 
forbids direct decay of the = into a nucleon plus a pion. 
Further consequences of this symmetry will be examined 
in the light of the above model and the experimental 
data. 

The other half of the AT question relates to finding a 
selection rule to explain the long lifetime of the 6* mode. 
It is found that some of the symmetries mentioned 
above may be utilized to forbid 6+ weakly while allowing 
AT =}, $, } in the weak interaction. Thus no restriction 
is placed on the branching ratio. This selection rule will 
be broken down by the K coupling. 


II. THE STRONG INTERACTIONS 


Following the notation of Schwinger,? the N and = 
fields will be combined into one four-component isotopic 
spinor ¥; which annihilates one unit of heavy particle 
charge and has the components (in terms of the 
particles annihilated) 

[ i24(Ywe+ vz") 
| 2-4(—yw+t+yz-) 
i274 (yet yz?) 
2-4 (Yue—yz) 


5M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 
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The A and ® fields are combined into 
Vi, = (Wr? Wo? Ws" Wa), 


with the usual isotopic vector components for 2. The 
following two sets of matrices are defined: 


(0 0 0 a 
_|0 0 -i 0 
m=io ¢ 0 OF 

i. ® gee 


Their rules of multiplication are 
757 5= 855+ L€ijRT ky 
6h 5= bist teipde, (4) 
[7.,¢;]=0. 
The operators giving the heavy fermion contribution to 
the electric charge and the isotopic spin are 
O= V1, vol (r34+-$s)/2 Wa ot Vyvol (rs+fs)/2 Wr, 
T =r ovo (7s4+5)/2 Wr ot Vyv0(7 5/2). 
The infinitesimal isotopic rotation is given by 
Yi (14 Fid0-2)Y, 
¥i0— [1+4id0- (4+%) Wi, 0- 
The universal pion coupling in this notation is 
Lr= 8 (V1, 0157 Hi, ot Vyv57 Hy) or’, (6) 
which has many symmetries beyond charge independ- 
ence.? An important one for our purpose is the symmetry 
¥1.0,5 7 (14+ tb0fs)Yi, 0,3 (7) 
implying conservation of the quantity Zs, 
Z3=¥1, 0v0(3/2)v1, 0+ Prv0(Fs/2)W. (8) 
Z;=+4 in a one-nucleon state and —} for a cascade 
particle. Z,=+ 3 for + and for the “nucleon-like”’ 
combination of 2° and A®°. Z;=—4 for =~ and the 
cascade-like combination of 2° and A°. 
Ill. THE WEAK INTERACTION 


The universal pion coupling supplies a natural defini- 
tion of universality in the weak interaction, that is, £,, 
is to be made symmetrical between y, and y,9 as is £,. 
The current, J,, which increases the charge by one unit 
is made up of pairs of Fermi fields connected by a 


(5) 
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charge-raising matrix. A complete set of charge-raising 
matrices in our notation are 


T= (tytire)/2, $4= Ort if2)/2, 
$473, 

74.03, £48, 

7472 8, t+7ahs- 


In that part of the current linking ¥, with yj, the {5 
terms are not admissible since they mix nucleon and 
cascade particles, giving decays such as =— N+e+». 
This may be seen by noting that the unitary trans- 
formation U-YU = ify reflects the quantity Z; which 
distinguishes N and Z. It will be assumed that the 
matrix 7, will be used also in the terms Yi, o7,- * -¥1,0, 
V1, 0Yu" * Wy, and Wy," * -¥1,0. The quantity Z; will then 
be conserved in the weak interaction and 2— N+" 
therefore forbidden. 

The simplest interaction of this kind utilizes only the 
matrix 7, for J, and 7_ for /,'. We write (1) as 


Lo=A,J,', 1=1,2 


T+T73, 


(9) 


(10) 
where 


JT §=Vs, ru (lt ive) 7s, ot yy. (1+tys)7 hi, 0 
+1, yu l tive) yt di (1 t+ivs) hi. 


In this case £, contains AT= 4, $, and }. This has been 
verified by direct decomposition of £, into terms which 
transform irreducibly under the isotopic rotation. 


IV. HYPERON DECAY 


If the final pion is indeed given off externally, A or 2 
decay corresponds to the transition (A,Z) — N followed 
by or preceded by a pion emission. An effective weak 
interaction for the first part, including all pion effects, 
may be written 


Ler= WL (vp) +708 (vp) Wr. o. 


Here f(yp) and g(yp) are charge-conserving matrices in 
the four-dimensional isotopic space. The first term is 
responsible for decay into a P state; the second for the 
S wave. We are here not attempting to predict the 
relative strength of the S and P amplitudes. We observe 
only that the assumption of global symmetry in £, and 
the fundamental weak coupling (10) dictates the use of 
the unit matrix in the four-dimensional isotopic space 
for the functions f and g. To prove this, note that none 
of the matrices ¢; enters the theory either through the 
pion coupling or the weak coupling. In view of this and 
the multiplication laws (4), insuring that no ¢’s may be 
created, the charge-conserving matrices (commuting 
with r3+¢3) which may enter (11) are restricted to unity 
and 73. Both the weak coupling and £, have the sym- 
metry 


(11) 


Wy it, Vio itWi,0, ¢2— (1— 2h) gs. 


Under this operation ¥4°--7s#1,0 changes sign and 
therefore cannot be contained in Leer. 
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That ¥4---1y1,0 is a AT7=4 form may be seen from 
the form of the infinitesimal isotopic rotation, 


vi,0—- [1+4id0: (2+) Wi, 0; 
vi Wi[1—Fiba-*), 
Lett — v4: ++ (1+ 418° F)yY1, 0, 


and the fact that the {’s generate a T=} representation 
of this group. 

The matrix element for A, Y — N+7 is now written 
in the form £&'M,m,o, where i is the isotopic vector 
index for the pion. ~ and 7 are four-dimensional isotopic 
spinors for the initial hyperon and the final nucleon. If 
the interaction Lore [Eq. (11) ] and the symmetric pion 
coupling are all that are present, the matrix M ; must be 
proportional to 7;. [With the original weak coupling 
(10), M; could have been a combination of 7; and 4,373. ] 

Having found no reason for the S-wave amplitude to 
be a sensitive function of the hyperon mass differences 
or coupling constants, that is, sensitive to a small 
breakdown in the symmetries, we shall assume the 
S-wave matrix element to be given by the matrix 
element of 7; and the simplest energy dependence, 


M,=constXw*(év'7 aa, z). (12) 


However, the P-wave decay calculated in perturba- 
tion theory turns out to be sensitive both to the mass 
splittings and to the splittings of the pion coupling 
constant. This sensitivity to the masses results from the 
diagrams in Fig. 1 giving contributions proportional to 
1/(Maz— My). If the A, = mass splitting is neglected 
but a mass difference between A, 2 and the nucleon is 
included, one finds a cancellation between the “‘crossed”’ 
and “uncrossed” diagrams of Fig. 1. This cancellation 
depends on the equality of the pion coupling constant to 
A, = and to the nucleon. 

The observed P wave could originate from higher 
order pion effects or from K-meson corrections. How- 
ever, there is only one source of nonvanishing terms of 
order 1/(M4,s—Mvy). This is the splitting of the pion 
coupling constants. If these terms are important then 
the symmetry (7), which was incorporated into £,, to 
prevent 2— N+z, is no longer valid. =~ decay also 
would be forbidden were this symmetry present, =~ 
having Z;= — 4 and the nucleon Z;= +4. In the expres- 
sion (12) for the S wave, then, the matrix elements for 
2- decay vanish. =~ decay is allowed in the above 
picture of the P wave. =~ decay should thus be mostly P 
wave and show little asymmetry. There are experimental 





Fic. 1. Feynman dia- 
grams for A and = decay 
using the interactions (11) 
and (16). 
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indications that this is so.6 2-—> N+-_, on the other 
hand, remains forbidden; there must be K corrections 
before the interaction (10) is contracted into Les to 
allow this process. 

Taking the pion coupling-constant splittings to be the 
entire source of the P wave, an expression for the 
matrix element for A, 2 — NV+-z results: 


M y= (Ma,x— My)“ Ent (o-k,)(Ar.4+-BE,)nz,4. (13) 


This formula is obtained by noting that the general 
charge-independent pion coupling to A and © is £,,4,3 
= 1, 075(a7 +f Wr, og". For the nucleon alone it is 
Ly, = Wis (c7 Wer’. 

The three parameters in (12) and (13) may be 
determined by fitting the total transition rates of 
24 — Nt++2°, 2+ — N°+2+, and 2- — N+-7- (experi- 
mentally in the ratios 1:1:1).4 We find for 2 decay, 


o-k 
Mac[rittc 
‘k| 


(14) 


where k is the pion momentum. The matrix elements for 
the three processes are 
z+ — Nt++', 

Tt N+aet, M=C[25); 
2 N+n, M=C[2!]e-k/|k] ]. 
It will be noted that since the S-wave (V+7) state here 
is pure T= 3, neglecting the S-wave phase shifts has not 
affected the fitting of the total decay rates. The set of 
(15) is one of two solutions of fitting the ratios in = 
decay with AT=} if the =~ is to show no asymmetry.‘ 
The expressions (12) and (13) evaluated for the A 
mass and decay energy gives, for A decay into N++--, 


M = (2)-4C[1.2—0.90-k/|k| J, 


M=C{1+e-k/|k|): 
(15) 


which contains the necessary large parity violation®’ 
and gives the decay rate ratio >+/A=3 in agreement 
with experiment.‘ 

This last calculation is not to be taken too seriously. 
What might be significant here are the following two 
speculations : 

(1) Connection of the absence of Z—> N-+- and the 
lack of asymmetry in =~ decay, both consequences of Z; 
conservation, with the P wave in =~ decay resulting 
from a breakdown in this symmetry. 

(2) Connection of the 2 branching ratio with the 
large parity nonconservation in A decay. 


V. THETA DECAY 


The interaction £, [Eq. (6) ] contains AT=4, #, and 
§. Depending on the value of the & branching ratio it 
may be necessary that significant quantities of AT=3 
and AT=$ be present in the actual decay.’ If so, it 

*F. Eisler et al., Phys. Rev. 108, 1353 (1957). 


7F. S. Crawford et al., Phys. Rev. 108, 1102 (1957). 
8 M. Gell-Mann, Nuovo cimento 5, 76 (1957). 
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should be pointed out that there exist ways to suppress 
the @* rate relative to the @ rate other than the AT=} 
rule. 

One way is to use a K coupling which does not split 
the A and = masses.? The amount of 6* decay which does 
occur then would be attributed to the source of the mass 
splitting. However, this K interaction gives rise to 
selection rules contrary to fact in certain strong 
processes.? The 6@* selection rule follows from the 
symmetry in the nonsplitting K coupling,’ 


¢gxt——¢xt, ¢x’— or’, 
wy- th, V1.0 Hi, 0, 


Gr rx. 


(16) 


This is a symmetry of £, so all that is required to forbid 
6+ is Zs; conservation in the weak interaction. The & 
mode is allowed. 

It is also possible to weakly forbid the @* mode in the 
presence of an arbitrary K coupling. This may be done 
in the lowest order of the K coupling but to all orders in 
the pion coupling. The K coupling acts only to anni- 
hilate the initial K+ particle. 6* is forbidden in this 
sense if that part of the weak interaction involved in @ 
decay has the symmetry 

yi Uy1,0', 
Vi0— hy, 


Gr — Gx; 


(17) 


in addition to the symmetry (implied by Z; conserva- 
tion) 
v4 am ww, 

¥1,0— Hr, 0. 
The pion coupling is invariant under both these opera- 
tions. The important point is the behavior of the K 
coupling. It will be shown that every term in the 
coupling of K+ to the baryons, which is the only K 
coupling entering in lowest order, changes sign under 
one or the other of the operations (17) and (18). Since 
the final two-pion state is invariant under either opera- 
tion, for each term in the transition amplitude there is a 
symmetry for which K+— —K*. @& decay is thus 
forbidden. To prove this, consider the enumeration of 
the charge-raising matrices (9). The K coupling has 
terms of the form j---Miyi, 09K! or ~i,oM4- + -Wyert. 
The ¢, terms all change sign under (18). The 7, terms all 
change sign under (17). 

This may be interpreted by looking at some of the 
intermediate processes involving nucleons (intermediate 
=’s are included in the above). Using Gell-Mann’s 
notation for the integral T analog of N°(Y°) and 2°(Z°), 
we have virtually 


(18) 


K+— Nt++F?, 

K+ Nt++2, 

K+ — N°+ 5+. 
9 A. Pais, Phys. Rev. 110, 574 (1958). 
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The last two states on the right may not proceed into 
two pions because they have Z;=1 and for the pions 
Z;=0. In the first process we find that the symmetry 
(17) exchanges N+ and F° with, as has been seen, 
negative parity. Note that the mass difference which 
may measure the extent to which the last symmetry 
breaks down is the nucleon-2 mass difference. There is 
no mixing of = processes with nucleon processes in the 
transformation (17). That is, Z processes are not used to 
cancel nucleon processes. 

Upon using the interaction (10), it is seen that for a 
scalar K coupling, that part of £,, contributing to 0 
decay is 
Ly'= ALY, ovat t+ Wy a7 V1, oly, 0YuT 1, ot Viv | 

—AVa overeat Vyy.757 Hi,0] 
X La, cyst H,0+ Vivust wy], 
This is invariant under (17) and (18). Fora pseudoscalar 
K coupling, invariance under (17) may be achieved by 
changing the signs of the y---y, term in (10). The 
interaction responsible for @ decay is then 
Ly'= Yr, ove VsT Mat WyyersT Mi, 0] 
X [Va ovat Hr, 0— Wir Hy | 
+irlhs ontratdinut so] 
X (Va, ovuvsr hs, o—Wyrurs7 V4], 

It is hoped that that part of the K coupling involved 
in splitting the hyperon masses is sufficiently small to 
justify treating it in perturbation theory. Corrections 
due to a K coupling that leaves all baryon masses 
unsplit® may be included here since they maintain the 
symmetries (17) and (18). 


1=1, 2. 


i= 1, 2. 


VI. « DECAY 


If the fundamental weak interaction contains much 
AT=§, then one is in need of an explanation for the 
branching ratio in 7 decay, 7/7’=4, characteristic of the 
completely symmetric T=1 state.” Perhaps processes 
with a one-pion intermediate state dominate this mode, 
insuring a 7=1 final state, and no further explanation 
is required. We also note that by introducing parity 
nonconservation into £, in a slightly different way, 


J '=Wyyu(1 +7573) ryt etc., 1= 1, 2 


an interaction is obtained which for a scalar K coupling 
contains AT =}, 3, § in the 6 decay terms and AT=}, 3 
in the 7 decay terms. 
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Variation of the Elastic Constants of Crystalline 
Aluminum with Temperature between 63°K and 
773°K, Pau. M. Sutton [Phys. Rev. 91, 816 
(1953) ]. The values of the Debye characteristic 
temperature reported are too large by 2.45% due to 
a numerical mistake. The corrected Table VI reads: 


i ies 0° 50° 100° 200° 300° 450° 600° 750° 
OD 428° 428° 425° 416° 406° 389° 370° 349° 


Also, the end of the sentence split by Table IV 
should read: “ . . . 419°K, which is to be com- 
pared with the value 428°K here reported.” 


Transport Equation in Quantum Gases, HAZIME 
Morr AND JoHN Ross [Phys. Rev. 109, 1877 
(1958) ]. Equation (45) should read 


J =(N—1)(2mh)® 


x f fern fvOR, Ri, (3pe—p’), (2Pe +p’) ; ¢] 


—W(p',p) fv CRs, Ri, (3pe—p); (2Pe+p) ; (]}dp'dpe. 


This correction does not affect the derivation of the 
transport equation. 


Excitation of Spin Waves in a Ferromagnet by a 
Uniform rf Field, C. Kirter [ Phys. Rev. 110, 1295 
(1958) ]. In Eq. (26), wo should be w,. Equation (27) 
should be deleted, and in its place we should have 
simply 1/m. These errors arose from an unusual 
extraneous solution of (23); the correct result can 
best be obtained by solving (20) and (21) first for 
aS,/dt; one then obtains 3S,/d¢ as desired from 
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(20). It is important to avoid taking the Laplacian 
of H,. 


Test of the Nature of the Vector Interaction in § 
Decay, Murray GELL-MANN [ Phys. Rev. 111, 362 
(1958) ]. The coefficient of cos@ in Eq. (20) is incor- 
rect. It should be divided by the expression in curly 
brackets in Eq. (21). I am grateful to Dr. S. Berman 
for pointing out this error. 


Influence of Electron Interactions on Metallic 
Properties, JoHN G. FLETCHER AND Davip C. 
Larson [Phys. Rev. 111, 455 (1958) ]. In Eq. (9c) 
the factor (2—28—46°) should be replaced by 
(2|1—8| —36°). In Table III, when y=0.471, A™ 
and A are, respectively, for K, 0.11 and 0.13 instead 
of 0.09 and 0.11; for Rb, 0.10 and 0.12 instead of 
0.07 and 0.09; and for Cs, 0.10 and 0.12 instead of 
0.05 and 0.07. 


Studies of Decay Schemes in the Osmium-Iridium 
Region. I. Isomers Os'*°"(10-min) and Os'**™ (5.7- 
hr), G. SCHARFF-GOLDHABER, D. E. ALBURGER, G. 
HARBOTTLE, AND M. McKeown [Phys. Rev. 111, 
913 (1958) ]. In Table III the value 0.46 for 7; (sec) 
and the value 2.2105 for ||? belong in the 
column headed by £; instead of the column headed 


by Bo. 


Radiations of Osmium-193 and Osmium-191, V. S. 
DuBeEyY, S. S. MALIK, C. E. MANDEVILLE, AND 
Ampuy MuKeErjl! [Phys. Rev. 111, 920 (1958) ]. In 
Table II on page 922, the isotope opposite 234K 
should be Os!®* instead of Os!%8, 


Thermal Expansion of Some Crystals with the 
Diamond Structure, D. F. Gisnons [Phys. Rev. 
112, 136 (1958) ]. In Fig. 2 the values for y of 
vitreous silica were misplotted and should be 
multiplied by 0.18 to give the correct magnitude. 
None of the text is affected by this change. 





PHYSICAL REVIEW VOLUME 


22. 


NUMBER 6 DECEMBER 15, 1958 


Author Index to Volumes 109, 110, 111, and 112 


References with (L) are to Letters to the Editor. References with (E) are to Errata. 


Abragam, A. and W. G. Proctor. Spin temperature—109, 1441 

Abraham, M., C. D. Jeffries, R. W. Kedzie, and J. C. Wall- 
mann. Re-examination of paramagnetic resonance of Np?** 
—112, 553 

Abrahams, Elihu (see Weiss, P. R.)—111, 722 

Abrikosov, A. A., A. D. Galanin, L. P. Gorkov, L. D. Landau, 
I. Y. Pomeranchuk, and K. A. Ter-Martirosyan. Possibility 
of formulation of theory of strongly interacting fermions- 
111, 321 

Adair, Robert K. Production of strange particles by x-nucleon 
and photonucleon interactions near threshold—111, 632 

—— (see Leipuner, L. B.)—109, 1358 

Adawi, I. Lorentzian gas and hot electrons—112, 1567 

Agarwal, S. P. (see Pomerantz, M. A.)—109, 224(L) 

Agnew, L., T. Elioff, W. B. Fowler, L. Gilly, R. Lander, 
L. Oswald, W. Powell, E. Segré, H. Steiner, H. White, 
C. Wiegand, and T. Ypsilantis. ~-p elastic and charge ex- 
change scattering at about 120 Mev—110, 994(L) 

Aharoni, A. and S. Shtrikman. Magnetization curve of infinite 
cylinder—109, 1522 

Aitken, M. J. (see Whitehead, C.)—110, 941 

Albridge, R. G., J. C. Hubbs, and R. Marrus. Spin of Np***— 
111, 1137 

Alburger, David E. 8 decay of N**—111, 1586 
— Electric monopole transitions in Ge?® and Zr*°—109, 1222 

—, S. Ofer, and M. Goldhaber. Positron spectra of Eu'*? 
and Eu'®*™—112, 1998 

—— (see Hatch, E. N.)—110, 1116 

—— (see Scharff-Goldhaber, G.)—111, 913; 112, 2139(E) 

Alers, G. A. (see Neighbours, J. R.)—111, 707 

Alexander, J. M., U. Schindewolf, and Charles D. Coryell. 
Short-lived isotopes of Pd and Ag of masses 113-117—111, 
228 

Allen, Robert C. and Nelson Jarmie. Triton reaction cross 
sections—111, 1129 
—— (see Jarmie, Nelsof)—111, 1121 

Allgaier, Robert S. Magnetoresistance in PbS, PbSe, and 
PbTe at 295°, 77.4°, and 4.2°K—112, 828 
—— and Wayne W. Scanlon. Mobility of electrons and holes 
in PbS, PbSe, and PbTe between room temperature and 
4.2°K-—111, 1029 

Allison, F. E. (see Foner, Simon)—-109, 1129 

Allison, Samuel K. Double electron capture and loss by He 
ions traversing gases—109, 76 
— Electron loss cross sections for He atoms in kinetic energy 
range 100-450 kev—110, 670 

Allton, E. A. (see Panofsky, W. K. H.)—110, 1155 

Almgvist, E. (see Gove, H. E.)—111, 608 

Alsop, L. E. (see Giordmaine, J. A.)—109, 302 

Altshuler, Saul. Variational principles for wave function in 
scattering theory—109, 1830 

Alvarez, Luis W., Frank S. Crawford, Jr., and M. Lynn 
Stevenson. Elastic scattering of 1.6-Mev y rays from H, 
Li, C, and Al nuclei—112, 1267 

Amado, R. D. Correlations and nuclear magnetic moment— 
111, 548 

Amar, Henri. Magnetization mechanism and domain structure 
of multidomain particles—111, 149 

Amble, E. (see Fletcher, P. C.)—110, 536 

Ambler, E., R. W. Hayward, D. D. Hoppes, and R. P. Hudson. 
B-y correlations from polarized Mn**—110, 787(L) 

Ames, Oakes and George E. Owen. Angular distributions of 
B" (d,n)C!** first excited state neutrons—109, 1639 

Anders, Edward. Neutron activation cross section of Tc**— 
110, 427 


Anderson, G. S., S. Legvold, and F. H. Spedding. Hall effect 
in Lu, Yb, Tm, and Sm—111, 1257 

——, S. Legvold, and F. H. Spedding. Superconductivity of 
La and some La alloys—109, 243 

Anderson, Hugh (see Neher, H. V.)——109, 608(L) 

Anderson, J. D., C. C. Gardner, J. W. McClure, M. P. Nakada, 
and C. Wong. Inelastic scattering of 14-Mev neutrons from 
C and Be—111, 572 

—, C. C. Gardner, M. P. Nakada, and C. Wong. Back-angle 
elastic scattering of 14.6-Mev neutrons—110, 160 

- (see Nakada, M. P.)—110, 594(L); 110, 1439 

Anderson, James L. Enumeration of true observables in gauge- 
invariant theories—110, 1197 

—— Reduction of primary constraints in generally covariant 
field theories—111, 965 

——— Superpotentials for generally covariant field theory—112, 
1826 

Anderson, Kinsey A. Soft radiation events at high altitude 
during magnetic storm of August 29-30, 1957—111, 1397 

Anderson, Oscar A., William R. Baker, Stirling A. Colgate, 
Harold P. Furth, and Robert V. Pyle. Neutron production 
in linear deuterium pinches—109, 612(L) 

—, William R. Baker, Stirling A. Colgate, John Ise, Jr., and 
Robert V. Pyle. Neutron production in linear deuterium 
pinches—110, 1375 

Anderson, P. W. Absence of diffusion in certain random 
lattices—109, 1492 
— Coherent excited states in theory of superconductivity : 
gauge invariance and Meissner effect—110, 827 
— New method in theory of superconductivity—110, 
985 (L) 

—— Random phase approximation in theory of supercon- 
ductors—112, 1900 

Antal, J. J. and A. N. Goland. Study of reactor-irradiated 
a-Al,0;—112, 103 

Apker, L. (see Taft, E. A.)—110, 876 

Appa Rao, M. V. K., S. Biswas, R. R. Daniel, K. A. Neela- 
kantan, and B. Peters. Abundance of light nuclei in primary 
cosmic radiation—110, 751 

Appel, H., H. Schopper, and S. D. Bloom. (8,7) circular 
polarization correlation for Co® and Na**—109, 2211(L) 

Archer, R. J. Optical constants of Ge: 3600 A to 7000 A—110, 
354 

Arditi, M. and T. R. Carver. Frequency shift of zero-field 
hyperfine splitting of Cs'** produced by various buffer 
gases—112, 449 
— and T. R. Carver. Optical detection of zero-field hyperfine 
splitting of Na**—109, 1012(L) 

Argyres, Petros N. Quantum theory of galvanomagnetic 
effects—109, 1115 

Armstrong, Alice H. (see Frye, Glenn M., Jr.)- 

Arnoldy, R. (see Winckler, J. R.)—110, 1221 

Arns, R. G. and M. L. Wiedenbeck. Analysis of y-y angular 
correlations involving multipole mixtures—111, 1631 

—~ and M. L. Wiedenbeck. Directional correlation of y rays 
in Ge72—112, 229 

Artman, J. O., N. Bloembergen, and S. Shapiro. Operation of 
three-level solid state maser at 21 cm—109, 1392(L) 

Aruga, Masanao (see Koga, Issac)—109, 1467 

Ashby, V. J., H. C. Catron, L. L. Newkirk, and C. J. Taylor. 
Absolute measurement of (”,2m) cross sections at 14.1 Mev 
—I111, 616 

Auer, Peter L. Transient analysis of Townsend discharge 
111, 671 ‘ 

—, H. Hurwitz, Jr., and S. Tamor. Theory of cathode 
sheath in low-density gas discharge—111, 1017 


110, 170 


2140 














Aull, L. B. and W. D. Whitehead. Cross section for 
Al?7(y,2p)Na*® reaction to 65 Mev—110, 1113 

Austern, N. and S. T. Butler. Refraction effects in direct 
nuclear reactions—109, 1402(L) 
— (see Butler, S. T.)——112, 1227 

Autler, S. H. and Nelson McAvoy. 21-centimeter solid-state 
maser—110, 280(L) 

Ayres, R. U. Variational approach to many-body problem- 
111, 1453 


Babcock, Horace. Stars as sources of cosmic rays—109, 
2210(L) 

Bade, William L. (see Jehle, Herbert)—110, 793 

Bailyn, M. Transport in metals: effect of the nonequilibrium 
phonons—112, 1587 

Bair, J. K. (see Wills, J. E., Jr.)—109, 891 

Baker, E., G. Friedlander, and J. Hudis. Formation of Be? in 
interactions of various nuclei with high-energy protons— 
112, 1319 

Baker, George A., Jr. Formulation of quantum mechanics 
based on quasi-probability distribution induced on phase 
space—109, 2198 

~—— Structure of nuclear mass surface—112, 954 

Baker, J. G. Energy levels of asymmetric rotor—110, 282(L) 

Baker, J. M. (see Quinn, W. E.)—112, 1929 

Baker, W. F., H. Byfield, and J. Rainwater. Jheoretical 
calculations of scattering of *~ mesons by complex nuclei- 
112, 1773 
-—, J. Rainwater, and R. E. Williams. Scattering of 80-Mev 
x~ mesons by complex nuclei—112, 1763 

Baker, William R. (see Anderson, Oscar A.) 
110, 1375 

Balazs, Nandor L. Brownian motion of mirror in superfluid 
He—109, 232 
—~— Effect of gravitational field, due to rotating body, on 
plane of polarization of electromagnetic wave—110, 236 

Baldo-Ceolin, M., H. Huzita, S. Natali, U. Camerini, and 
W. F. Fry. Hyperfragments produced by K® mesons from 
K* charge exchange—112, 2118 

Baldwin, Barbara B. (see Green, Louis C.)——112, 1187 

Balkanski, M. and R. D. Waldron. Internal photoeffect and 
exciton diffusion in Cd and Zn sulfides—112, 123 

Ball, James S. and Geoffrey F. Chew. Nucleon-antinucleon 
interaction at intermediate energies—109, 1385 

Ball, William P., Malcolm MacGregor, and Rex Booth. 
Neutron nonelastic cross sections from 7 to 14 Mev—110, 
1392 

(see Booth, Rex)—112, 226 

—— (see MacGregor, Malcolm H.)—-111, 1155 

Balluffi, R. W. (see Simmons, R. O.)—109, 1142 

Bandtel, Kenneth C., Wilson J. Frank, and Richard Madey. 
Measurement of spin-flip probability in photoproduction of 
negative pions from deuterium-——109, 2117 

, Wilson J. Frank, and Burton J. Moyer. Comparison of 
reactions p+d—H'+n*, p+d—He'’+7° as test of charge 
independence—110, 1484(E) 

Banerjee, Haridas. Polarization effects in integrated brems- 
strahlung cross section—I111, 532 

Banewicz, John J. (see Lindsay, Robert)—-110, 634 

Baranger, Michel. General impact theory of pressure broad- 
ening—112, 855 

—— Problem of overlapping lines in theory of pressure 
broadening—111, 494 

Simplified quantum mechanical theory of pressure 


109, 612(L); 








broadening—111, 481 

Baranov, P. S., V. I. Gol’danskii, and V. S. Roganov. Yield 
and angular distribution of fast photoneutrons from D and 
C—109, 1801 

Barber, W. C. Electrodisintegration of Be® and C!*—111, 1642 


AUTHOR 





INDEX 2141 







Barcus, L. C., A. Perlmutter, and J. Callaway. Effective mass 
of electrons in GaAs—111, 167 

Bardeen, J. (see Mattis, D. C.)—111, 412 

Bardon, M., M. Fuchs, K. Lande, L. M. Lederman, W. 
Chinowsky, and J. Tinlot. Lifetime and decay of K2° meson 
—110, 780(L) 

Barkas, Walter H., John N. Dyer, Peter C. Giles, Harry H. 
Heckman, Conrad J. Mason, Norris A. Nickols, and 
Frances M. Smith. Negative K-meson reactions with 
protons: masses of charged = hyperons and negative K 
meson—112, 622 

Barker, F. C. (see Tassie, L. J.)—111, 940 

Barnes, C. A. (see Kavanagh, R. W.)—112, 503 

Barnett, C. F. and H. K. Reynolds. Charge exchange cross 
sections of H particles in gases at high energies—109, 355 

and P. M. Stier. Charge exchange cross sections for He 
ions in gases—109, 385 

Baroody, E. M. Influence of mass ratio on displacement 
cascades in diatomic solids—112, 1571 

Barrett, A. H. and M. Mandel. Microwave spectra of TI, In 
and Ga monohalides—109, 1572 

Barrett, C. S. Structure of Tl and Gd at low temperatures— 
110, 1071 

Barshay, Saul. Possible model for strong interactions—109, 
2160 

- Remarks on pion production in pion-nucleon collisions 
at moderate energies—111, 1651 
—— Scattering of K* mesons by nucleons—110, 743 
- Selection rules for pion production in nucleon-anti- 
nucleon scattering—109, 554 

Barton, M. Q. and J. H. Smith. Correlated neutron-proton 
pairs from high-energy photodisintegration of He and Li 
110, 1143 

Barut, A. O. Covariant quantum statistics of fields —109, 1376 

Bashkin, S., R. R. Carlson, R. A. Douglas, and J. A. Jacobs. 
Response of CsI (Tl) crystals to energetic particles—109, 434 

Bauminger, E. R. and S. G. Cohen. Natural radioactivity of 
V* and Ta8—110, 953 

Bayer, Raymond (see Truell, Rohn)—110, 1206(L) 

Beaty, E. C., P. L. Bender, and A. R. Chi. Narrow hyperfine 
absorption lines for Cs!** in various buffer gases—112, 450 

Bechmann, R. Elastic and piezoelectric constants of a-quartz 

110, 1060 

Beck, Paul A. (see Wei, Chuan-Tseng)—112, 696 

Becker, R. A. (see Gove, N. B.)-—-112, 489 

Beckman, Olof. K x-ray spectrum of Hg-~109, 1590 

Bedo, D. E. and D. H. Tomboulian. K emission spectrum of 
metallic Li—109, 35 

Beer, A. C. and R. K. Willardson. Hall and transverse mag- 
netoresistance effects for warped bands and mixed scattering 
—110, 1286 

Bég, Mirza A. Baqi. Existence of positronium in solids—111, 
1062 

Beghian, L. E., R. P. Scharenberg, P. H. Rose, and R. W. 
Waniek. Possible method of investigating gyromagnetic 
ratios of short-lived nuclear states with fast neutral beams 
110, 1479(L) 

Behrends, R. E. Universal Fermi interaction- 

——— Photon decay of hyperons—111, 1691 

Behrendt, D. R., S. Legvold, and F. H. Spedding. Magnetic 
properties of Dy single crystals—109, 1544 

Beitel, Frank P., Jr., and Emerson M. Pugh. Two Hall effects 
of Fe-Co alloys—112, 1516 

Bekefi, G. and Sanborn C. Brown. Collision cross section and 
energy loss of slow electrons in Hy—112, 159 

Bell, M. Drake and William J. Leivo. Rectification, photo- 
conductivity, and photovoltaic effect in semiconducting 
diamond—111, 1227 

Bell, William E. and Arnold L. Bloom. Optically detected 
field-independent transition in Na vapor—109, 219(L) 


109, 2217(L) 

















2142 VOLUMES 109, 





Bemski, G. Recombination properties of Au in Si—111, 1515 

Bendel, Warren L., John McElhinney, and Ralph A. Tobin. 
Photoneutron reactions in N, O, F, Cu, Ag, and In—111, 
1297 

Bender, P. L. (see Beaty, E. C.)—112, 450 

Bendt, Philip J. Measurements of He*-He‘ and H:-D»2 gas 
diffusion coefficients—110, 85 

Benedict, T. S. and J. L. Durand. Dielectric properties of 
single domain crystals of BaTiO; at microwave frequencies 
—109, 1091 

Bennett, Lawrence H. and H. C. Torrey. High negative nuclear 
polarizations in liquid—109, 2218(E) 

Benson, Jay L. (see Giese, Clayton F.)—110, 712 

Bent, R. D. and T. H. Kruse. Compound states formed in 
reaction Ca**(p,p’ete~)—-109, 1240 

(see Eklund, K. E.)—112, 488; 112, 966 

—— (see Kruse, T. H.)—112, 931 

Berestetsky, V. B., B. L. Ioffe, A. P. Rudik, and K. A. Ter- 
Martirosyan. Effects related to nonconservation of parity 
in 8 decay—111, 522 

Berg, R. A. and C. N. Lindner. High-energy bremsstrahlung in 
electron-proton collisions—112, 2072 

Bergmann, Peter G. Conservation laws in general relativity as 
generators of coordinate transformations—112, 287 

—— and Allen, I. Janis. Subsidiary conditions in covariant 
theories—111, 1191 

—— (see Sachs, R.)—112, 674 

Berko, Stephan and John S. Plaskett. Correlation of annihila- 
tion radiation in oriented single metal crystals—112, 1877 

Berley, David and George B. Collins. Cross sections for 
associated production by protons—112, 614 

Berlincourt, Don and Hans Jaffe. Elastic and piezoelectric 
coefficients of single-crystal BaTiO;—111, 143 

Berlincourt, Ted G. Hall effect, magnetoresistance, and size 
effects in Cu—112, 381 

Berman, A., M. W. Zemansky, and H. A. Boorse. Normal and 
superconducting heat capacities of La—109, 70 

Berman, S. M. Radiative corrections to muon and neutron 
decay—112, 267 

Bernardes, Newton. Theory of solid Ne, A, Kr, and Xe at 
0°K—112, 1534 

Bernstein, A. M. and A. K. Mann. Scattering of y rays by 
static electric field—110, 805 

Bernstein, E. M. Internal conversion electrons from Coulomb 
excitation of Ta!*\—112, 2026 

Bernstein, Ira B. Waves in plasma in magnetic field 

—— (see Lenard, A.)—112, 1456 

Bernstein, Jeremy and Kenneth A. Johnson. Decay of neutral 
x meson—109, 189 

——, T. D. Lee, C. N. Yang, and H. Primakoff. Effect of 
hyperfine splitting of u-mesonic atom on its lifetime—111, 
313 

—— and Robert R. Lewis. Vector interaction in 8 decay—112, 
232 

Berreman, Dwight W. Possible explanation for mosaic-like 
Bragg reflection in quartz under strain—110, 992(L) 

Bertozzi, W., F. R. Paolini, and C. P. Sargent. Time-of-flight 
measurement of photoneutron energy spectra—110, 790(L) 

Bess, Leon. Radiationless recombination in phosphors—111, 
129 

Bichsel, Hans. Experimental range of protons in Al—112, 1089 

—— Multiple scattering of protons—112, 182 

Biedenharn, L. C. (see Prosser, F. W., Jr.)—109, 413 

Bincer, Adam M. Nuclear spin-electron-neutrino correlation 
in forbidden 8 decay—112, 244 

Bingham, H. H. and A. B. Clegg. Photoproduction of neutral 
pions from H in energy range 700-1100 Mev—112, 2053 

Biondi, Manfred A. Dissociative attachment of electrons in I2. 

I. Microwave determination of absolute cross section at 

300°K—109, 2005 





109, 10 


110, 








AND 


111, 112 





~—— and R. E. Fox. Dissociative attachment of electrons in Is. 
III. Discussion—109, 2012 

Birman, Joseph L. Electronic energy bands in ZnS: potential 
in Zn blende and wurtzite—109, 810 

—— Theory of piezoelectric effect in Zn blende structure— 
111, 1510 

—— (see Shakin, Carl)—109, 818 

Biswas, S. (see Appa Rao, M. V. K.)—110, 751 

Bitter, Francis (see Sagalyn, Paul L.)—109, 375 

Bivins, R. (see Dostrovsky, I.)—111, 1659 

—— (see Metropolis, N.)—110, 185; 110, 204 

Bjorken, J. D., S. D. Drell, and S. C. Frautschi. Wide-angle 
pair production and quantum electrodynamics at small 
distances—112, 1409 

Bjorklund, F. and S. Fernbach. Optical model analyses of 
scattering of 4.1-, 7-, and 14-Mev neutrons—109, 1295 

Blair, J. M. (see Hill, H. A.)—111, 1142 

Blair, J. S. and E. M. Henley. Inelastic scattering from light 
nuclei—the a-particle model for Be®—112, 2029 

Blakemore, J. S. Lifetime in p-type Si—110, 1301 

——— (see Nomura, K. C.)—112, 1607 

Blankenbecler, R. Improved sum rule for electron-deuteron 
scattering—I111, 1684 

Bleil, C. E., D. D. Snyder, and Y. T. Sihvonen. Bombardment 
of CdS crystals with 30- to 60-kev electrons—111, 1522 

Bleuler, E. (see Gailar, O. H.)—112, 1989 

—— (see Seidlitz, L.)—110, 682 

Blevins, M. E., M. M. Block, and J. Leitner. +*-p interactions 
in energy range around 500 Mev—112, 1287 

Bloch, F. Theory of line narrowing by double-frequency 
irradiation—111, 841 

Block, M. M. (see Blevins, M. E.)—112, 1287 

——— (see Slaughter, G. G.)—109, 2111 
— (see Whitten, R. C.)—111, 1676 

Block, Robert C. Angular distribution of neutrons scattered 
by 2.80-kev resonance in Na—109, 1217 

——, Willy Haeberli, and Henry W. Newson. Neutron 
resonance in kev region: differential scattering cross sections 
—109, 1620 

Bloembergen, N. Electron spin and phonon equilibrium in 
masers—109, 2209(L) 

—— and P. P. Sorokin. Nuclear magnetic resonance in Cs 
halides—110, 865 

——— (see Artman, J. O.)—109, 1392(L) 

Bloom, Arnold L. (see Bell, William E.)-—109, 219(L) 

Bloom, S. D. (see Appel, H.)—-109, 2211(L) 

Blosser, H. G., C. D. Goodman, and T. H. Hadley. Measure- 
ments of (m,«) cross sections at 14 Mev—110, 531 

Bludman, Sidney and Abraham Klein. Phenomenological 
analysis of » decay—109, 550 

Blumberg, Sydel and Charles E. Porter. Nuclear fine structure 
widths and spacings—110, 786(L) 

Blumberg, W. E. and T. P. Das. Hyperfine interactions in F 
centers—110, 647 

Blume, Richard J. Electron spin relaxation times in sodium- 
ammonia solutions—109, 1867 

Bocchieri, P. and A. Loinger. Ergodic theorem in quantum 
mechanics—111, 668 

Boehm, F. Interference between Gamow-Teller and Fermi 
interaction in Mn®2—109, 1018(L) 

and A. H. Wapstra. 8-y circular polarization correlation 
experiments—109, 456 

Bohm, David and Jean-Pierre Vigier. Relativistic hydro- 
dynamics of rotating fluid masses—109, 1882 

Bohm, H. V. (see Morse, R. W.)—109, 1394(L) 

Bohr, A., B. R. Mottelson, and D. Pines. Possible analogy 
between excitation spectra of nuclei and those of super- 
conducting metallic state—110, 936 

Boldt, Elihu, Herbert S. Bridge, David O. Caldwell, and 

Yash Pal. Neutral decay modes of @;° and A°—112, 1746 

















AUTHOR 


Bolef, D. I. (see Menes, M.)—109, 218(L) 

Boley, F. I., E. H. Thorndike, and A. T. Moffet. Nuclear 
levels excited by inelastic neutron scattering—110, 915 

Bollinger, L. M. (see Coté, Robert E.)—111, 288 

—— (see Saplakoglu, A.)—109, 1258 

Bondelid, R. O. (see Dunning, K. L.)—110, 1076 

Bonner, T. W. (see Ranken, W. A.)—109, 917; 109, 1646; 112, 
239 

Boorse, H. A. (see Berman, A.)—109, 70 

Booth, Rex, William P. Ball, and Malcolm H. MacGregor. 
Neutron activation cross section at 25 kev—112, 226 

——— (see Ball, William P.)—110, 1392 

—— (see MacGregor, Malcolm H.)—111, 1155; 112, 486 

Boreli, F. and S. E. Darden. Strength function determinations 
using fast neutrons—109, 2079 

Bosch, H., R. Radicella, P. Reyes, and T. Urstein. y rays from 
1}285—111, 898 

Bouchiat, Claude C. Recoil effect in 8 decay and K capture— 
112, 877 

Bowcock, J. E. First excited state of B" and spin-flip stripping 
—112, 923 

Bowers, V. A. (see Jen, C. K.)—112, 1169 

Boyd, G. D., L. M. Field, and R. W. Gould. Excitation of 
plasma oscillations and growing plasma waves—109, 
1393(L) 

Boyle, W. S., A. D. Brailsford, and J. K. Galt. Dielectric and 
cyclotron absorption in infrared: observations on Bi—109, 
1396(L) 

—— and P. Noziéres. Band structure and infrared absorption 
of graphite—111, 782 

Bozorth, R. M. and J. W. Nielsen. Antiferromagnetism of 
CuF2-2H,0 and MnF;—110, 879 

~—— (see Matthias, B. T.)—109, 604(L) 

Brackmann, R. T., Wade L. Fite, and Roy H. Neynaber. 
Collisions of electrons with H atoms. III. Elastic scattering 
—112, 1157 

—— (see Fite, Wade L.)—112, 1141; 112, 1151; 112, 1161 

Brailsford, A. D. (see Boyle, W. S.)—109, 1396(L) 

Brandt, Werner. Energy loss of charged particles in LiH 
111, 1042 

—— Tight-binding corrections of stopping powers—112, 1624 

Branscomb, Lewis M., David S. Burch, Stephen J. Smith, 
and Sydney Geltman. Photodetachment cross section and 
electron affinity of atomic O—111, 504 

——— (see Burch, D. S.)—112, 171 

Bratenahl, A., J. M. Peterson, and J. P. Stoering. Neutron 
total cross section in 7- to 14-Mev region—110, 927 

Braunstein, Rubin and L. Magid. Optical absorption in p-type 
GaAs—111, 480 

~—-, Arnold R. Moore, and Frank Herman. Intrinsic optical 
absorption in Ge-Si alloys—109, 695 

Bray, P. J. (see Hon, John F.)—110, 624 

~—— (see Kim, Y. W.)—111, 1468 

Breene, R. G., Jr. Analytic wave functions. I. Atoms with 1s, 
2s, and 2p electrons—111, 1111 

Breit, G. Velocity-dependent features of static nucleon- 
nucleon potential—111, 652 

Bremermann, H. J., R. Oehme, and J. G. Taylor. A proof of 
dispersion relations in quantized field theories—109, 2178 

Brennan, James G. Extrapolation procedure for low-energy 
deuteron-deuteron reaction cross section—111, 1592 

——- (see Pinkston, William T.)—109, 499 

Brewer, D. F., A. K. Sreedhar, H. C. Kramers, and J. G. 
Daunt. Specific heat of He* below 1°K—110, 282(L) 

Brice, M. K. (see Cork, J. M.)—110, 526 

Bridge, Herbert S. (see Boldt, Elihu)—112, 1746 

Briggs, G. R. (see Nilson, R.)—109, 850 

Brill, Patricia H. and Ruth F. Schwarz. Radiative recombina- 
tion in Ge—112, 330 


INDEX 2143 


Briscoe, C. V. and C. F. Squire. Spin-lattice relaxation time 
for [#27 in KI—112, 1540 

—— (see Norwood, M. H.)—112, 45 

Brock, R. L. and J. F. Streib. Attempt to detect Lyman a-line 
of positronium atomic spectrum—109, 399 

Brockhouse, B. N. Field dependence of neutron scattering 
by spin waves—111, 1273 
— and P. K. Iyengar. Normal modes of Ge by neutron 
spectrometry—I11, 747 

Brockman, Karl W., Jr. Proton polarization measurements 
near 18 Mev—110, 163 

Brody, H. M., A. M. Wetherell, and R. L. Walker. Photo- 
production of K+ particles in hydrogen at forward angles— 
110, 1213(L) 

Brolley, J. E., Jr.. W. S. Hall, L. Rosen, and L. Stewart. 
Experimental evidence for reaction d+T—He*+n+n—3 
Mev—109, 1277 

Bromley, D. A. (see Gove, H. E.)—111, 608 

Bron, W. E. and A. S. Nowick. Effect of fractional x-irradia- 
tion of NaCl crystals on F-center density—111, 26 

Brooks, Harvey and Frank S. Ham. Energy bands in solids— 
quantum defect method—112, 344 

Brophy, James J. Seebeck effect fluctuations in Ge—111, 1050 

Brout, R. Variational methods and nuclear many-body 
problem—111, 1324 

and M. Nauenberg. Quantum theory of surface energy 
and tension—112, 1451 

Brown, E. and J. A. Krumhansl. Energy band structure of Li 
by modified plane wave method—109, 30 

Brown, Frederick C. (see Van Heyningen, R. S.)—111, 462 

Brown, G. E. p-p scattering in Bev region—111, 1178 

Brown, L. Carlton (see Geusic, J. E.)—112, 64 

Brown, Laurie M. Two-component fermion theory—111, 957 

Brown, Louis (see Hatcher, Charles R.)—111, 12 

Brown, Sanborn C. (see Bekefi, G.)—112, 159 

Brueckner, Keith A. Single-particle energy and effective mass 
and binding energy of many-body systems—110, 597 
— and J. L. Gammel. Properties of liquid He* at low tem- 
perature—109, 1040 
— and J. L. Gammel. Properties of nuclear matter 
1023 

——, J. L. Gammel, and H. Weitzner. Theory of finite nuclei 
110, 431 

—— and K. Sawada. Magnetic susceptibility of electron gas 
at high density—112, 328 
— (see Klein, Milton M.)—111, 1115 

Brunhart, G., V. P. Kenney, and B. D. Kern. 8-ray spectrum 
of N'*—110, 924 

Brussel, Morton K. (see Fox, J. D.)—110, 1472(L) 

— (see Williams, John H.)—110, 136 

Bube, Richard H. and Edward L. Lind. Photoconductivity of 
ZnSe crystals and correlation of donor and acceptor levels 
in II-VI photoconductors—110, 1040 

Buechner, W. W. (see de Figueiredo, R. P.)—112, 873 

——— (see Mazari, M.)—112, 1692 

——— (see Sharp, R. D.)—109, 1698; 112, 897 

—— (see Sperduto, A.)—109, 462 

Buehler, E. (see Feher, G.)—109, 221 (L) 

Bullis, W. Murray. Galvanomagnetic effects in oriented 
single crystals of n-type Ge—109, 292 

Bullough, R. Birefringence caused by edge dislocations in Si 
—110, 620 

Bundy, F. P. Phase diagram of Bi to 130 000 kg/cm?, 500°C 
—110, 314 

Buneman, O. Transverse plasma waves and plasma vortices— 
112, 1504 

Bunker, M. E. (see Cranston, F. P., Jr.)—110, 1427 

Burch, David S., S. J. Smith, and L. M. Branscomb. Photo- 
detachment of O.~—112, 171 

——— (see Branscomb, Lewis M.)—111, 504 


-109, 





2144 VOLUMES 109, 
Burgy, M. T., V. E. Krohn, T. B. Novey, G. R. Ringo, and 
V. L. Telegdi. Measurements of asymmetries in decay of 
polarized neutrons—110, 1214(L) 
Burk, D. L. and S. A. Friedberg. Atomic heat of diamond from 
11° to 200°K—111, 1275 
Burleson, George R. and R. Hofstadter. High-energy electron 
scattering from Li*—112, 1282 
—— (see McIntyre, John A.)—112, 2077 
Burrus, C. A. and J. D. Graybeal. Stark effect at 2.0 and 1.2 
mm wavelength: NO—109, 1553 
Butcher, J. C. and H. Messel. Electron number distribution 
in electron-photon showers—112, 2096 
Butler, J. W. and C. R. Gossett. Decay of Cu®*—112, 1257 
— and C. R. Gossett. Positron decay of Cu®* and Cu® and 
energy levels in Ni** and Ni®*—109, 863; 110, 863(E) 
~—— and H. D. Holmgren. y-ray threshold. method and 
O!8(d,ny)F** reaction—112, 461 
—— (see Dunning, K. L.)—110, 1076 
Butler, S. T., N. Austern, and C. Pearson. Semiclassical 
treatment of direct nuclear reactions—112, 1227 
—— (see Austern, N.)—109, 1402(L) 
Byers, Don H. and Robert Stump. Low-temperature influence 
on Tc®™ lifetime—112, 77 
Byfield, H. (see Baker, W. F.)——112, 1773 
Caldwell, David O. (see Boldt, Elihu)——112, 1746 
Callaway, Joseph. Electron energy bands in Na—112, 322 
—— Electron wave functions in metallic Cs—112, 1061 
—— Klein-Gordon and Dirac equations in general relativity 
112, 290 
—and M. L. Glasser. 
potentials—112, 73 
—— and Daniel F. Morgan, Jr. Cohesive energy and wave 
functions for Rb—112, 334 
—— (see Barcus, L. C.)—111, 167 
—— (see Glasser, M. L.)—109, 1541 
Callen, Herbert B. Path distribution for irreversible processes 
—111, 367 
—— (see Ufford, C. W.)—110, 1352 
Camerini, U. (see Baldo-Ceolin, M.)—112, 2118 
Capps, Richard H. Form of scattering amplitude for two 
systems of arbitrary spins—109, 1823 
Caretto, A. A. and G. Friedlander. (~,pn) and (p,2) reactions 
of Ce? at proton energies from 0.4 to 3.0 Bev—110, 1169 
——, J. Hudis, and G. Friedlander. Production of F'* and 
Na*‘ in irradiations of various targets with protons between 
1 and 6 Bev—110, 1130 
— (see Nethaway, D. R.)—109, 504 
Carleton, N. P. and T. R. Lawrence. Absolute cross sections 
for excitation of Ne by protons of few kev energy—109, 
1159 
Carlson, R. O. Electrical properties of HgTe—111, 476 
Carlson, R. R. (see Bashkin, S.)-—109, 434 
Carr, H. Y. Steady-state free precession in nuclear magnetic 
resonance—112, 1694 
—— (see Simpson, J. H.)—111, 1201 
Carr, W. J., Jr. Temperature dependence of ferromagnetic 
anisotropy—109, 1971 
Carver, T. R. (see Arditi, M.)—-109, 1012(L); 112, 449 
Casella, Russell C. Energy-band structure of hypothetical C 
metal—109, 54 
Castagnoli, C. and M. Muchnik. Experimental results on 
radiative r-4 decay—112, 1779 
Castillo-Bahena, R. (see Ranken, W. A.)—112, 239 
Castle, J. G., Jr. (see Chester, P. F.)—110, 281 (L) 
Catron, H. C. (see Ashby, V. J.)—111, 616 
Chase, David M. Semiclassical limit for excitation of rotational 
motion by scattering—110, 673 
—, L. Wilets, and A. R. Edmonds. Rotational-optical model 
for scattering of neutrons—110, 1080 


Fourier coefficients of crystal 


110, 


hii; AND 212 


Chase, L. F., Jr. (see Meyerhof, W. E.)—-111, 1348 
Chasman, R. R. and J. O. Rasmussen. a decay of deformed 
even-even nuclei—112, 512 
Cheever, G. D., W. S. Koski, D. R. Tilley, and Leon Madan- 
sky. Decay of Te!**—110, 922 
Cheng, Chin-Huan (see Wei, Chuan-Tseng)—112, 696 
Cheroff, George and Seymour P. Keller. Optical transmission 
and photoconductive and photovoltaic effects in activated 
and unactivated single crystals of ZnS—111, 98 
Chesick, Elizabeth B. and J. Schneps. Production of Auger 
electrons by negative K-mesons and x-mesons—112, 1810 
Chesnut, W. G. (see Panofsky, W. K. H.)—109, 1353 
Chester, P. F., P. E. Wagner, and J. G. Castle, Jr. Two-level 
solid-state maser—110, 281 (L) 
Cheston, W. B. (see Erickson, G. W.)—111, 891 
Chew, Geoffrey F. Proposal for determining pion-nucleon 
coupling constant from angular distribution for nucleon- 
nucleon scattering—112, 1380 
——, Robert Karplus, Stephen Gasiorowicz, and Fredrik 
Zachariasen. Electromagnetic structure of nucleon in local- 
field theory—110, 265 
—- and H. Pierre Noyes. Dispersion relations for scattering 
in presence of Coulomb field—109, 566 
—— (see Ball, James S.)—109, 1385 
Chi, A. R. (see Beaty, E. C.)—112, 450 
Chiarotti, Gianfranco and Nicolas Inchauspé. Photoproduction 
of V; centers in KBr crystals—109, 345 
Chiba, Ren (see Herring, D. F.)—112, 1210 
Child, H. R. (see Wollan, E. O.)—112, 1132 
Chinowsky, W. (see Bardon, M.)—110, 780(L) 
Chirba, V. G. (see Gibbons, D. F.)—110, 770(L) 
Chiu, Hong-Yee. Mass effect in P-state r-p scattering—111, 
1170 
—— x-p scattering and dispersion relations—110, 1140 
Chou, Chien, David White, and H. L. Johnston. Heat capacity 
in normal and superconducting states and critical field of 
Nb—109, 788 
— (see White, David) 
Chrien, R. E. (see Fox, J. D.)—110, 1472(L) 
Christensen, R. L. (see Reynolds, J. B.)—-109, 465 
Christy, R. W. and W. E. Harte. Electrical conductivity of 
x-irradiated NaCl—109, 710 
Chupp, E. L., J. W. M. DuMond, F. J. Gordon, R. C. Jopson, 
and Hans Mark. K series x-ray wavelengths in rare earth 
elements-—112, 1183 
——, J. W. M. DuMond, F. J. Gordon, R. C. Jopson, and 
Hans Mark. Precision determination of y rays following 
(p,p’y) and (p,ny) reactions—112, 532 
—, J. W. M. DuMond, F. J. Gordon, R. C. Jopson, and 
Hans Mark. Precision determination of nuclear energy 
levels in heavy elements—112, 518 
~~, J. W. M. DuMond, F. J. Gordon, R. C. Jopson, and 
Hans Mark. Precision determination of some energy levels 
in Fe*’, Zn*’, and Tc®*—109, 2036 
Chupp, Warren W. (see Igo, George)—109, 2133 
—— (see Lannutti, Joseph E.)—109, 2121 
Church, E. L., M. E. Rose, and J. Weneser. Electric monopole 
directional correlation experiments—109, 1299 
Chynoweth, A. G. Barkhausen pulses in BaTiO;—110, 1316 
—— Ionization rates for electrons and holes in Si—109, 1537 
Cirilov, Silva D. (see Juri¢é, Mira K.)—112, 1224 
Clark, Clifton Bob. Coulomb interactions in uniform-back- 
ground lattice model—109, 1133 
Clark, G. Wayne (see Tiller, Calvin O.)—110, 583(L) 
Clark, George W. and Juan Hersil. Polarization of cosmic-ray 
u mesons: experiment—110, 1485(E) 
Clegg, A. B. (see Bingham, H. H.)—112, 2053 
Cloud, W. H. Crystal structure and ferrimagnetism in NiMnO; 
and CoMnO;—111, 1046 


109, 797 

















Cocconi, Giuseppe. Empirical model for ultrarelativistic 
nucleon-nucleon collisions—111, 1699 

—— (see Sellen, J. M.)—110, 779(L) 

Cocconi, V. T. (see Sellen, J. M.)—110, 779(L) 

Cochran, E. L. (see Jen, C. K.)—112, 1169 

Cochran, John F. and D. E. Mapother. Superconducting 
transition in Al—111, 132 

Cochran, R. G. and W. W. Pratt. Radioactive decay of Se** 
109, 878 

Cody, G. D. Volume changes associated with superconducting 
transition—111, 1078 

Coffin, C. T. and I. Halpern. Angular distributions in fission 
induced by a particles, deuterons, and protons—112, 536 

Coffin, T., R. L. Garwin, S. Penman, L. M. Lederman, and 
A. M. Sachs. Magnetic moment of free muon—109, 973 

Cohen, Bernard L. and Allen G. Rubin. Further studies of 
anomalous inelastic proton scattering—111, 1568 

- (see Fulmer, Clyde B.)—109, 94; 112, 1672 

Cohen, Leslie. y rays from Rb*#"—111, 587 

—— (see Tobin, R.)—110, 1388 

Cohen, S. G. (see Bauminger, E. R.)—-110, 953 

Cohen, Stanley, David L. Judd, and Robert J. Riddell, Jr. 


u-mesonic molecular ions and nuclear catalysis—110, 
1471(L) 
Cohn, H. O. (see Fowler, J. L.)—109, 89 
- (see Wills, J. E., Jr.)—109, 891 


Colgate, Stirling A. (see Anderson, Oscar A.)--109, 612(L); 


110, 1375 


Collie, C. H. (see Thornton, D. E. J.)-—109, 480 
—~ (see Whitehead, C.)—110, 941 
Collins, George B. (see Berley, David)-—112, 614 


Collins, R. J. and D. G. Thomas. Photoconduction and surface 
effects with ZnO crystals—112, 388 

Commins, Eugene D. (see Novick, Robert)—111, 822 

Compton, W. Dale and Clifford C. Klick. Some low-tem- 
perature properties of R, M, and N centers in KCI and 
NaCl—112, 1620 

- and Clifford C. Klick. Symmetry of #7 center in KCI and 

KBr—110, 349 

Conner, Jerry P. Total neutron cross sections near 14.1 Mev 
—109, 1268 

Conversi, M. (see Eisler, F.)—-112, 979 

Cook, C. W., W. A. Fowler, C. C. Lauritsen, and T. Lauritsen. 
High-energy a particles from B'*—111, 567 

Coombes, Charles A., Bruce Cork, William Galbraith, Glen R. 
Lambertson, and William A. Wenzel. Antiproton-proton 
cross sections at 133, 197, 265, and 333 Mev—112, 1303 

Coon, J. H., R. W. Davis, H. E. Felthauser, and D. B. Nico- 
demus. Scattering of 14.5-Mev neutrons by complex nuclei 
—111, 250 

Cooper, B. R. Magnetic anisotropy constant of yttrium iron 
garnet at 0O°K—112, 395 

Cooper, C. Dewey and M. Lichtenstein. Spectra of A, Oo, and 
Nz mixtures—109, 2026 

Corbett, J. W. and R. M. Walker. Discrete recovery spectrum 
below 65°K in irradiated Cu—110, 767 (L) 

Corenzwit, E. (see Matthias, B. T.)—112, 89 

Cork, Bruce (see Coombes, Charles A.)—112, 1303 

Cork, J. M., M. K. Brice, R. G. Helmer, and R. M. Woods, Jr. 
Additional data on radioactive decay of Ho (27 hr), 
Nd#47, and Sm'58—-110, 526 

Corliss, L. M. (see Donnay, G.)—112, 1917 

Coryell, Charles D. (see Alexander, J. M.)—111, 228 

Costa, G. and B. T. Feld. Possible method for determining 
intrinsic parity of K meson—109, 606(L) 
—— (see Feld, B. T.)—110, 968 

Coté, Robert E., L. M. Bollinger, and James M. LeBlanc. 

Measurement of neutron strength function IT,°/D for 

nuclides with 45 to 75 nucleons—111, 288 

~~ (see Saplakoglu, A.)—109, 1258 


AUTHOR 









INDEX 2145 





Cotts, R. M. (see Sarles, L. R.)—111, 853 

Cowan, Clyde L., Jr. (see Reines, Frederick)—109, 609(L) 

Cowan, Monroe and Walter Gordy. Precision measurements 
of millimeter and submillimeter wave spectra: DCI, DBr, 
and DI—111, 209 

Cowan, Robert D. and John G. Kirkwood. Quantum sta- 
tistical theory of electron correlation—111, 1460 

Cox, S., P. Fields, A. Friedman, R. Sjoblom, and A. Smith. 
Delayed neutrons from spontaneous fission of Cf#52—112, 
960 

Cranberg, L. and J. S. Levin. Inelastic neutron scattering by 


U*38—109, 2063 
Cranston, F. P., Jr., M. E. Bunker, and J. W. Starner. Decay 
of Er!7—110, 1427 
Crawford, Frank S., Jr. (see Alvarez, Luis W.)—112, 1267 
Creager, Charles B. (see Mitchell, Allan C. G.)—111, 1343 


Cressman, Paul J. and Roger G. Wilkinson. Internal con- 
version coefficients of M1 y rays of Au? and Au!®5>—109, 872 

Crew, J. E. and R. D. Hill. Interaction of 1.5-Bev negative 
x mesons with emulsion nuclei—110, 177 

Crowe, Kenneth M. (see Maca, Pierre C.)—112, 2061 

Cullen, James A. Surface currents induced by short-wave- 
length radiation—109, 1863 

Culvahouse, J. W. and F. M. Pipkin. Experimental study of 
spin-lattice relaxation times in As-doped Si—109, 319 
— (see Pipkin, F. M.)—109, 1423 

Cumming, James B., G. Friedlander, and C. E. Swartz. 
C!2(p,pn) C" cross section at 2 and 3 Bev—111, 1386 
~— and Noah R. Johnson. Decay of Se7*—110, 1104 

Cuperman, S. (see Lipkin, H. J.)—109, 223(L) 

Curtis, R. B. (see Lewis, R. R.)—-110, 910 

Cutkosky, R. E. Meson exchange effects in two-nucleon states 
—112, 1027 

—— Radiative meson-nucleon scattering—109, 209 

Cutler; P. H. and J. J. Gibbons. Model for surface potential 
barrier and periodic deviations in Schottky effect—111, 394 

Czyz, W. and J. Sawicki. Polarization of nucleons from 
D(y,p)" reaction at medium energies—110, 900 


Daehnick, W. W. and J. M. Fowler. Investigation of 
D (d,n)He’ neutrons at 8.4 Mev—111, 1309 
Dalitz, R. H. Parity nonconservation in decay of free and 
bound A-particles—112, 605 
-and B. W. Downs. Hypernuclear binding energies and 
A-nucleon interaction—111, 967 
- and B. W. Downs. Remarks on hypertriton- 
Dalven, Richard (see Garland, C. W.)—111, 1232 
Daniel, P. J., Ruth F. Schwarz, M. E. Lasser, and L. W. 
Hershinger. Control of luminescence by charge extraction— 
111, 1240 
Daniel, R. R. (see Appa Rao, M. V. K.)—110, 751 
Daniels, W. B. and Charles S. Smith. Pressure derivatives of 
elastic constants of Cu, Ag, and Au, to 10 000 bars—111, 713 
Danielson, G. C. (see Morris, R. G.)—109, 1909 
~ (see Redin, R. D.)—109, 1916 
Danielson, R. E. and P. S. Freier. Geomagnetic effects of 
heavy primary cosmic radiation at 42°N—109, 151 
Darden, S. E. (see Boreli, F.)—-109, 2079 
Das, T. P. (see Blumberg, W. E.)—110, 647 
- (see Mukherji, A.)—111, 1479 
——— (see Wikner, E. G.)—109, 360 
Daunt, J. G. (see Brewer, D. F.)—110, 282(L) 
—— (see Gager, W. B.)—111, 803 
Davis, C. F., Jr., M. W. P. Strandberg, and R. L. Kyhl. 
Direct measurement of electron spin-lattice relaxation 
times—111, 1268 
——— (see Strandberg, M. W. P.)—109, 1988 
Davis, R. W. (see Coon, J. H.)—111, 250 
DeBitetto, D. J. and L. H. Fisher. Second Townsend coefficient 
in Oz at high pressures—111, 390 


110, 958 








2146 VOLUMES 109, 


Decker, D. L., D. E. Mapother, and R. W. Shaw. Critical-field 
measurements on superconducting Pb isotopes—112, 1888 

—— (see Hake, R. R.)—112, 1522 

de Figueiredo, R. P., M. Mazari, and W. W. Buechner. 
Excited states of Cu®* and Cu®—112, 873 

Dehmelt, H. G. Spin resonance of free electrons polarized by 
exchange collisions—109, 381 

Delbecq, C. J., B. Smaller, and P. H. Yuster. Optical ab- 
sorption of Cl.~ molecule-ions in irradiated KCI—111, 1235 

deMars, G. A. (see Statz, H.)—111, 169 

Dempesy, C. W. and R. C. Sapp. Magnetic anisotropy in single 
crystal ferric ammonium alum below its magnetic critical 
point—110, 327 
— and R. C. Sapp. Relaxation effects in magnetization of 
chromic methylamine alum below its Néel point—110, 332 

Denisenko, G. F., N. S. Ivanova, N. R. Novikova, N. A. 
Perfilov, E. I. Prokoffieva, and V. P. Shamov. Fission of U, 
Ag, and Br nuclei with high-energy particles—109, 1779 

Derbyshire, W. D. and H. J. Yearian. X-ray diffraction and 
magnetic measurements of Fe-Cr spinels—112, 1603 

de-Shalit, A. (see Lipkin, H. J.)—109, 223(L) 

Deslattes, Richard D. Number of 3d electrons in transition 
metals—110, 1471(L) 

Desloge, Edward A., Steven W. Matthysse, and Henry 
Margenau. Conductivity of plasmas to microwaves—112, 
1437 

DeSorbo, Warren. Quenched imperfections and electrical 
resistivity of Al at low temperatures—111, 810 

de Swart, J. J. and R. E. Marshak. Phenomenological theory 
of photodisintegration of deuteron in medium energy range 
—l11, 272 

Devlin, G. E. (see Schawlow, A. L.)—110, 1011 

Devooght, J. New variational principle for transport theory 
—111, 665 

DeWire, J. W., H. E. Jackson, and Raphael Littauer. High- 
energy photoproduction of x® mesons from H—110, 1208(L) 

de Wit, Michiel and Loyal Durand, III. Effects of vacuum 
polarization scattering in treatment of p-p scattering data— 
111, 1597 

Dexter, D. L. Refractive index and Faraday effect in solid 
solution—111, 119 

de Zafra, R. L. and W. T. Joyner. Temperature effect on 
positron annihilation in condensed matter—112, 19 

Dick, B. G., Jr., and A. W. Overhauser. Theory of dielectric 
constants of alkali halide crystals—112, 90 

Dickerman, Charles E. Angular distributions of two proton 
groups from reaction Na**(d,p)Na**—109, 443 

Dieke, G. H. (see Thekaekara, M.)—109, 2029 

Dillman, L. T. (see Gove, N. B.)—112, 489 

Dillon, J. F., Jr. Ferrimagnetic resonance in yttrium iron 
garnet at liquid He temperatures—111, 1476 

—— Magnetostatic modes in ferrimagnetic spheres—112, 59 

Diven, B. C., J. Terrell, and A. Hemmendinger. Capture to 
fission ratios for fast neutrons in U**5—109, 144 

Domenicali, C. A. Thermoelectric power and electron scatter- 
ing in metal alloys. II—112, 1863 

Donnay, G., L. M. Corliss, J. D. H. Donnay, N. Elliott, and 
J. M. Hastings. Symmetry of magnetic structures : magnetic 
structure of chalcopyrite—112, 1917 

Donnay, J. D. H. (see Donnay, G.)—112, 1917 

Donnelly, R. J. Rotation of liquid He at low Reynolds numbers 
—109, 1461 

Donoho, P. L. and R. L. Walker. Photoproduction of K* 
mesons in H—112, 981 

Donovan, B. and N. H. March. Positron annihilation in noble 
metals—110, 582(L) 

Dorain, Paul B. Electron paramagnetic resonance of Mn** in 
hexagonal ZnO and CdS single crystals—112, 1058 


L790, 


itt, AND 112 


Dostrovsky, I., P. Rabinowitz, and R. Bivins. Monte Carlo 
calculations of high-energy nuclear interactions. I. Sys- 
tematics of nuclear evaporation—111, 1659 

Dougal, A. A. and L. Goldstein. Energy exchange between 
electron and ion gases through Coulomb collisions in 
plasmas—109, 615 

Douglas, R. A. (see Bashkin, S.)—109, 434 

Dousmanis, George C. Semiconductor surface potential and 
surface states from field-induced changes in surface re- 
combination—112, 369 

Downs, B. W. (see Dalitz, R. H.)—110, 958; 111, 967 

Doyle, William T. Absorption of light by colloids in alkali 
halide crystals—111, 1067 

—— Optical absorption by F centers in alkali halides—111, 
1072 

Drachman, Richard J. Meson pair theory in intermediate 
coupling—109, 996 

Drake, C. W., V. W. Hughes, A. Lurio, and J. A. White. 
Magnetic moment of He in its 4S; metastable state—112, 
1627 

Draper, J. E., C. A. Fenstermacher, and H. L. Schultz. 
Variations in spectra of resonance neutron capture y rays 
in In—111, 906 

Drell, S. D. and C. L. Schwartz. Sum rules for inelastic 
electron scattering—112, 568 

—— and F. Zachariasen. Form factors in quantum electro- 
dynamics—111, 1727 

—— (see Bjorken, J. D.)—112, 1409 

Dresselhaus, G. (see Mattis, Daniel Charles)—111, 403 

Dropesky, B. J. (see Hoffman, D. C.)—109, 1282 

Drummond, J. E. Basic microwave properties of hot magneto- 
plasmas—110, 293 

—— Microwave propagation in hot magnetoplasmas—112, 
1460 

Dubey, V. S., S. S. Malik, C. E. Mandeville, and Ambuj 
Mukerji. Radiations of Os'®* and Os'*—111, 920; 112, 
2139(E) 

—— (see Mukerji, Ambuj)—111, 1319 

Duerr, Hans-Peter. Nuclear scattering of nucleons and anti- 
nucleons—109, 1347 

Nuclear symmetry energy—109, 117 

Duffield, Robert B. and Stanley H. Vegors, Jr. Five new 
isomers with half-lives between 10~* and 107 second—112, 
1958 

DuMond, J. W. M. (see Chupp, E. L.)—109, 2036; 112, 518; 
112, 532; 112, 1183 

—— (see Merrill, John J.)—110, 79 

Dunning, K. L., J. W. Butler, and R. O. Bondelid. Mass, half- 
life, and excited states of B’—110, 1076 

Durand, J. L. (see Benedict, T. S.)—109, 1091 

Durand, Loyal, III, Leon F. Landovitz, and Jack Leitner. 
Tests for spin in decay of particles of arbitrary spin—112, 
273 

—— (see de Wit, Michiel)—111, 1597 

Dutton, David. Fundamental absorption edge in CdS—112, 
785 

Dwight, Kirby (see Menyuk, Norman)—112, 397 

Dyer, John N. (see Barkas, Walter H.)—112, 622 

Dyson, Freeman J. Connection between local commutativity 
and regularity of Wightman functions—110, 579 

Integral representations of causal commutators—110, 
1460 

Integral representation of double commutator—111, 
1717 


Easterday, H. T. (see Forrest, R. N.)—112, 950 
Eastman, P. C. (see Sodha, M. S.)—110, 1314; 112, 44 
Edmonds, A. R. (see Chase, D. M. )—110, 1080 





AUTHOR 


Ehrenberg, Hans F. and Robert Hofstadter. Incoherent 
electron scattering from nucleons in Be and C and magnetic 
size of neutron—110, 544 

Einspruch, Norman G. and Rohn Truell. Megacycle attenua- 
tion and Bordoni peaks—109, 652 

Eisenhauer, C. M., I. Pelah, D. J. Hughes, and H. Palevsky. 
Measurement of lattice vibrations in V by neutron scatter- 
ing-—109, 1046 

Eisinger, J. and G. Feher. Hfs anomaly of Sb!” and Sb!*8 
determined by electron nuclear double resonance technique 

109, 1172 

Eisler, F., R. Plano, A. Prodell, N. Samios, M. Schwartz, 
J. Steinberger, M. Conversi, P. Franzini, I. Manelli, 
R. Stangelo, and V. Silvestrini. Leptonic decay modes of 
hyperons—112, 979 

—~, R. Plano, N. Samios, J. Steinberger, and M. Schwartz. 
Associated production of 2° and 62°; mass of =°—110, 226 

Eklund, K. E. and R. D. Bent. Search for electric monopole 

pairs from 3.82-Mev state of Ca**—112, 966 
and R. D. Bent. Search for 0~-0* pair transition in O%.— 
112, 488 

Ekstein, H., J. Swihart, and K. Tanaka. Representationless 
formalism in field theory of fixed nucleons—109, 557 

Elcock, E. W. and C. W. McCombie. Vacancy diffusion in 
binary ordered alloys—109, 605(L) 

Elford, M. T. (see White, G. K.)—112, 111 

El-Hussaini, Jassim M. and S. T. Stephenson. Single-crystal 
orientation effects in K x-ray absorption spectra of Ge 
109, 51 

Elioff, T. (see Agnew, L.)—110, 994(L) 

Elliott, N. (see Donnay, G.)——112, 1917 

Ellis, S. G., F. Herman, E. E. Loebner, W. J. Merz, C. W. 
Struck, and J. G. White. Photovoltages larger than band 
gap in ZnS crystals—109, 1860(L) 


Elwyn, A. J., H. H. Landon, Sophie Oleksa, and G. N. Glasoe. 


Study of some (p,m) reactions by neutron time of flight— 


112, 1200 
and F. B. Shull. Proton angular distributions from 
Cr®?.53(d,p) reaction—111, 925 
- (see Landon, H. H.)—112, 1192 
(see Shull, F. B.)—112, 1667 

Emeleus, K. G. (see Mahaffey, D. W.)—112, 1052 

Endt, P. M. and C. H. Paris. Nuclear levels in P*°, S**, and 
S*—110, 89 

—— (see Smith, P. B.)—110, 397; 110, 1442 

——— (see van der Leun, C.)—110, 96 

Engelkemeir, D. W. (see Gindler, J. E.)—-109, 1263 

Engler, A., M. F. Kaplon, and J. Klarmann. Flux of cosmic- 
ray particles with Z>2 over Texas—112, 597 

Erickson, G. W. and W. B. Cheston. Scattering of protons in 
spin-orbit potential—111, 891 

Eriksen, Erik. Foldy-Wouthuysen transformation. Exact 
solution with generalization to two-particle problem—111, 
1011 

Erwin, A. R., Jr., and J. K. Kopp. x~-proton scattering at 950 
Mev—109, 1364 

Esaki, Leo. New phenomenon in narrow Ge p-n junctions— 
109, 603(L) 

Estle, T. L., H. R. Hart, Jr., and J. C. Wheatley. Nuclear 
magnetic resonance in cerous magnesium nitrate at tem- 
peratures below 1°K—112, 1576 

Etzel, H. W. and D. A. Patterson. Optical properties of alkali 
halides containing hydroxyl ions—112, 1112 

Ewan, G. T. (see Geiger, J. S.)—112, 1684 

Ewbank, Wesley B., W. A. Nierenberg, H. A. Shugart, and 
H. B. Silsbee. Spins of Ag!®®, Ag!®, and Ag!!®™—110, 
595(L) 

—— (see Marino, Lawrence L.)—111, 286 

Ewing, R. D. (see Spence, R. D.)—112, 1544 


INDEX 2147 


Evans, N. T. S. and A. P. French. Nucleon exchange effects in 
B!°(d,p) stripping reactions—109, 1272 

Eyges, Leonard. Solution of Schrédinger equation for particle 
bound to more than one spherical potential—111, 683 


Fagg, L. W. Coulomb excitation of Sb, Cs, and Ba—109, 100 
Fairhall, A. W. (see Jensen, R. C.)—109, 942 
Famularo, K. F. (see Freier, G. D.)——110, 446 
Fan, H. Y. (see Laff, R. A.)—112, 317 
(see Spitzer, W. G.)—109, 1011(L) 
Fano, U., H. W. Koch, and J. W. Motz. Evaluation of brems- 
strahlung cross sections at high-frequency limit—112, 1679 
Farinelli, U., F. Ferrero, R. Malvano, S. Menardi, and E. Silva. 
Photoexcitation of Pb?°*"—112, 1994 
Farnsworth, H. E. (see Fowler, H. A.)—111, 103 
—— (see Madden, H. H.)—112, 793 
Faughnan, B. W. (see Strandberg, M. W. P.)—109, 1988 
Feder, R. and A. S. Nowick. Use of thermal expansion meas- 
urements to detect lattice vacancies near melting point of 
pure Pb and Al—109, 1959 
Federbush, P., M. L. Goldberger, and S. B. Treiman. Electro- 
magnetic structure of nucleon—112, 642 
Feher, G., J. P. Gordon, E. Buehler, E. A. Gere, and C. D. 
Thurmond. Spontaneous emission of radiation from electron 
spin system—109, 221(L) 
- (see Eisinger, J.)—109, 1172 
Fein, Alvin E. Influence of variable ejection probability on 
displacement of atoms—109, 1076 
Feinberg, Gerald. Decays of » meson in intermediate-meson 
theory—110, 1482(L) 
- Effects of electric dipole moment of electron on H energy 
levels—112, 1637 
Electromagnetic interaction of neutral K meson—109, 
1381 
Internal pair creation in 2° decay—109, 1019(L) 
Feld, B. T. and G. Costa. Photoproduction of K mesons and 
intrinsic parities of strange particles—110, 968 
(see Costa, G.)—109, 606(L) 
Feldman, Gordon and P. T. Matthews. Hyperon production 
in nucleon-nucleon collisions—109, 546 
Felthauser, H. E. (see Coon, J. H.)—111, 250 
Fenstermacher, C. A. (see Draper, J. E.)—111, 906 
Ferguson, G. A., Jr., and M. Hass. Magnetic structure and 
vacancy distribution in y-Fe2O; by neutron diffraction—112, 
1130 
Ferguson, James M. Al* decay scheme—112, 1238 
Fernbach, S. (see Bjorklund, F.)—109, 1295 
Ferrell, Richard A. Ortho-parapositronium quenching by 
paramagnetic molecules and ions—110, 1355 
— Predicted radiation of plasma oscillations in metal films 
111, 1214 
and Rolfe E. Glover, III. Conductivity of superconduct- 
ing films: sum rule—109, 1398(L) 
— (see Quinn, John J.)—112, 812 
Ferrero, F. (see Farinelli, U.)—112, 1994 
Feynman, R. P. and W. Gell-Mann. Theory of Fermi inter- 
action—109, 193 
Field, L. M. (see Boyd, G. D.)—109, 1393(L) 
Fields, P. (see Cox, S.)—-112, 960 
- (see Smith, A.)—111, 1633 
Fields, T. H., J. G. Fox, J. A. Kane, R. A. Stallwood, and R. B. 
Sutton. Reaction p+p—2*+d in 425-Mev energy region— 
109, 1704 
, J. G. Fox, J. A. Kane, R. A. Stallwood, and R. B. Sutton. 
Total cross section for p+p—x*++p-+n at 437 Mev—109, 
1713 
—— (see Stallwood, R. A.)—109, 1716 
Fink, R. W. (see Wille, R. G.)—112, 1950 
Finkelstein, David. Past-future asymmetry of gravitational 
field of point particle—110, 965 





2148 VOLUMES 109, 


Finkelstein, R. General covariance and elementary particles— 

110, 1200 
Permutation symmetries of generalized 8 interactions— 
109, 1842 

Fischer, G. E., V. K. Fischer, E. A. Remler, and M. D. 
Tatcher. Anomalous behavior of Al*’(p,a)Mg* differential 
cross sections—110, 286(L) 

Fischer, J., R. March, and L. Marshall. Measurement of 
Panofsky ratio: nuclear absorption of «~ from K shell in H 
—109, 533 

Fischer, V. K. (see Fischer, G. E.)—110, 286(L) 

Fisher, L. H. (see DeBitetto, D. J.)—111, 390 

Fisher, P. S. and R. A. Naumann. 4+ excited state in Os'** 
112, 1717 

Fitch, V. L. (see Panofsky, W. K. H.)—109, 1353 

Fite, Wade L. and R. T. Brackmann. Collisions of electrons 
with H atoms. I. lonization—112, 1141 
——and R. T. Brackmann. Collisions of electrons with H 
atoms. II. Excitation of Lyman-a radiation—112, 1151 
—, R. Theodore Brackmann, and William R. Snow. Charge 
exchange in proton-H-atom collisions—112, 1161 

——— (see Brackmann, R. T.)—112, 1157 

Fitz, H. C., Jr., William B. Good, James L. Kassner, Jr., and 
Arthur E. Ruark. Cloud chamber search for particles 
ionizing less than an electron—111, 1406 

Fitzgerald, Edwin R. Mechanical resonance dispersion in 
quartz at audio-frequencies—112, 765 
— Mechanical resonance dispersion in single crystals—112, 
1063 

Fletcher, John G. and David C. Larson. Influence of electron 
interactions on metallic properties—111, 455; 112, 2139(E) 

Fletcher, P. C. and E. Amble. Spin and quadrupole moment of 
1!25 and magnetic moment of I'*\—110, 536 

Foldy, Leslie L. Fermi-Segré formula—111, 1093 

Foley, H. M. (see Sessler, A. M.)—110, 995(L) 

——- (see Traub, J.)—111, 1098 

Foner, S. N. (see Jen, C. K.)—112, 1169 

Foner, Simon, F. E. Allison, and Emerson M. Pugh. Hall 
effect in Ni;Mn and Fe-Co as function of order—109, 1129 

Foote, H. L., Jr. Neutron scattering cross section of U?**—109, 
1641 

Ford, G. W. and C. J. Mullin. Energy distribution of in- 
elastically scattered electrons—110, 520 

—— and C. J. Mullin. Scattering of polarized Dirac particles 
on electrons—110, 1485(E) 

Ford, Joseph. Approach of one-dimensional systems to 
equilibrium—112, 1445 

Ford, Kenneth W. (see True, William W.)—109, 1675 

Forrest, R. N. and H. T. Easterday. Radiations of Xe!?7—112, 
950 

Forrester, A. Theodore. Superconducting energy gap infer- 
ences from thin-film transmission data—110, 776(L) 

Forstat, H. Length effect in heat transport in He II—111, 1450 

Fowler, Earle C. (see Lea, Robert)—110, 748 

Fowler, H. A. and H. E. Farnsworth. Reflection of very slow 
electrons—111, 103 

Fowler, J. L. and H. O. Cohn. Oxygen differential neutron 
scattering and phenomenological nuclear potentials—109, 
89 

Fowler, J. M. (see Daehnick, W. W.)—111, 1309 

—— (see Zeidman, B.)—112, 2020 

Fowler, T. K. Quasielastic scattering of pions by nuclei—112, 
1325 

Fowler, W. A. (see Cook, C. W.)—111, 567 

Fowler, W. B. (see Agnew, L.)—110, 994(L) 

Fox, J. D., R. L. Zimmerman, D. J. Hughes, H. Palevsky, 
M. K. Brussel, and R. E. Chrien. Measurement of spins of 
levels excited by slow neutron capture—110, 1472(L) 

Fox, J. G. (see Fields, T. H.)—109, 1704; 109, 1713 

—— (see Stallwood, R. A.)—109, 1716 


it? 


111, AND 112 


Fox, R. E. Dissociative attachment of electrons in I;. II]. Mass 
spectrographic determination of energy dependence of cross 
section—109, 2008 

—— (see Biondi, Manfred A.)—109, 2012 

Frank, Wilson J. (see Bandtel, Kenneth C.)—109, 2117; 110, 
1484 (E) 

Frankl, D. R. Electroluminescence of ZnS single crystals with 
cathode barriers—111, 1540 

Franklin, J. and B. Margolis. Scattering of u 
nuclei—109, 525 

——, B. Margolis, and H. Oberthal. Scattering of u~ mesons 
by nuclei—111, 296 

Frantz, Lee M. Field theory of deuteron exchange currents 
111, 346 

Franzini, P. (see Eisler, F.)—112, 979 

Fraser, J. S. (see Milton, J. C. D.)—111, 877 

Frauenfelder, H., J. D. Jackson, and H. W. Wyld, Jr. Polar- 
ization effects following 8 decay—110, 451 

Frautschi, S. C. (see Bjorken, J. D.)—112, 1409 

Frazer, B. C. Magnetic structure of FesN—112, 751 

Fred, Mark, Frank S. Tomkins, and William F. Meggers. 
Nuclear moments of Ac??7—111, 1747(E) 

Frederikse, H. P. R. and W. R. Hosler. Oscillatory galvano- 
magnetic effects in n-type InAs—110, 880 

Freeman, A. J. and P. O. Léwdin. Quantum mechanical 
kinetic energy transformation—111, 1212 

Freeman, J. R. (see Kallmann, Hartmut)—109, 1506 

Freier, G. D., K. F. Famularo, D. M. Zipoy, and J. Leigh. 
Elastic scattering of protons by A*°—110, 446 

Freier, P. S. (see Danielson, R. E.)—109, 151 

French, A. P. (see Evans, N. T. S.)—109, 1272 

Fried, H. M. and D. R. Yennie. New techniques in Lamb 
shift calculation—112, 1391 

Friedberg, S. A. (see Burk, D. L.)—111, 1275 

Friedlander, G. (see Baker, E.)—112, 1319 

-—— (see Caretto, A. A.)—110, 1130; 110, 1169 

—— (see Cumming, J. B.)—111, 1386 
—— (see Markowitz, Samuel S.)—112, 1295 

—— (see Metropolis, N.)—110, 185; 110, 204 

Friedman, A. (see Cox, S.)—112, 960 

—— (see Smith, A.)—111, 1633 

Friedman, Lewis and Lincoln G. Smith. Mass difference 
T-He? and mass of neutrino—109, 2214(L) 

Frisch, Harry L. Approach to equilibrium—109, 22 

——— (see Kaiser, W.)—112, 1546 

Fréman, Anders. Correlation energies of some He- and Ne-like 
systems—112, 870 

Fronsdal, C. and H. Uberall. Polarization of bremsstrahlung 
from polarized electrons—111, 580 

Frost, R. T. and S. S. Hanna. Reaction Li*(d,t)Li'(p) He+— 
110, 939 

Fry, W. F. and R. G. Sachs. Method for determining 6;—@: 
mass difference—109, 2212(L) 

—— (see Baldo-Ceolin, M.)—112, 2118 

Frye, Glenn M., Jr., and Alice H. Armstrong. Evidence for 
production of neutral pion in antiproton annihilation event 
—110, 170 

Fryer, Edward M. (see Wyman, Marvin E.)—112, 1264 

Fubini, S., Y. Nambu, and V. Wataghin. Dispersion theory 
treatment of pion production in electron-nucleon collisions— 
111, 329 

Fuchs, M. (see Bardon, M.)—110, 780(L) 

Fuchs, Ronald. Theory of 8 band in alkali halide crystals— 
111, 387 

Fulco, Jose R. Theoretical angular distribution of nucleon- 
antinucleon scattering at 140 Mev—110, 784(L) 

Fuller, E. G., E. Hayward, and H. W. Koch. Shape of high- 
energy end of electron-bremsstrahlung spectrum—109, 630 

-—, B. Petree, and M. S. Weiss. Photoneutron yields in 
rare-earth region—112, 554 


mesons by 











~~ and M. S. Weiss. Splitting of giant resonance for de- 
formed nuclei—112, 560 
Fulmer, Clyde B. and Bernard L. Cohen. Equilibrium charges 
of fission fragments in gases—109, 94 
-and Bernard L. Cohen. (p,a) reactions induced by 23- 
Mev protons—112, 1672 
Fultz, S. C. (see Hickok, R. L.)—-109, 113 
Funk, E. G., Jr., and M. L. Wiedenbeck. Decay of Ag!*" 
112, 1247 
, and M. L. Wiedenbeck. Directional correlation of y rays 
of Se*—109, 922 
Furst, M. and H. Kallmann. Cross quenching of fluorescence 
in organic solutions—109, 646 
Furth, Harold P. (see Anderson, Oscar A.)——109, 612(L) 
Gabbe, John D. Some measurements of atmospheric neutrons 
—112, 497 
Gager, W. B., P. S. Jastram, and J. G. Daunt. Paramagnetic 
resonance spectrum of Co in cerium magnesium nitrate at 
4°K—111, 803 
Gailar, O. H., E. Bleuler, and D. J. Tendam. Scattering of 
18.7-Mev a@ particles from Al, Cu, and Ag—112, 1989 
Galanin, A. D. (see Abrikosov, A. A.)—111, 321 
Galbraith, William (see Coombes, Charles A.)—112, 1303 
Gall, R. (see Vallarta, M. S.)—109, 1403(L) 
Gallagher, C. J., Jr., and S. A. Moszkowski. Coupling of 
angular momenta in odd-odd nuclei—111, 1282 
—, and J. O. Rasmussen. High-resolution electron spectro- 
scopic study of 60-hr electron-capturing isomer Re!**— 
112, 1730 
——, D. Strominger, and J. P. Unik. Decay scheme of 50-day 
Re'**—110, 725; 111, 1746(E) 
—— (see Johnson, C. H.)—109, 1243 
——— (see Moak, C. D.)—110, 1369 
Galt, J. K. (see Boyle, W. S.)—109, 1396(L) 
Gamba, A. Cooperative phenomena in quantum theory of 
radiation—110, 601 
Gammel, J. L. and R. M. Thaler. Phase shifts for p-a scattering 
polarization in p-a scattering for proton laboratory energies 
from 0 to 40 Mev—109, 2041 
——— (see Brueckner, K. A.)—109, 1023; 109, 1040; 110, 431 
Gandy, H. W. Cathodoluminescence of SrO, (BaSr)O, and 
MgO—111, 764 
Gardner, C. C. (see Anderson, J. D.)—110, 160; 111, 572 
—— (see Nakada, M. P.)—594(L); 110, 572 
Garfinkel, M. and P. Lindenfeld. Lattice conductivity of Sn— 
110, 883 
Garland, C. W. and Richard Dalven. Elastic constants of 
Zn from 4.2°K to 77.6°K—111, 1232 
Garth, R. C. (see Seth, K. K.)—110, 692 
Garvin, Hugh L., Thomas M. Green, and Edgar Lipworth. 
Spins of some radioactive I isotopes—111, 534 
Garwin, R. L. (see Coffin, T.)—109, 973 
Gasiorowicz, Stephen and M. A. Ruderman. Identical scatter- 
ing from causal and noncausal interactions—110, 261 
—— (see Chew, Geoffrey F.)—110, 265 
Gasten, B. R. (see Herring, D. F.)—112, 1210 
Gatto, R. Possible experimental test of universal Fermi 
interaction—111, 1426 
—— Relations between hyperon polarizations in associated 
production—109, 610(L) 
Gavenda, J. D. (see Morse, R. W.)—109, 1394(L) 
Geballe, T. H. and G. W. Hull. Isotopic and other types of 
thermal resistance in Ge—110, 773(L) 
——— (see Herring, C.)—111, 36 
Geffen, D. A. Dispersion relations for pion-proton scattering 
—112, 1370 
Geiger, J. S., G. T. Ewan, R. L. Graham, and D. R. Mac- 
Kenzie. Measurements on longitudinal polarization of 
B rays from P*, Y®, Pr44, Au?®8, and Bi®#° (RaE)—112, 1684 





AUTHOR 












INDEX 


Geller, Seymour (see Gilleo, M. A.)—110, 73 
——— (see Knox, Kerro)—110, 771 (L) 
Gelles, I. L. (see Keller, S. P.)—110, 850 
-—— (see Sorokin, P. P.)—112, 1513 
Gell-Mann, Murray. Test of nature of vector interaction in 
B-decay—111, 362; 112, 2139(E) 
— (see Feynman, R. P.)—109, 193 
Geltman, Sydney. Theory of threshold energy dependence of 
photodetachment of diatomic molecular negative ions— 
112, 176 
—— (see Branscomb, Lewis M.)—111, 504 
Gere, E. A. (see Feher, G.)——-109, 221 (L) 
Gerhart, J. B. Fierz interference of Fermi interactions in 8 
decay—109, 897; 111, 1746(E) 

Gerholm, T. R. and B. G. Pettersson. Evidence for presence 
of EO in direct competition with M1 and E2—110, 1119 
Gerjuoy, E. Outgoing boundary condition in rearrangement 

collisions—109, 1806 
Geusic, J. E. and L. Carlton Brown. Computation of principal 
components of asymmetric g tensor from paramagnetic 
resonance data—112, 64 
Ghiorso, Albert (see Sikkeland, Torbjérn)—112, 543 
Giambuzzi, S. (see Lannutti, Joseph E.)—109, 2121 
Giardini, A. A. (see Poindexter, Edward)—110, 1069 
Gibbons, D. F. Thermal expansion of some crystals with 
diamond structure—112, 136; 112, 2139(E) 
— and V. G. Chirba. Acoustical loss and Young’s modulus 
of yttrium iron garnet—110, 770(L) 


Gibbons, J. H. (see Good, W. M.)—109, 926 
— (see Macklin, R. L.)—109, 105 
Gibbons, J. J. (see Cutler, P. H.)—111, 394 


Giese, Clayton F. and Jay L. Benson. Atomic masses from P 
through Mn—110, 712 

Gilbert, Francis C. and R. Stephen White. K~-meson captures 
by bound neutrons—109, 1770 

Giles, Peter C. (see Barkas, Walter H.) 

Gilleo, M. A. Superexchange interaction 
Fe*+ —O?- —Fe?** linkages—109, 777 

——— and S. Geller. Magnetic and crystallographic properties 
of substituted Y-Fe garnet, 3Y:0;-xM.0;- (5—+x)Fe.0; 
110, 73 

Gilvarry, J. J. and N. H. March. Asymptotic solution of 
Thomas-Fermi equation for large atom radius—112, 140 

Gilly, L. (see Agnew, L.)—110, 994(L) 

Gindler, J. E., J. R. Huizenga, and D. W. Engelkemeir. 
Np isotopes: 234, 235, 236—109, 1263 

Giordmaine, J. A., L. E. Alsop, F. R. Nash, and C. H. Townes. 
Paramagnetic relaxation at very low temperatures—109, 
302 

Glasoe, G. N. (see Elwyn, A. J.)—112, 1200 

—— (see Landon, H. H.)—112, 1192 

Glass, R. A. (see Vandenbosch, R.)—111, 1358 

Glass, Solomon J. and Martin J. Klein. Thin ferromagnetic 
films—109, 288 

Glasser, M. L. and J. Callaway. Electronic energy bands in Li 
—109, 1541 

—— (see Callaway, Joseph)—112, 73 

Glassgold, A. E. Interaction of antiprotons with complex 
nuclei—110, 220 
~ and P. J. Kellogg. Nuclear scattering of 40- and 95-Mev 
protons—109, 1291 

Glauber, R. J. (see Martin, P. C.)—109, 1307 

Glicksman, Maurice. Effect of impurity scattering on mag- 
netoresistance of n-type Ge—109, 2218(E) 

—— Mobility of electrons in Ge-Si alloys—111, 125 

—— and M. C. Steele. High electric field effects in n-InSb— 
110, 1204(L) 

Glover, Rolfe E., III (see Ferrell, Richard A.)—109, 1398(L) 

—— (see Tinkham, M.)—110, 778(L) 

Gobeli, G. W. a-particle irradiation of Ge at 4.2°K—112, 732 


-112, 622 
energy for 














2150 VOLUMES 109, 





Goebel, C. J. Parity of K meson from dispersion relation— 
110, 572 

—— Use of Chew-Low equation in strong coupling—109, 1846 

Goland, A. N. (see Antal, J. J.)—112, 103 

—— (see Keating, D. T.)—111, 261 

Gold, Wallace and Larry Spruch. Inner bremsstrahlung and 
magnetic moment of neutrino—110, 290(L) 

Gol’danskii, V. I., A. E. Ignatenko, A. I. Mukhin, V. S. 
Pen’kina, and V. A. Shkoda-Ulyanov. Emission of secondary 
neutrons from nuclei bombarded by high-energy neutrons— 
109, 1762 

—— (see Baranov, P. S.)—109, 1801 

Goldberg, A. Electron-deuteron scattering by impulse ap- 
proximation—112, 618 

Goldberg, Colman. Relaxation time anisotropy in n-type Ge— 
109, 331 

—— and W. E. Howard. Magnetoresistance symmetry rela- 
tion in m-Ge—110, 1035 

Goldberg, E. and H. L. Reynolds. Elastic scattering of C 
from Au—112, 1981 

Goldberg, Irwin. Gauge-invariant quantum electrodynamics 
112, 1361 

Goldberg, J. N. Conservation laws in general relativity—111, 
315 

Goldberger, M. L. and S. B. Treiman. Conserved currents in 
theory of Fermi interactions—110, 1478(L) 

— and S. B. Treiman. Decay of « meson—110, 1178 

and S. B. Treiman. Form factors in 8 decay and yu 
capture—111, 354 

—— (see Federbush, P.)—112, 642 

Goldemberg, J. (see Silva, E.)—110, 1102 

Golden, Sidney. Spherical eigenfunctions and angular momen- 
tum distributions in the statistical theory of atoms—110, 
1349 

Goldhaber, Gerson, Theodor Kalogeropoulos, and Rein 
Silverberg. Antiproton-hydrogen scattering and inelastic 
scattering from complex nuclei—110, 1474(L) 

—— and Jack Sandweiss. Elastic scattering of antiprotons 
from complex nuclei—110, 1476(L) 

(see Igo, George) —109, 2133 

—— (see Lannutti, Joseph E.)—109, 2121 

Goldhaber, M., L. Grodzins, and A. W. Sunyar. Helicity of 
neutrinos—109, 1015(L) 

——, T. D. Lee, and C. N. Yang. Decay modes of (6+) 
system—112, 1796 

—— (see Alburger, D. E.)—112, 1998 

Goldhaber, Sulamith (see Igo, George)—109, 2133 

—— (see Lannutti, Joseph E.)—109, 2121 

Goldman, David T. and Albert Simon. Theory of sputtering 
by high-speed ions—111, 383 

Goldring, G. and R. P. Scharenberg. Gyromagnetic ratio of 2* 
rotational states—110, 701 

Goldstein, B. Properties of photovoltaic films of CdTe—109, 
601(L) 

Goldstein, L. and T. Sekiguchi. Electron-electron interaction 
and heat conduction in gaseous plasmas—109, 625 

— — (see Dougal, A. A.)—109, 615 

Goldstein, Louis. Thermal excitations in liquid He*—112, 1465 

—— Volume anomaly of liquid He* arising from its nuclear 
spin system—112, 1483 __ 

Gonser, Ulrich and Boudewjn Okkerse. Radiation damage 
experiments and nature of thermal spikes in III-V com- 
pounds—109, 663 

Good, Myron L. Method for determining K,°—K-_® mass 
difference—110, 550 

Good, R. H., Jr. (see Hammer, C. L.)—111, 342 

Good, W. M., J. H. Neiler, and J. H. Gibbons. Neutron total 
cross sections in kev region by fast time-of-flight measure- 
ments—109, 926 

Good, William B. (see Fitz, H. C.)—111, 1406 








110, 111, 








AND 112 


Goodman, Bernard. Adiabatic vs Bloch approximation in 
lattice scattering of electrons—110, 888 

Goodman, Charles D. and John L. Need. Energy distributions 
of product particles from nitrogen-induced nuclear reactions 
on Be—110, 676 

—— (see Blosser, H. G.)—110, 531 

Gordon, F. J. (see Chupp, E. L.)—109, 2036; 112, 518; 112, 
532; 112, 1183 

Gordon, J. P. (see Feher, G.)—109, 221(L) 

Gordy, Walter (see Cowan, Monroe)—111, 209 

Gorkov, L. P. (see Abrikosov, A. A.)—111, 321 

Gossett, C. R. (see Butler, J. W.)—109, 863; 110, 1485(E); 
112, 1257 

Gould, R. W. (see Boyd, G. D.)—109, 1393(L) 

Gourary, Barry S. Approximate wave functions for U center 
by point-ion-lattice method—112, 337 

Gove, H. E., A. E. Litherland, E. Almqvist, and D. A. Bromley. 
rays from proton bombardment of Mg**—111, 608 

Gove, N. B., R. W. Henry, L. T. Dillman, and R. A. Becker. 
Isomers in Tb!®* and Ho'**—112, 489 

Graham, C. D., Jr. Magnetocrystalline anisotropy constants 
of Fe at room temperature and below—112, 1117 

Graham, R. L. (see Geiger, J. S.)—112, 1684 

Granato, Andrew. Thermal properties of mobile defects—111, 
740 

Graybeal, J. D. (see Burrus, C. A.)—109, 1553 

Green, A. E. S. and P. C. Sood. Proton potential anomaly and 
nonlocal potentials—I111, 1147 

—— (see Swamy, N. V. V. J.)—112, 1719 

Green, Ben A., Jr. Approach to equilibrium—112, 1053 

Green, Louis C., Satoshi Matsushima, Cynthia Stephens, 
Eleanor K. Kolchin, Majorie M. Kohler, Yenking Wang, 
Barbara B. Baldwin, and Robert J. Wisner. Effect on energy 
of increased flexibility in separable factor of Hylleraas-type 
atomic wave function from H~ to Ovit—112, 1187 

Green, T. A. and M. E. Rose. Nuclear structure effects in 
internal conversion—110, 105 

Green, Thomas M. (see Garvin, Hugh L.)—111, 534 

Greenburg, Joel. Effect of magnetic field on thermionic 
emission from Mo—112, 1898 

Greene, Richard F. Effect of anisotropy on temperature 
dependence of elastic constants—111, 1505 

Gregory, D. P. and D. Z. Landsman. Average decay energy of 
T—109, 2091 

Griem, H. (see Kolb, A. C.)—111, 514 

Griggs, D. T., W. G. McMillan, E. D. Michael, and C. P. 
Nash. Lack of metallic transition in LiH and LiAIH, under 
static pressure—109, 1858(L) 

Grilly, E. R. (see Schuch, A. F.)—110, 775(L) 

Grisaru, M. T. Fourth order nucleon-nucleon dispersion 
relations—111, 1719 

Grodzins, L. Lifetime of 1~ level in Sm'**—-109, 1014(L) 

—— (see Goldhaber, M.)—109, 1015(L) 

Gross, Bernhard. Thermovoltaic effect in y-irradiated 
borosilicate glass—110, 337 

Grundl, J. A., R. L. Henkel, and B. L. Perkins. P*'(n,p)Si™ 
and Al®7(n,a)Na** cross sections—109, 425 

Gryzinski, Michat. Fusion chain reaction—111, 900 

Giinther, Marian. Two-quantum interaction energy correction 
for ground state of He atom—111, 182 

Gupta, Suraj N. Effect of strange particles on magnetic 
moments of nucleons—111, 1436 

—— Pion production in high-energy processes—111, 1698 


Haag, R. Quantum field theories with composite particles and 
asymptotic conditions—112, 669 

Haddock, Roy P. (see Macq, Pierre C.)—112, 2061 

Hadley, T. H. (see Blosser, H. G.)—110, 531 

Haeberli, Willy (see Block, Robert C.)—109, 1620 

—— (see Olness, J. W.)—112, 1702 














































ree 










AUTHOR 


Hafner, E. M. Scattering of 220-Mev polarized protons by 
complex nuclei—111, 297 

Hake, R. R., D. E. Mapother, and D. L. Decker. Isotope effect 
on superconducting transition in Pb—112, 1522 

Halford, Donald, Clyde A. Hutchison, Jr., and Peter M. 
Llewellyn. Electron nuclear double resonance of Nd—110, 
284(L) 

Hall, W. S. (see Brolley, J. E., Jr.)—109, 1277 

Haller, Kurt. Photoproduction of mesons in intermediate 
coupling—111, 1736 

Halpern, Francis R. Convergence of method of moments— 
111, 1 

~— Phonon-polaron problem—109, 1836 

Halpern, I. (see Coffin, C. T.)—112, 536 

Halpern, J. (see Whetstone, A.)—109, 2072 

Ham, Frank S. (see Brooks, Harvey)—112, 344 

Hamilton, D. R. (see Reynolds, J. B.)—109, 465 

Hamilton, J. Pion scattering and dispersion relations—110, 
1134 

Hamilton, J. H., L. M. Langer, R. L. Robinson, and W. G. 
Smith. Shape of Pr'“* 8 spectrum—112, 945 

——, L. M. Langer, and W. G. Smith. Small deviations 
observed in 8 spectra: Na**—112, 2010 

—— (see Lazar, N. H.)—110, 513 

Hamilton, Walter C. Neutron diffraction investigation of 
119°K transition in magnetite—110, 1050 

Hammer, C. L. and R. H. Good, Jr. Quantization process for 
massless particles—111, 342 


Hanna, S. S. and R. S. Preston. Polarization of positrons and 
annihilation in ferromagnetic materials—109, 716 

~——— (see Frost, R. T.)—110, 939 
—— (see Holland, R. E.)—112, 903 

——— (see Preston, R. S.)—110, 1406 

Hansen, Eldon R. (see Rasmussen, John O.)—109, 1656 


Harbottle, G. 
2139(E) 
Harding, R. S. Asymmetry measurement in scattering of 155- 
Mev neutrons by C, Al, Cu, Cd, and Pb—111, 1164 

Harlow, M. V., Jr. (see Ranken, W. A.)—112, 239 

Harman, George G. Electroluminescence from surface layer 
of BaTiO;, SrTiO;, and associated materials—111, 27 

Harris, Joseph David. Green's functions for particles of 
arbitrary spin—112, 2124 

Harrison, S. E., C. J. Kriessman, and S. R. Pollack. Magnetic 
spectra of Mn ferrites—110, 844 

Harrison, Walter A. Cellular method for wave functions in 
imperfect metal lattices—110, 14 

Hart, E. L. (see Sellen, J. M.)—110, 779(L) 

Hart, H. R., Jr. (see Estle, T. L.j—112, 1576 

Harte, W. E. (see Christy, R. W.)—109, 710 

Harth, E. M. (see Slaughter, G. G.)—109, 2111 

Hartree, D. R. Representation of exchange terms in Fock’s 
equations by a quasi-potential—109, 840 

Harvey, Fred E. (see Young, Otis B.)—109, 529 

Harvey, John A. and D. J. Hughes. Spacings of nuclear energy 
levels—109, 471 

Haskin, D. M. (see Teucher, M. W.)—111, 1384 

Hass, M. (see Ferguson, G. A., Jr.)—112, 1130 

Hastings, J. M. (see Donnay, G.)—112, 1917 

Hatch, Albert J. and H. Bartel Williams. Multipacting modes 
of high-frequency gaseous breakdown—112, 681 

Hatch, E. N. and D. E. Alburger. Lifetime of 473-kev level 
in Tm®*—110, 1116 

Hatcher, Charles R. and W. E. Millett. Quenching of posi- 
tronium lifetimes by molecular I;—112, 1924 

, W. E. Millett, and Louis Brown. Annihilation of posi- 

trons in organic compounds—111, 12 

Haxby, R. O. (see Tatro, C. A.)—112, 932 

Hayward, E. (see Fuller, E. G.)—109, 630 

Hayward, R. W. (see Ambler, E.)—110, 787 (L) 


(see Scharff-Goldhaber, G.)—111, 913; 112, 


INDEX ant 


Heckman, Harry H. (see Barkas, Walter H.)—112, 622 

Heckrotte, Warren and Malcolm MacGregor. Neutrons from 
p+d breakup reaction—111, 593 

Heer, E., A. Roberts, and J. Tinlot. +*-production in Al and 
C by 209-Mev polarized protons—111, 640 

——, A. Roberts, and J. Tinlot. Search for evidence of parity 
nonconservation in «*-meson production by polarized 
protons—111, 645 

Heinberg, M., W. M. McClelland, F. Turkot, W. M. Wood- 
ward, R. R. Wilson, and D. M. Zipoy. Photoproduction of 
x* mesons from H in region 350-900 Mev—110, 1211(L) 

Helmer, R. G. (see Cork, J. M.)—110, 526 

Helmy, E., J. H. Mulvey, D. J. Prowse, and D. H. Stork. 
Example of production of r~ meson by K* meson—112, 1793 

Hemmendinger, A. (see Diven, B. C.)—109, 144 

Hemmer, P. Chr., L. C. Maximon, and H. Wergeland. 
Recurrence time of dynamical system—111, 689 

Henkel, R. L. (see Grundl, J. A.)—109, 425 

Henley, E. M. (see Blair, J. S.)—112, 2029 

Henri, Victor P. and Anatole M. Shapiro. Evidence against 
reaction K*—y*+p°—110, 591 (L) 

Henry, R. W. (see Gove, N. B.)—112, 489 

Henry, Warren E. Low-temperature magnetic studies of UHs, 
UD;, UO:—109, 1976 

—— Magnetization studies and possible magnetic structure of 
BaO -6Fe:,0;—112, 326 

Hensel, J. C. and W. C. Parkinson. Polarization of protons 
from B!°(d,p)B", C!2(d,p)C!8, and spin-flip stripping—110, 
128 

Henshaw, D. G. Atomic distribution in liquid and solid Ne 
and solid A by neutron diffraction—111, 1470 

—— Structure of solid He by neutron diffraction—109, 328 

Hensley, Eugene B. (see Reiling, Gilbert H.)—112, 1106 

Herman, Frank (see Braunstein, Rubin)—109, 695 

—— (see Ellis, S. G.)—109, 1860(L) 

Herndon, R. C. (see Sekiguchi, T.)—112, 1 

Hernqvist, K. G. Emission mechanism of cold-cathode arcs— 
109, 636 

Herring, C., T. H. Geballe, and J. E. Kunzler. Phonon-drag 
thermomagnetic effects in n-type Ge. I. General survey— 
111, 36 

Herring, D. F. Energy levels of F!*—112, 1217 

——, Ren Chiba, B. R. Gasten, and H. T. Richards. 
N(a,a)N4 and N'(a,p)O" differential cross sections—112, 
1210 ; 

Hershinger, L. W. (see Daniel, P. J.)—111, 1240 

Hersil, Juan (see Clark, George W.)—110, 1485(E) 

Hester, R. E., R. E. Pixley, and W. A. S. Lamb. Radiative 
capture of protons in oxygen at 140 to 170 kev—111, 1604 

Heydenburg, N. P. (see Pieper, G. F.)—111, 264 

—— (see Temmer, G. M.)—111, 1303 

Hickman, G. D. and W. L. Wiedenbeck. Directional correla- 
tion of y rays in Gd!®**—111, 539 

Hickok, R. L., W. A. McKinley, and S. C. Fultz. Decay of 
Ce'4 and Pr!44—109, 113 

Hicks, H. G. (see Stevenson, P. C.)—111, 886 

Hien, N. C. (see Lang, L. G.)—110, 1062 

Hill, H. A. and J. M. Blair. Proton-y ray angular correlations 
in Si8(d,py)Si** reaction—111, 1142 

Hill, R. D. (see Crew, J. E.)—110, 177 

Hill, R. W. Angular distributions of elastic scattering of 5-Mev 
neutrons—109, 2105 

Hillman, Peter, Arne Johansson, and Gunnar Tibell. Time- 
reversal invariance in nuclear scattering—110, 1218(L) 

Hilton, H. H. (see Kohler, D.)—110, 1094 

Hoff, R. W. and J. M. Hollander. Energy levels of Po*°—109, 
447 

Hoffman, D. C. and B. J. Dropesky. Electron-capture decay 
of Pu**7—109, 1282 














VOLUMES 


2152 109, 





Hoffman, John H. and Alfred O. Nier. Production of He in 
Fe meteorites by action of cosmic rays—112, 2112 

Hoffman, R. (see Winckler, J. R.)—110, 1221 

Hofstadter, Robert (see Burleson, George R.)—112, 1282 

—— (see Ehrenberg, Hans F.)—110, 544 

—— (see Yearian, M. R.)—110, 552; 111, 934 

Holcomb, D. F. Magnetic resonance line shapes at onset of 
saturation—112, 1599 

Holladay, Wendell G. (see Thomas, Billy S.)—110, 981 

Holland, R. E., Frank J. Lynch, and S. S. Hanna. Lifetimes 
of first excited states of F!7 and B'°—112, 903 

Hollander, J. M. (see Hoff, R. W.)—109, 447 

Holm, D. M. (see Terrell, J.)—109, 2031 

Holmgren, H. D. (see Butler, J. W.)—112, 461 

—— (see Johnston, R. L.)—109, 884 

Hon, John F. and P. J. Bray. Nuclear quadrupole coupling 
constants of Li’ in Li compounds—110, 624 

Hooke, W. M. (see Reynolds, J. B.)—109, 465 

Hopfield, J. J. Theory of contribution of excitons to complex 
dielectric constant of crystals—112, 1555 

Hoppes, D. D. (see Ambler, E.)—110, 787 (L) 

Horen, D. J. and W. E. Meyerhof. Decay of Cu®—111, 559 

Hornbostel, J., E. O. Salant, and G. T. Zorn. Yields of K* 
and K~ mesons produced by 1.7- to 3-Bev protons—112, 
1311 

—— and G. T. Zorn. Observation and analysis of K~ inter- 
actions—109, 165 

Hoshino, S., K. Vedam, Y. Okaya, and R. Pepinsky. Dielectric 
and thermal study of (NH4)2SO, and (NH,)2BeF, transi- 
tions—112, 405 

(see Pepinsky, R.)—111, 430; 111, 1467; 111, 1508 

Hosler, W. R. (see Frederikse, H. P. R.)—110, 880 

Howard, W. E. (see Goldberg, Colman)—110, 1035 

Howe, H. A. (,) cross sections of Cu and Zn—109, 2083 

Howland, L. P. Band structure and cohesive energy of KCI— 
109, 1927 

Hrostowski, H. J. (see Shulman, R. G.)—109, 808 

Huang, Kerson and F. E. Low. Decay of x meson and universal 
Fermi interaction—109, 1400(L) 

Hubbard, P. S. Nuclear magnetic relaxation of three and 
four spin molecules in liquid—109, 1153; 111, 1746(E) 

Hubbs, J. C. and R. Marrus. Hfs measurements on Np***— 
110, 287(L) 

——, R. Marrus, W. A. Nierenberg, and J. L. Worcester. 
Hfs measurements on Pu***—109, 390 

——,, R. Marrus, and J. L. Worcester. Nuclear spin of Ga®*— 
110, 534 

—— (see Albridge, R. G.)—111, 1137 

Hudis, J. and J. M. Miller. Be’ nuclei as evaporated particles 
in high-energy reactions—112, 1322 

—— (see Baker, E.)—112, 1319 

—— (see Caretto, A. A.)—110, 1130 

Hudson, R. P. (see Ambler, E.)—110, 787 (L) 

Hudspeth, Emmett L. (see Williamson, Claude F.)—110, 
139 

Huff, Robert W. Neutral vector meson and nucleon form 
factors and magnetic moments—112, 1021 

Hughes, D. J. (see Eisenhauer, C. M.)—109, 1046 

—— (see Fox, J. D.)—110, 1472(L) 

—— (see Harvey, John A.)—109, 471 

—— (see Seth, K. K.)—110, 692 

Hughes, V. W. (see Drake, C. W.)—112, 1627 

Huizenga, J. R. Correlation of competition between neutron 
emission and fission—109, 484 

—— (see Gindler, J. E.)—109, 1263 

—— (see White, F. A.)—109, 437 

—— (see Wing, J.)—111, 590 

Hull, G. W. (see Geballe, T. H.)—110, 773(L) 

Hull, M. H., Jr., and J. Shapiro. Polarization in p-p scattering 

at 3 and 4 Mev—109, 846 





110, 





Mis AMD 172 





Hurwitz, H., Jr. (see Auer, P. L.)—111, 1017 

Hutchison, Clyde A., Jr. (see Halford, Donald)—110, 284(L) 

Huzita, H. (see Baldo-Ceolin, M.)—112, 2118 

Hwa, Rudolph C. Effects of electron-electron interactions on 
cyclotron resonances in gaseous plasmas—110, 307 

Hylleraas, Egil A. and John Midtdal. Ground-state energy of 
two-electron atoms. Corrective results—109, 1013(L) 


Iben, Icko, Jr. 8-y correlation and time-reversal invariance— 
112, 1240 

—— Higher order effects in 8 decay of P**—109, 2059 

Ichikawa, Yoshi H. Characteristic energy loss of electrons in 
graphite—109, 653 

Ignatenko, A. E. (see Gol’danskii, V. I1.)—109, 1762 

Igo, George, D. Geoffrey Ravenhall, Jerome J. Tiemann, 
Warren W. Chupp, Gerson Goldhaber, Sulamith Goldhaber, 
Joseph E. Lannutti, and Roy M. Thaler. Scattering of K* 
mesons in emulsion—109, 2133 

Illsley, E. Geer (see Johnston, R. L.)—109, 884 

Inchauspé, Nicolas (see Chiarotti, Gianfranco)—109, 345 

Innes, F. R. and C. W. Ufford. Microwave Zeeman effect and 
theory of complex spectra—111, 194 

Inuishi, Yoshio and Tokuo Suita. Dielectric breakdown of 
KCI crystals irradiated with 7 rays—109, 1509 

Ioffe, B. L. (see Berestetsky, V. B.)—111, 522 

Ise, John, Jr. (see Anderson, Oscar A.)—-110, 1375 

Ishiguro, Eiichi. Electron-coupled interaction between nuclear 
spins in HD molecule—111, 203 

Ishiguro, Masakazu and Etsu Sugioka. Color center in KCl 
containing Lit or Nat—110, 1070 

Ittner, William B. Superconducting to normal phase transition 
in Ta—111, 1483 

Ivanova, N.S. (see Denisenko, G. F.)—109, 1779 

Ivash, Eugene V. Dissociation of Hz molecule ion by electron 
impact—112, 155 

—— (see Richter, John L.)—111, 245 

Iyengar, P. K. (see Brockhouse, B. N.)—111, 747 

Jaccarino, V. (see Shulman, R. G.)—109, 1084 

Jackson, H. E. (see DeWire, J. W.)—110, 1208(L) 

Jackson, J. D. (see Frauenfelder, H.)—110, 451 

Jacobs, J. A. (see Bashkin, S.)—109, 434 

Jaffe, Hans (see Berlincourt, Don)—111, 143 

Janis, Allen I. (see Bergmann, Peter G.)—111, 1191 

Jansen, Laurens. Molecular theory of dielectric constant— 
112, 434 

Tensor formalism for Coulomb interactions and asymp- 
totic properties of multipole expansions—110, 661 

Jarmie, Nelson and Robert C. Allen. T(t,a)n,n reaction—111, 
1121 

—— (see Allen, Robert C.)—111, 1129 

Jarrett, H. S. and R. K. Waring. Ferrimagnetic resonance in 
NiMnO,;—111, 1223 

Jastram, P. S. (see Gager, W. B.)—111, 803 

Jeffries, C. D. (see Abraham, M.)—112, 553 

Jehle, Herbert, Jerrold M. Yos, and William L. Bade. Speci- 
ficity of charge fluctuation forces. I—110, 793 

Jen, C. K., S. N. Foner, E. L. Cochran, and V. A. Bowers. 
Electron spin resonance of atomic and molecular free 
radicals trapped at liquid He temperature—112, 1169 

Jennings, D. A., W. H. Tanttila, and O. Kraus. Ultrasonically 
induced spin transitions in Nal—109, 1059 

Jennings, L. D. and C. A. Swenson. Effects of pressure on 
superconducting transition temperatures of Sn, In, Ta, TI, 
and Hg—112, 31 

Jensen, R. C. and A. W. Fairhall. Fission of Ra** by 11-Mev 
protons—109, 942 

Jentschke, W. K. (see Juveland, A. C.)—110, 456 

—— (see Nilson, R.)—109, 850 














AUTHOR 


Jesse, William P. Absolute energy to produce ion pair in 
various gases by @ particles from S**—109, 2002 

Johansson, Arne (see Hillman, Peter)—110, 1218(L) 

Johnson, C. H., A. Galonsky, and J. P. Ulrich. Proton strength 
functions from (p,m) cross sections—109, 1243 

Johnson, E. O. Large-signal surface photovoltage studies with 
Ge—111, 153 

Johnson, John L. (see Porter, William S.)—111, 1578 

Johnson, Kenneth A. Consistency of quantum electrodynamics 
—112, 1367 

—— (see Bernstein, Jeremy)—109, 189 

Johnson, Noah R. (see Cumming, James B.)—110, 1104 

Johnson, O. E., R. G. Johnson, and L. M. Langer. Small 
deviations observed in 8 spectra: In™*, Y®, and P**—112, 
2004 

Johnson, P. D. (see Piper, W. W.)—110, 323 

Johnson, R. G. (see Johnson, O. E.)—112, 2004 

Johnston, H. L. (see Chou, Chien)—109, 788 

——— (see White, David)—109, 797 

Johnston, L. H. and D. A. Swenson. p-p scattering at 40 Mev 
—l11, 212 

Johnston, R. L., H. D. Holmgren, E. A. Wolicki, and E. Geer 
Illsley. Differential cross sections for C!*(He*,p) N" reaction 
—109, 884 

Jones, C. M. (see Moak, C. D.)—110, 1369 

Jones, K. W., L. J. Lidofsky, and J. L. Weil. N'°(p,7)O" re- 
action study—112, 1252 

— (see Weil, J. L.)—110, 466; 112, 1975 

Jopson, R. C. (see Chupp, E. L.)—109, 2036; 112, 518; 112, 
532; 112, 1183 

Joseph, David W. Two-pair decay and spin of neutral pion— 
112, 2107 

Joseph, P. J. (see Windham, P. M.)—109, 1193 

Joyner, W. T. (see de Zafra, R. L.)—112, 19 

Judd, David L. (see Cohen,,Stanley)—110, 1471 (L) 

Jurié, Mira K. and Silva D. Cirilov. Polarization of protons 
from C!2(d,p)C** reaction with deuterons of 1060 kev—112, 
1224 

Juveland, A. C. and W. Jentschke. Polarization of protons 
from (d,p) reactions on C! and Si#®—110, 456 


Kaiser, W., H. L. Frisch, and H. Reiss. Mechanism of forma- 
tion of donor states in heat-treated Si—112, 1546 

Kallmann, Hartmut and J. R. Freeman. Electric field dis- 
tribution in polarized photoconductors—109, 1506 

——, Bernard Kramer, and Peter Mark. De-excitation of 
ZnS and ZnCdS phosphors by electric fields—109, 721 

—— and Eugene Sucov. Energy storage in ZnS and ZnCdS 

phosphors—109, 1473 

——— (see Furst, M.)—109, 646 

Kalogeropoulos, Theodor (see Goldhaber, 
1474(L) 

Kane, J. A. (see Fields, T. H.)—109, 1704; 109, 1713 

——- (see Stallwood, R. A.)—109, 1716 

Kane, P. P. Scattering of 31.5-Mev positive pions from C— 
112, 1337 

Kanzaki, Hiroshi. Dichroism of F and M bands in KCI—110, 
1063 

Kinzig, Werner and Truman O. Woodruff. Electron spin 
resonances of H-centers—109, 220(L) 

Kaplan, R. (see Kim, Y. W.)—111, 1468 

Kaplan, Selig N., Burton J. Moyer, and Robert V. Pyle. 
Neutron emission following u-meson capture in Ag and Pbh— 
112, 968 

—— (see Tai, Yuin-Kwei)—109, 2086 

Kaplan, T. A. Approximate theory of ferrimagnetic spin waves 
—109, 782 

Kaplon, M. F. (see Engler, A.)—112, 597 


Gerson)—110, 


INDEX 2153 


Karplus, Robert, Charles M. Sommerfield, and Eyvind H. 
Wichmann. Spectral representations in perturbation theory. 
I. Vertex function—111, 1187 

—— (see Chew, Geoffrey F.)—110, 265 

Karzas, W. J., W. K. R. Watson, and F. Zachariasen. Scatter- 
ing of light by protons—110, 253 

Kashy, E., P. D. Miller, and J. R. Risser. Energy levels in 
F!8 from N'4(a,a)N'4 and N'4(a,p)O"" reactions—112, 547 

Kasper, J. S. and R. M. Waterstrat. Antiferromagnetism in 
b.c.c. Mn-Cr solid solution—109, 1551 

Kassner, James L., Jr. (see Fitz, H. C., Jr.)—111, 1406 

Katcoff, Seymour. Decay of Tc®’ ground state—111, 575 

Katz, L. (see Rybka, T. W.)—110, 1123 

Kaufman, A. N. (see Rosenbluth, M. N.)—109, 1 

Kaufmann, A. R. (see Lin, S. T.)—109, 2218(E) 

Kaus, Peter E. Theory of interstitial impurity states in semi- 
conductors—109, 1944 

Kavanagh, R. W. and C. A. Barnes. Boron plus deuteron 
reactions—112, 503 

Kawaguchi, Masaaki. Polarization of proton from photo- 
disintegration of deuteron—111, 1314 

Keating, D. T., W. J. Neidhardt, and A. N. Goland. Neutron 
cross sections and scattering length of Cu®* and Cu®—111, 
261 

Kedzie, R. W. (see Abraham, M.)—112, 553 

Keesom, P. H. and N. Pearlman. Low-temperature heat 
capacity of pure and reduced rutile—112, 800 

and G. Seidel. Superfluid He inside neutron-irradiated Si 
—111, 422 

—— (see Seidel, G.)—112, 1083 

Keffer, F. and W. O’Sullivan. Problem of spin arrangements in 
MnO and similar antiferromagnets—110, 1484(E) 

Keller, Joseph B. Propagation of magnetic field into super- 
conductor—111, 1497 

Keller, Seymour P., I. L. Gelles, and W. V. Smith. Para- 
magnetic resonance absorption in Mn-activated hexagonal 
ZnS—110, 850 

— and George D. Pettit. Quenching, stimulation, and 
exhaustion studies on some infrared stimulable phosphors— 
111, 1533 

—— (see Cheroff, George)—111, 98 

Kellogg, P. J. (see Glassgold, A. E.)—109, 1291 

Kelly, Martin (see Spruch, Larry)—109, 2144 

Kendall, Henry W. Lifetime of 0* excited state inGe7® —109, 
861 

Kenney, V. P. (see Brunhart, G.)—110, 924 

Kerman, R. O. (see Nilson, R.)—109, 850 

Kern, Bernard D. and William E. Kreger. Li®(m,t)He* cross 
section for 12.5- to 18.3-Mev neutrons—112, 926 

—— (see Brunhart, G.)—110, 924 

Kerth, Leroy T., Thaddeus F. Kycia, and Ludwig van Rossum. 
Total cross sections for 190-Mev positively charged K 
mesons in complex nuclei—109, 1784 

Keyes, Robert W. Interpretation of magnetoconductivity in 
n-type Ge and Si—111, 34 
— Isotropic approximation to magnetoresistance of multi- 
valley semiconductor—109, 43 

Khubchandani, P. G., L. S. Kothari, and K. S. Singwi. 
Thermal inelastic scattering of cold neutrons in poly- 
crystalline graphite. II—110, 70 

Khuri, N. N. and S. B. Treiman. Dispersion relations for Dirac 
potential scattering—109, 198 

Kikuchi, C. (see Makhov, G.)—109, 1399(L) 

Kim, Y. W., R. Kaplan, and P. J. Bray. V-type center reso- 
nance of neutron-irradiated LiF at room temperature—111, 
1468 

King, D. T. Isotropy of pion emission at 6 Bev—109, 1344 

King, J. C. Anelasticity of synthetic crystalline quartz at low 
temperatures—109, 1552 

King, K. M. (see Tycko, D. H.)—109, 369 





2154 VOLUMES 


109, 

King, R. W. and J. F. Perkins. Inverse 8 decay and two- 
component neutrino—112, 963 

Kinoshita, Toichiro. Commutation relation of different fields 
and TCP theorem—110, 978 

Kirkwood, John G. (see Cowan, Robert D.)—111, 1460 

Kistner, O. C. and B. M. Rustad. Decay of Ca**—112, 1972 

Kittel, C. Excitation of spin waves in ferromagnet by uniform 
rf field—110, 1295; 112, 2139(E) 

—— Interaction of spin waves and ultrasonic waves in 
ferromagnetic crystals—110, 836 

Klarmann, J. (see Engler, A.)—112, 597 

Klein, Abraham and Richard Prange. Perturbation theory for 
infinite medium of fermions—112, 994 

(see Bludman, Sidney)—109, 550 

—— (see Norton, Richard E.)—109, 584; 109, 991 

—— (see Prange, Richard)—112, 1008 

Klein, Martin J. (see Glass, Solomon J.)—109, 288 

Klein, Milton M. and Keith A. Brueckner. Interaction of slow 
electrons with atomic O and atomic N—111, 1115 

Klema, Ernest D. Angular correlations of y rays in cascade 
from levels in Lu'™* and Hf!77—109, 1652 

Klick, Clifford C. (see Compton, W. Dale)—110, 349; 112, 
1620 

Knight, J. D., R. K. Smith, and B. Warren. U***(n,2n)U2*" 
cross section from 6 to 10 Mev—112, 259 

Knox, Kerro and Seymour Geller. Ferrimagnetic fluoride— 
Na;Fe;Fi.—110, 771 (L) 

Knox, Robert S. Excited state wave functions, excitation 
energies, and oscillator strengths for A(3p*4s)—110, 375 

Koch, H. W. (see Fano, U.)—112, 1679 

—— (see Fuller, E. G.)—109, 630 

Kocher, C. W. (see Mitchell, Allan C. G.)—111, 1343 

Koehler, J. S. (see Magnuson, G. D.)—109, 1990 

Koehler, W. C., E. O. Wollan, and M. K. Wilkinson. Para- 
magnetic and nuclear scattering cross sections of Ho,O;— 
110, 37 

—— (see Wollan, E. O.)—110, 638; 112, 1132 

Koenig, Seymour H. Rate processes and low-temperature 
electrical conduction in n-type Ge—110, 986(L) 

Recombination of thermal electrons in n-type Ge below 
10°K—110, 988 (L) 

Koga, Isaac, Masanao Aruga, and Ydichir6 Yoshinaka. 
Theory of plane elastic waves in piezoelectric crystalline 
medium and determination of elastic and piezoelectric 
constants of quartz—109, 1467 

Kohler, D. and H. H. Hilton. Lifetime of 6.14-Mev 3~ state 
of O** by recoil method—110, 1094 

Kohler, Majorie M. (see Green, Louis C.)—112, 1187 

Kohn, W. (see Luttinger, J. M.)—109, 1892 

Kohn, Walter. Interaction of charged particles in dielectric— 
110, 857 

Kolb, A. C. Magneticaily confined plasmas—112, 291 

—— and H. Griem. Theory of line broadening in multiplet 
spectra—111, 514 

Kolchin, Eleanor K. (see Green, Louis C.)—112, 1187 

Koller, N. Benczer, A. Schwarzschild, J. B. Vise, and C. S. Wu. 
Determination of electron polarization by electron-electron 
scattering: Y® and Au!**—109, 85 

Kolsrud, Marius. Variational methods for scattering problems 
—112, 1436 

Komar, Arthur. Construction of complete set of independent 
observables in general theory of relativity—111, 1182 

Kondo, J. (see Yamashita, J.)—109, 730 

Konuma, Michiji, Seitaro Nakamura, and Hiroomi Umezawa. 
Conservation laws for lepton processes—109, 1404 (L) 

Kopp, J. K. (see Erwin, A. R., Jr.)—109, 1364 

Koski, W. S. (see Cheever, G. D.)—110, 922 

Koster, G. F. Matrix elements of symmetric operators—109, 
227 

Kothari, L. S. (see Khubchandani, P. G.)—110, 70 


110, 


hid, AND 142 


Kraichnan, Robert H. Irreversible statistical mechanics of 
incompressible hydromagnetic turbulence—109, 1407; 111, 
1747(E) 

——— Statistical mechanics of coupled bosons in Heisenberg 
representation—112, 1054 

—— Statistical mechanics of coupled particles in Schrédinger 
representation—112, 1056 

Kramer, Bernard (see Kallmann, Hartmut)—109, 721 

Kramers, H. C. (see Brewer, D. F.)—110, 282(L) 

Kraus, O. and W. H. Tanttila. Nuclear magnetization in 
presence of ultrasonic excitation—109, 1052 

—— (see Jennings, D. A.)—109, 1059 

Kraybill, Henry L. (see Lea, Robert)—110, 748 

Kreger, William E. (see Kern, Bernard D.)—112, 926 

Kriessman, C. J. (see Harrison, S. E.)—110, 844 

Krishnaji and G. P. Srivastava. Microwave absorption in 
methyl halides—109, 1560 

Krohn, V. E. (see Burgy, M. T.)—110, 1214(L) 

—— (see Raboy, S.)—111, 579 

Krémer, Herbert. Proposed negative-mass microwave ampli- 
fier-—109, 1856(L) 

Kronsbein, John. Relativity in static spherical and elliptic 
space (Einstein's universe)—109, 1815 

Relativity in stationary spherical or elliptic space—112, 
1384 

Krumhansl, J. A. (see Brown, E.)—-109, 30 

Kruse, Herald W. (see Reines, Frederick)—109, 609(L) 

Kruse, T. H. and R. D. Bent. Search for electric monopole 
pairs from 7.6-Mev state of C'*—112, 931 

—— (see Bent, R. D.)—109, 1240 

Kunzler, J. E. (see Herring, C.)—111, 36 

Kycia, Thaddeus F. (see Kerth, Leroy T.) 

Kyhl, R. L. (see Davis, C. F.)—111, 1268 

—— (see Strandberg, M. W. P.)—109, 1988 


109, 1784 


Laff, R. A. and H. Y. Fan. Magnetoresistance in n-type Ge at 
low temperatures—112, 317 

Lamb, W. A. S. (see Hester, R. E.)—111, 1604 

Lambe, J. (see Makhov, G.)—109, 1399(L) 

Lambertson, Glen R. (see Coombes, Charles A.)—112, 1303 

Landau, L. D. (see Abrikosov, A. A.)—111, 321 

Lande, K. (see Bardon, M.)—110, 780(L) 

Lander, R. (see Agnew, L.)—110, 994(L) 

Landon, H. H., A. J. Elwyn, G. N. Glasoe, and S. Oleksa. 
Neutron scattering at 2.2 Mev by time of flight—112, 1192 

—— (see Elwyn, A. J.)—112, 1200 

Landovitz, Leon F. (see Durand, Loyal, II1)—112, 273 

Landsman, D. Z. (see Gregory, D. P.)—109, 2091 

Lane, C. T. (see Walmsley, R. H.)—112, 1041 

Lang, L. G. and N. C. Hien. Electron momentum distributions 
in single-crystal Cd—110, 1062 

Langberg, Edwin. Analysis of low-energy sputtering—111, 91 

Langer, L. M. (see Hamilton, J. H.)—112, 945; 112, 2010 

—— (see Johnson, O, E.)—112, 2004 

—— (see Lazar, N. H.)—110, 513 

—— (see Robinson, R. L.)—109, 1255; 112, 481 

Lannutti, Joseph E., Sulamith Goldhaber, Gerson Goldhaber, 
Warren W. Chupp, S. Giambuzzi, C. Marchi, G. Quareni, 
and A. Wataghin. Study of interaction of positive K 
mesons—109, 2121 

—— (see Igo, George) —109, 2133 

Larson, David C. (see Fletcher, John G.)—111, 455; 112, 
2139(E) 

Larson, H. V. Energy loss per ion pair for protons in various 
gases—112, 1927 

Larsson, K. E. (see Palevsky, Harry)—112, 11 

Lasser, M. E. (see Daniel, P. J.)—111, 1240 

LaTourrette, J. T. (see Quinn, W. E.)—112, 1929 

Lauritsen, C. C. (see Cook, C. W.)—111, 567 

Lauritsen, T. (see Cook, C. W.)—111, 567 








Lawrence, T. R. (see Carleton, N. P.)—109, 1159 

Lax, Benjamin (see Zwerdling, Solomon)—109, 2207(L) 

Lax, Melvin. Generalized mobility theory—109, 1921 

—— and James C. Phillips. One-dimensional impurity bands 
—110, 41 

—— (see Levitas, Alfred)—110, 1016 
—— (see Rosenberg, R.)—112, 843 

Lazar, N. H., G. D. O’Kelley, J. H. Hamilton, L. M. Langer, 
and W. G. Smith. Nuclear structure of Zr®°—110, 513 

Lea, Robert, Earle C. Fowler, and Henry L. Kraybill. Pro- 
duction of K mesons and hyperons in H by 1.95-Bev protons 
—110, 748 

Le Blanc, James M. (see Coté, Robert E.)—111, 288 

Lebowitz, Joel L. Modified virial theorem for total momentum 
fluctuations—109, 1464 

LeCraw, R. C., E. G. Spencer, and C. S. Porter. Ferromagnetic 
resonance line width in yttrium iron garnet single crystals— 
110, 1311 

Leder, Lewis B. and L. Marton. Temperature dependence of 
characteristic energy loss of electrons in Al—112, 341 

Lederman, L. M. (see Bardon, M.)—110, 780(L) 

—— (see Coffin, T.)—109, 973 

Lee, Benjamin W. Dispersion relation for nonrelativistic 
potential scattering—112, 2122 

Lee, L. L., Jr. (see Schiffer, J. P.)—109, 2098 
— (see Schiffer, J. P.)—110, 1216(L) 

Lee, T. D. and C. N. Yang. Low-temperature behavior of 
dilute Bose system of hard spheres. I. Equilibrium prop- 
erties—112, 1419 
——and C. N. Yang. Possible determination of spin of A°® 
from its large decay angular asymmetry—109, 1755 
-—— (see Bernstein, J.)—111, 313 

~ (see Goldhaber, M.)—112, 1796 

Legvold, S. (see Anderson, G. S.)—109, 243; 111, 1257 

—— (see Behrendt, D. R.)—109, 1544 

——— (see Rhodes, B. L.)—109, 1547 

~—— (see Thoburn, W. C.)—110, 1298; 112, 56 

Leider, H. R. Luminescence from x-ray colored KBr crystals 
during plastic deformation—110, 990(L) 

Leigh, J. (see Freier, G. D.)—110, 446 

Leipuner, L. B. and R. K. Adair. Production of strange 
particles by x~-p interactions near threshold—109, 1358 

Leiss, J. E. and R. A. Schrack. Angular distribution in neutral 
meson decay—109, 1326 

Leitner, Jack (see Blevins, M. E.)—112, 1287 

——— (see Durand, Loyal, I11)—112, 273 

Leivo, William J. (see Bell, M. Drake)—111, 1227 

—— (see Vaughan, W. H.)—110, 652 

Lenard, A. and Ira B. Bernstein. Plasma oscillations with 
diffusion in velocity space—112, 1456 

Levi Setti, R. and W. E. Slater. Observation of #°-mesonic 
decay of He hypernucleus—111, 1395 

Levin, J. S. (see Cranberg, L.)—109, 2063 

Levine, Arnold D. Neutral mesons arising in photoproduction 
of pion pairs—109, 515 

Levitas, Alfred and Melvin Lax. Statistics of Ising ferro- 
magnet—110, 1016 

Lewis, H. W. Fermi-Thomas model with correlations—111, 
1554 

—— (see Olness, J. W.)—112, 475; 112, 1702 

Lewis, M. and H. Margenau. Statistical broadening of 
spectral lines emitted by ions in plasma—109, 842 

Lewis, Robert R. and R. B. Curtis. §-y correlations with 
resonance fluorescence—110, 910 

(see Bernstein, Jeremy)—112, 232 

Lichten, William. New metastable state of Hg-—109, 1191 

Lichtenberg, D. B. and Marc Ross. K-meson contribution 
to forces between baryons—109, 2163 

—— (see Ross, Marc)—110, 737 
Lichtenstein, M. (see Cooper, C. Deetyy~000y' 2026 





AUTHOR 











INDEX 





Lidiard, A. B. Vacancy pairs in ionic crystals—112, 54 

Lidofsky, L. J. (see Jones, K. W.)—112, 1252 

Lieb, Elliott H. and Kazuo Yamazaki. Ground-state energy and 
effective mass of polaron—111, 728 

Lifshitz, J. (see Vallarta, M. S.)—109, 1403(L) 

Lin, S. T. and A. R. Kaufmann. Magnetic properties of UMnz 
—109, 2218(E) 

Lind, Edward L. (see Bube, Richard H.)—110, 1040 

Lindenbaum, S. J. and R. M. Sternheimer. Application of 
spin-flip dispersion relations to Minami ambiguity for pion- 
nucleon scattering—110, 1174 

—— and Luke C. L. Yuan. Total cross section of H for 143- 
to 205-Mev positive pions—111, 1380 

(see Sternheimer, R. M.)—109, 1723 

Lindenfeld, P. (see Garfinkel, M.)—110, 883 

Lindner, C. N. (see Berg, R. A.)—112, 2072 

Lindqvist, T. (see Page, L. A.)—112, 893 

Lindsay, Robert and John J. Banewicz. Magnetic suscepti- 
bility of sintered rod of aMnS—110, 634 

Lipkin, Harry J. Center-of-mass motion in Brueckner theory 
for finite nucleus—109, 2071 

—— Center-of-mass motion in nuclear shell model—110, 1395 

——, S. Cuperman, T. Rothem, and A. de-Shalit. Measure- 
ment of §-ray polarization of Au!** by double Coulomb 
scattering—109, 223(L) 

Lipworth, Edgar (see Garvin, Hugh L.)—111, 534 

Litherland, A. E. (see Gove, H. E.)—111, 608 

Littauer, Raphael (see DeWire, J. W.)—110, 1208(L) 

Livingston, Ralph (see Trammell, G. T.)—110, 630 

Llewellyn, Peter M. (see Halford, Donald)—110, 284(L) 

—— (see Low, W.)—110, 842 

Lockwood, J. A. Variations in cosmic-ray nucleonic intensity— 
112, 1750 

Loebner, E. E. (see Ellis, S. G.)—109, 1860(L) 

Loferski, J. J. and P. Rappaport. Radiation damage in Ge and 
Si detected by carrier lifetime changes: damage thresholds 
—l111, 432 

Lohrmann, E. and M. W. Teucher. Production of strange 
particles and antiparticles in nuclear interactions of very 
high energy (E~10"* ev)—112, 587 

Loinger, A. (see Bocchieri, P.)—111, 668 

Lomont, J. S. Dirac-like wave equations for particles of zero 
rest mass and their quantization—111, 1710 

Long, Donald and John Myers. Weak-field magnetoresistance 
in p-type Si—109, 1098 

Lopes, J. Leite. Capture of negative muons by light nuclei— 
109, 509 

Louck, J. D. New recursion relation for Clebsch-Gordan 
coefficients—110, 815 

Low, F. E. Bremsstrahlung of very low-energy quanta in 
elementary particle collisions—110, 974 

—— (see Huang, Kerson)—109, 1400(L) 

Low, W. Paramagnetic and optical spectra of divalent Co in 
cubic crystalline fields—109, 256 

— Paramagnetic and optical spectra of divalent Ni in 
cubic crystalline fields—109, 247 
——— Paramagnetic resonance spectrum of Gd** in cubic field 
of CaF:—109, 265 
— and P. M. Llewellyn. Hfs of Tc from paramagnetic 
resonance—110, 842 
—— (see Weger, M.)—111, 1526 
Léwdin, Per-Olov (see Shuil, Harrison)—110, 1466(L) 
— (see Freeman, A. J.)—111, 1212 

Lowry, Ralph A. and Glenn H. Miller. lonization yield of 
protons in Ne and A—109, 826 

Luborsky, F. E. Loss of exchange coupling in surface layers of 
ferromagnetic particles—109, 40 

Liiders, Gerhart and Bruno Zumino. Connection between 
spin and statistics—110, 1450 

Lurio, A. (see Drake, C. W.)—112, 1627 













2156 VOLUMES 109, 


Luttinger, J. M. Theory of Hall effect in ferromagnetic 
substances—112, 739 
and W. Kohn. Quantum theory of electrical transport 
phenomena—109, 1892 
Lynch, Frank J. (see Holland, R. E.)—112, 903 
Lynton, E. A. and B. Serin. Magnetization curves of super- 
conductive Sn alloys—112, 70 


MacDonald, William M. Coulomb corrections to Fermi 
nuclear matrix element—110, 1420 

Macfarlane, G. G., T. P. McLean, J. E. Quarrington, and 
V. Roberts. Fine structure in absorption edge spectrum of 
Si—111, 1245 

MacGregor, Malcolm H., William P. Ball, and Rex Booth. 
Neutron nonelastic cross sections at 21.0, 25.5, and 29.2 
Mev—111, 1155 

and Rex Booth. Neutron nonelastic 

measurements on C—112, 486 

—— (see Ball, William P.)—110, 1392 

—— (see Booth, Rex)—112, 226 

—— (see Heckrotte, Warren)—111, 593 

—— (see Noyes, H. Pierre)—111, 223 

Mack, J. E. Structure of Ba resonance line—109, 820 

MacKenzie, D. R. (see Geiger, J. S.)—112, 1684 

Mackliet, C. A. Diffusion of Fe, Co, and Ni in single crystals 
of pure Cu—109, 1964 

Macklin, R. L. and J. H. Gibbons. Study of T(,”)He* and 
Li? (p,n)Be? reactions—109, 105 

Macq, Pierre C., Kenneth M. Crowe, and Roy P. Haddock. 
Helicity of electron and positron in muon decay—112, 2061 

Madansky, Leon (see Cheever, G. D.)—110, 922 

Madden, H. H. and H. E. Farnsworth. High-vacuum studies 
of surface recombination velocity for Ge—112, 793 

Madey, Richard (see Bandtel, Kenneth C.)—109, 2117 

Magid, L. (see Braunstein, R.)—111, 480 

Magnuson, G. D., W. Palmer, and J. S. Koehler. Isothermal 
annealing below 60°K of deuteron-irradiated noble metals— 
109, 1990 

Mahaffey, D. W., G. McCullagh, and K. G. Emeleus. Beam- 
plasma interaction—112, 1052 

Makhov, G., C. Kikuchi, J. Lambe, and R. W. Terhune. 
Maser action in ruby—109, 1399(L) 

Malik, S. S. and Ambuj Mukerji. Radiations of Os'**—111, 
1291 

——, N. Nath, and C. E. Mandeville. Decay of Gd'**—112, 
262 

—— (see Dubey, V. S.)—111, 920; 112, 2139(E) 

—— (see Mukerji, Ambuj)—111, 1319 

Malmberg, J. H. and C. S. Robinson. Small-angle photo- 
production of positive pions from H—109, 158 

Malvano, R. (see Farinelli, U.)—112, 1994 

Mandel, M. (see Barrett, A. H.)—109, 1572 

Mandelstam, S. Determination of pion-nucleon scattering 
amplitude from dispersion relations and unitarity. General 
theory—112, 1344 

Mandeville, C. E. (see Dubey, V. S.)—111, 920; 112, 2139(E) 

—— (see Malik, S. S.)—112, 262 

—— (see Porter, W. C.)—112, 468 

Manelli, I. (see Eisler, F.)—112, 979 

Mann, A. K. (see Bernstein, A. M.)—110, 805 

Mapleton, Robert A. Simultaneous ionization and excitation 
of He by protons—109, 1166 

Mapother, D. E. (see Cochran, John F.)—111, 132 

—— (see Decker, D. L.)—112, 1888 

—— (see Hake, R. R.)—112, 1522 

March, N. H. Kinetic and potential energies of electron gas— 
110, 604 

—— (see Donovan, B.)—110, 582(L) 

—— (see Gilvarry, J. J.)—112, 140 

—— (see Young, W. H.)—109, 1854 


cross-section 


110, 


Pia ASD 212 


March, R. (see Fischer, J.)—109, 533 

Marchi, C. (see Lannutti, Joseph E.)—109, 2121 

Margenau, Henry. Conductivity of plasmas to microwaves— 
109, 6 

—— (see Desloge, Edward A.)—112, 1437 

—— (see Lewis, M.)—109, 842 

Margolis, B. (see Franklin, J.)—109, 525; 111, 296 

—— (see Rae, E. R.)—112, 492 

Marino, Lawrence L., Wesley B. Ewbank, William A. Nieren- 
berg, Howard A. Shugart, and Henry B. Silsbee. Spins of 
In, In™, and In™—111, 286 

Mark, Hans (see Chupp, E. L.)—109, 2036; 112, 518; 112, 
532; 112, 1183 

Mark, Peter (see Kallmann, Hartmut)—109, 721 

Markowitz, Samuel S., F. S. Rowland, and G. Friedlander. 
(p,pn) reactions at proton energies from 0.3 to 3.0 Bev—112, 
1295 

Marple, D. T. F. (see Piper, W. W.)—110, 323 

Marrus, R. (see Albridge, R. G.)—111, 1137 

—— (see Hubbs, J. C.)—109, 390; 110, 287(L); 110, 534 

Marshak, H. and V. L. Sailor. Low-energy neutron resonances 
in Sm'4*—109, 1219 

Marshak, R. E. (see de Swart, J. J.)—111, 272 

—— (see Okubo, S.)—112, 665 

~—— (see Signell, P. S.)—109, 1229 

———~ (see Sudarshan, E. C. G.)—109, 1860(L) 

Marshall, J. F. (see Shatas, R. A.)—109, 1953 

Marshall, L. (see Fischer, J.)—109, 533 

Marshall, W. Orientation of nuclei in ferromagnets—110, 1280 

Martegani, A. (see Vervier, J. F.)—109, 947 

Martin, H. J. (see McEllistrem, M. T.)—111, 1636 

Martin, P. C. and R. J. Glauber. Relativistic theory of radia- 
tive orbital electron capture—109, 1307 

Marton, L., J. Arol Simpson, J. A. Suddeth, M. D. Wagner, 
and Hiroshi Watanabe. Effect of degree of orientation and 
crystal size on scattering of 20-kev electrons by Al—110, 
1057 

—— (see Leder, Lewis B.)—112, 341 

Mason, Conrad J. (see Barkas, Walter H.)—112, 622 

Mason, E. A., H. W. Schamp, Jr., and J. T. Vanderslice. 
Interaction energy and mobility of Li* ions in He—112, 445 

Matossi, Frank and Frank Stern. Temperature dependence of 
optical absorption in p-type InAs—111, 472 

Matsushima, Satoshi (see Green, Louis C.)—112, 1187 

Matthews, P. T. and Abdus Salam. K-meson dispersion rela- 
tions. I. Theory—110, 565 = 

———and Abdus Salam. K-meson dispersion relations. II. 
Applications—110, 569 

—— and Abdus Salam. Relativistic field theory of unstable 
particles—112, 283 

(see Feldman, Gordon)—109, 546 

Matthias, B. T. and R. M. Bozorth. Ferromagnetism of Zr-Zn 

compound—109, 604 (L) 
, E. Corenzwit, and W. H. Zachariasen. Superconductivity 

and ferromagnetism in isomorphous compounds—112, 89 

Matthysse, Steven W. (see Desloge, Edward A.)—112, 1437 

Mattis, Daniel Charles and J. Bardeen. Theory of anomalous 
skin effect in normal and superconducting metals—111, 412 

—— and G. Dresselhaus. Anomalous skin effect in magnetic 
field—111, 403 

Maximon, L. C. (see Hemmer, P. Chr.)—111, 689 

—— (see Olsen, Haakon)—110, 589(L) 

Mayo, S. and S. J. Nassiff. y rays of Rh! (13042 min)—111, 
1140 

Mazari, M., W. W. Buechner, and A. Sperduto. Excited states 
of V™ and Cr®*—112, 1692 

—— (see de Figueiredo, R. P.)—112, 873 

Mazo, R. M. and A. C. Zemach. Diffraction of neutrons by 
imperfect gases—109, 1564 

McAvoy, Nelson (see Autler, S. H.)—110, 280(L) 














AUTHOR 


McClelland, W. M. (see Heinberg, M.)—110, 1211(L) 

McClure, J. W. Analysis of multicarrier galvanomagnetic data 
for graphite—112, 715 
— (see Anderson, J. D.)—111, 572 
—— (see Nakada, M. P.)—110, 594(L) 

McCombie, C. W. (see Elcock, E. W.)—109, 605(L) 

McCracken, K. G. and N. R. Parsons. Unusual cosmic-ray 
intensity fluctuations observed at southern stations during 
October 21st-24th, 1957—112, 1798 

McCrary, J. H. (see Ranken, W. A.)—109, 1646 

McCrary, J. M. (see Ranken, W. A.)—109, 917 

McCullagh, G. (see Mahaffey, D. W.)—112, 1052 

McCutchen, C. W. Drift velocity of electrons in Hg vapor and 
Hg vapor-CO; mixtures—112, 1848 

—— Excited states of Dy'—109, 1211 

McDiarmid, I. B. Nuclear interactions of high-energy 4u- 
mesons in C—109, 1792 

McDonald, Frank B. Primary cosmic-ray proton and alpha 
flux near geomagnetic equator—109, 1367 

McElhinney, John (see Bendel, Warren L.)- 

—— (see Tobin, R.)—110, 1388 

—— (see Toms, M. Elaine)—111, 561 

McEllistrem, M. T. Analysis of C!*+d reactions—111, 596 

——, H. J. Martin, D. W. Miller, and M. B. Sampson. 
(d,p) reactions in Pb isotopes and their interpretation—111, 
1636 

McGinnis, Carl L. Radioactivity of In!2° and Sb!2°—109, 888 

McGowan, F. K. and P. H. Stelson. Yields, angular distribu- 
tions, and polarization of y rays from Coulomb excitation— 
109, 901 

—— (see Stelson, P. H.)—110, 489 

McGruer, J. N. (see Vogelsang, W. F.)—109, 1663 

McIntyre, John A. and George R. Burleson. Electron scatter- 
ing from deuteron and neutron-proton potential—112, 2077 

McKeown, M. (see Scharff-Goldhaber, G.)—111, 913; 112, 
2139(E) 

McKinley, W. A. (see Hickok, R. L.)—109, 113 

McLean, T. P. (see Macfarlane, G. G.)—111, 1245 

McLennan, James A., Jr. Improper Lorentz transformations— 
109, 986 

McManus, H. and R. M. Thaler. Scattering of nucleons from 
nuclei at high energies—110, 590(L) 

McMillan, W. G. Approximate compressibilities of elements 
on statistical model—111, 479 

—— (see Griggs, D. T.)—109, 1858(L) 

McMurray, W. R. (see Whitehead, C.)—110, 941 

McVoy, Kirk W. Circular polarization of bremsstrahlung from 
polarized electrons in Born approximation—110, 1484(E) 

——— Longitudinal polarization of bremsstrahlung and pair 
production—111, 1333 

McWhorter, Alan L. and James W. Meyer. Solid-state maser 
amplifier—109, 312 

Mead, C. A. Quantum theory of refractive index—110, 359 

-—— Theory of radiative damping in stationary states—112, 
1843 

Meadows, J. W. Angular distribution of fragments from 
fission of U**8 and Th?*? by 45-, 80-, and 155-Mev protons— 
110, 1109 

Meads, R. E. (see Thornton, D. E. J.)—109, 480 

Meckler, Alvin. Majorana formula—111, 1447 

Meggers, William F. (see Fred, Mark)—111, 1747(E) 

Meissner, Hans. Measurements on superconducting contacts 
—109, 686 

—— Paramagnetic effect in superconductors. V. Resistance 
transition of Sn wires—109, 668 

—— Paramagnetic effect in superconductors. VII. Shape of 
superconducting domains—109, 1479 

and Richard Zdanis. Paramagnetic effect in super- 


111, 1297 





conductors. VI. Resistance transitions in In wires—109, 681 
Melissinos, Adrian C. (see Sagalyn, Paul L.)—109, 375 









INDEX 2157 





Menardi, S. (see Farinelli, U.)—112, 1994 
Menes, M. and D. I. Bolef. Observation of nuclear resonance 
acoustic absorption of In™5 in InSb—109, 218(L) 
Menyuk, Norman and Kirby Dwight. Low-temperature 
transition of magnetic anisotropy in Ni-Fe ferrite—112, 397 
Merrill, John J. and Jesse W. M. DuMond. Precision measure- 
ment of L x-ray spectra of U and Pu—110, 79 
Merz, W. J. (see Ellis, S. G.)—109, 1860(L) 
Messel, H. (see Butcher, J. C.)—112, 2096 
Metropolis, N., R. Bivins, M. Storm, J. M. Miller, G. Fried- 
lander, and A. Turkevich. Monte Carlo calculations on 
intranuclear cascades. Il. High-energy studies and pion 
processes—110, 204 
, R. Bivins, M. Storm, Anthony Turkevich, J. M. Miller, 
and G. Friedlander. Monte Carlo calculations on intra- 
nuclear cascades. I. Low-energy studies—110, 185 
Metzger, Franz R. Nuclear resonance fluorescence in As7™*— 
110, 123 
, C. P. Swann, and V. K. Rasmussen. Lifetime of first 
excited state of B'—110, 906 
(see Rasmussen, V. K.)—110, 154 
Meyer, H. J. G. Infrared absorption by conduction electrons 
in Ge—112, 298 
Meyer, James W. (see McWhorter, Alan L.)—109, 312 
Meyer, L. and F. Reif. Mobilities of He ions in liquid He— 
110, 279(L) 
Meyerhof, W. E. and L. F. Chase, Jr. Levels of Be!® and B'*— 
111, 1348 
- (see Horen, D. J.)—111, 559 
Meyerhofer, D. Transition to ferroelectric state in BaTiO;— 
112, 413 
Michael, E. D. (see Griggs, D. T.)—109, 1858(L) 
Middlemas, N. (see Whitehead, C.)—110, 941 
Midtdal, John (see Hylleraas, Egil A.)—109, 1013(L) 
Millburn, George P. (see Tai, Yuin-Kwei)—109, 2086 
Miller, Dan W. 1.7-Mev state in Be*—109, 1669 
—— (see McEllistrem, M. T.)—111, 1636 
Miller, Glenn H. (see Lowry, Ralph A.)- 
Miller, J. M. (see Hudis, J.)—112, 1322 
—— (see Metropolis, N.)—110, 185; 110, 204 
Miller, Philip D. and G. C. Phillips. Scattering of He* from 
He‘ and states in Be7—112, 2048 
—— and G. C. Phillips. Scattering of protons from He and 
level parameters in Li®—112, 2043 
—— (see Kashy, E.)—112, 547 
Miller, Robert C. Some experiments on motion of 180° 
domain walls in BaTiO;—111, 736 
——and Albert Savage. Velocity of sidewise 180° domain 
wall motion in BaTiQOs as function of applied electric field— 
112, 755 
Millett, W. E. (see Hatcher, Charles R.)—111, 12; 112, 1924 
Mills, R. L. (see Schuch, A. F.)—110, 775(L) 
—— (see Sessler, A. M.)—110, 1453 
Milton, J. C. D. and J. S. Fraser. Spontaneous fission fragment 
velocity measurements and coincident y spectra for Cf*5*— 
111, 877 
Mitchell, Allan C. G., Charles B. Creager, and C. W. Kocher. 
Disintegration of La'*® and confirmatory experiments on 
Nd'#7—111, 1343 
Mitsui, Toshio. Theory of ferroelectric effect in Rochelle 
salt—111, 1259 
Mizushima, Masataka. Theory of Stark effect of NO molecule 
—109, 1557; 111, 1746(E) 
Moak, C. D., A. Galonsky, R. L. Traughber, and C. M. Jones. 
Energy levels of Be®, C#, and C4™—110, 1369 
Moe, David E. and Otto H. Petsch. Energy spectrum of 
electrons emitted from gases bombarded by positive ions— 
110, 1358 
Moe, Mildred and David S. Saxon. Variational methods in 
scattering problems—111, 950 


109, 826 








2158 VOLUMES 109, 
Moffet, A. T. (see Boley, F. I.)—110, 915 
Moll, J. L. (see Senitzky, B.)—110, 612 
Montgomery, D. J. (see Snyder, D. D.)—109, 222(L) 
Moore, Arnold R. (see Braunstein, Rubin)—109, 695 
Moore, James A. Resonance scattering of slow neutrons on In 
—109, 417 
Moore, M. S. (see Reich, C. W.)—111, 929 
Moore, R. G. (see Williamson, Claude F.)—110, 139 
Moran, Thomas I. and W. W. Watson. Thermal diffusion 
factors for noble gases—109, 1184 
and W. W. Watson. Thermal diffusion factors from 
column operation—111, 380 
Moravcsik, Michael J. Charge independence and low-energy 
parameters in pion physics—111, 1657 
Morgan, Daniel F., Jr. (see Callaway, Joseph)—112, 334 
Morgan, I. L. (see Williamson, Claude F.)—110, 139 
Mori, Hazime. Statistical-mechanical theory of transport in 
fluids—112, 1829 
Time-correlation functions in statistical mechanics of 
transport processes—111, 694 
and John Ross. Transport equation in quantum gases— 
109, 1877; 112, 2139(E) 
Morita, Masato and Reiko Saito Morita. First forbidden 
transitions in parity-nonconserving 8 decay—109, 2048 
and R. S. Morita. Possible experiments for determination 
of 8 interactions. II—111, 1130 
and R. S. Morita. Time-reversal invariance and §-y an- 
gular correlation. II—110, 461 
, R. S. Morita, and M. Yamada. Possible experiments for 
determination of 8 interactions. I—111, 237 
Morita, Reiko Saito (see Morita, Masato)—109, 2048; 110, 
461; 111, 237; 111, 1130 
Morpurgo, G. Inhibition of M1 y transitions with AT =0 in 
self-conjugate nuclei—110, 721 
Morris, R. G., R. D. Redin, and G. C. Danielson. Semi- 
conducting properties of Mg.Si single crystals—109, 1909 
—— (see Redin, R. D.)—109, 1916 
Morse, R. W., H. V. Bohm, and J. D. Gavenda. Electron 
resonances with ultrasonic waves in Cu—109, 1394(L) 
Moshinsky, Marcos. Velocity-dependent forces and nuclear 
structure. II. Spin-dependent forces—109, 933 
Moszkowski, S. A. Connection between nuclear shell model 
and unified model—110, 403 
(see Gallagher, C. J., Jr.)—111, 1282 
Motley, R. W. (see Panofsky, W. K. H.)—109, 1353 
Mottelson, B. R. (see Bohr, A.)—110, 936 
Motz, J. W. and R. C. Placious. Bremsstrahlung cross-section 
measurements for 50-kev electrons—109, 235 
——and R. C. Placious. Polarization near high-frequency 
limit of 500-kev bremsstrahlung—112, 1039 
(see Fano, U.)—112, 1679 
Moyer, Burton J. (see Bandtel, Kenneth C.)—110, 1484(E) 
—— (see Kaplan, Selig N.)—112, 968 
—— (see Tai, Yuin-Kwei)—109, 2086 
Mozley, R. F., R. C. Smith, and R. E. Taylor. Multiple 
scattering of 600-Mev electrons in thin foils—111, 647 
Muchnik, M. (see Castagnoli, C.)—112, 1779 
Mukerji, Ambuj, V. S. Dubey, and S. S. Malik. Radiation of 
Co®*—111, 1319 
—— (see Dubey, V. S.)—111, 920; 112, 2139(E) 
—— (see Malik, S. S.)}—111, 1291 
Mukherji, A. and T. P. Das. F hyperfine interaction in 
paramagnetic resonance spectrum of Mn** ions in ZnF:— 
111, 1479 
Mukhin, A. I. (see Gol’danskii, V. I.)—109, 1762 
Mullin, C. J. (see Ford, G. W.)—110, 520; 110, 1485(E) 
Mulvey, J. H. (see Helmy, E.)—112, 1793 
Murakawa, Kiyoshi. Quadrupole moments of As’*, La!®*, and 
Hg?"—110, 393 


110, 


hii, AND 112 


Murty, G. S. and R. K. Varma. Acceleration of cosmic radia- 
tion—112, 1789 
Myers, John (see Long, Donald)—109, 1098 


Nakada, M. P., J. D. Anderson, C. C. Gardner, J. McClure, 
and C. Wong. Neutron spectrum from p+d reaction—110, 
594(L) 

, J. D. Anderson, C. C. Gardner, and C. Wong. Elastic 
scattering of 14-Mev neutrons from Be and C—110, 1439 

——— (see Anderson, J. D.)—110, 160; 111, 572 

Nakamura, Seitaro (see Konuma, Michiji)—109, 1404(L) 

Nambu, Y. (see Fubini, S.)—111, 329 

Nash, C. P. (see Griggs, D. T.)—109, 1858(L) 

Nash, F. R. (see Giordmaine, J. A.)—109, 302 

Nassiff, S. J. (see Mayo, S.)—111, 1140 

Natali, S. (see Baldo-Ceolin, M.)—112, 2118 

Nath, N. (see Malik, S. S.)—112, 262 

Nauenberg, Michael. Calculation of anomalous magnetic 
moments of A® and 2°, ©*, Z~ hyperons—109, 2177 

—— (see Brout, R.)—112, 1451 

Naumann, R. A. (see Fisher, P. S.)—112, 1717 

Neamtan, S. M. Depolarization of positron beam by multiple 
scattering—110, 173 

Need, John L. (see Goodman, Charles D.)—110, 676 

Neelakantan, K. A. (see Appa Rao, M. V. K.)—110, 751 

Neher, H. V. and Hugh Anderson. Cosmic-tay changes from 
1954 to 1957—109, 608(L) 

Neidhardt, W. J. (see Keating, D. T.)—111, 261 

Neighbours, J. R. and G. A. Alers. Elastic constants of Ag 
and Au—111, 707 

Neiler, J. H. (see Good, W. M.)—109, 926 

Nervik, W. E. (see Stevenson, P. C.)—111, 886 

Nesbet, R. K. Axial symmetry of nuclear wave functions— 
109, 1017(L) 

—— Brueckner's theory and method of superposition of 
configurations—109, 1632 

——and R. E. Watson. Approximate wave functions for 
ground state of He—110, 1073 

Nethaway, D. R. and A. A. Caretto, Jr. New isotope, S**—109, 
504 

—— (see Stevenson, P. C.)—111, 886 

Nethercot, A. H., Jr. (see Rosenblum, B.)—-109, 400 

Newkirk, J. B. Method for detection of dislocations in Si by 
x-ray extinction contrast—110, 1465(L) 

Newkirk, L. L. (see Ashby, V. J.)—111, 616 

Newman, R. Optical properties of n-type InP—111, 1518 

Newson, Henry W. (see Block, Robert C.)—109, 1620 

Newton, Roger G. Electron scattering by polarized nuclei— 
109, 2213(L); 110, 1483(E) 

—— and James H. Scofield. Spin-orbit contributions in low- 
energy n-p triplet potentials—110, 785(L) 

Neynaber, Roy H. (see Brackmann, R. T.)—112, 1157 

Nicklas, James P. and Charles E. Treanor. Hartree-Fock 
functions and spectral isotope shift for excited states of 
C and O—110, 370 

Nickols, Norris A. (see Barkas, Walter H.)—112, 622 

Nicodemus, D. B. (see Coon, J. H.)—111, 250 

Nielsen, J. W. (see Bozorth, R. M.)—110, 879 

Nier, Alfred O. (see Hoffman, John H.)—112, 2112 

Nierenberg, William A., Howard A. Shugart, Henry B. Silsbee, 
and R. J. Sunderland. Hfs separations and magnetic 
moments of Cs!27, Cs!29, Cs!#9, and Cs!8*—112, 186 

—— (see Ewbank, W. B.)—110, 595(L) 

——— (see Hubbs, J. C.)—109, 390 

—— (see Marino, Lawrence L.)—111, 286 

Nigam, B. P. and M. K. Sundaresan. Doublet separation in 
nuclei from Signell-Marshak potential—111, 284 

Nilson, R., W. K. Jentschke, G. R. Briggs, R. O. Kerman, 
and J. N. Snyder. Investigation of excited states in Be® by 
a-particle scattering from He—109, 850 





AUTHOR 


Nishijima, K. Formulation of field theories of composite 
particles—111, 995 
Nishimura, Keiichi. Polarization 
scattered by nuclei—110, 1166 
Nomura, K. C. and J. S. Blakemore. Decay of excess carriers 
in semiconductors—112, 1607 
Nordling, Carl (see Sokolowski, Evelyn)—110, 776(L) 
Norton, Richard E. and Abraham Klein. Complete set of 
dispersion relations for class of fixed-source meson theories 
109, 584 
- and Abraham Klein. Significance of redundant solutions 
of Low-Wick equation—109, 991 
— and W. K. R. Watson. Consequences of pseudovector 
pion-nucleon coupling and universal B-decay—110, 996(L) 
Norwood, M. H. and C. V. Briscoe. Elastic constants of KI 
and KCI—112, 45 
Novey, T. B. (see Burgy, M. T.)—110, 1214(L) 
Novick, Robert and Eugene D. Commins. Hfs of metastable 
of singly ionized He*—111, 822 
Novikova, N. R. (see Denisenko, G. F.)—109, 1779 
Nowick, A. S. Effect of plastic deformation on y-ray colora- 
tion of NaCl crystals—111, 16 
(see Bron, W. E.)—111, 26 
(see Feder, R.)—109, 1959 
Noyes, H. Pierre. Alternative method for determining pion- 
nucleon forward scattering amplitude—111, 944 
and Malcolm MacGregor. Analysis of 40-Mev p-p 
scattering—I111, 223 
(see Chew, Geoffrey F.)—109, 566 
Noziéres, Philippe. Cyclotron resonance in graphite—109, 
1510 
— and David Pines. Correlation energy of free electron gas 
—I111, 442 
—- and David Pines. Electron interaction in solids. Collec- 
tive approach to dielectric constant—109, 762 
—- and David Pines. Electron interaction in solids. General 
formulation—109, 741 
and David Pines. Electron interaction in solids. Nature 
of elementary excitations—109, 1062 
-and David Pines. Ground state energy and stopping 
power of electron gas—109, 1009(L) 
— (see Boyle, W. S.)—111, 782 


of nucleons elastically 


Obenshain, Felix E. and Lorne A. Page. Detection of o-E 
energy shift in positronium formed from polarized positrons 
—112, 179 

Oberthal, H. (see Franklin, J.)—111, 296 

Oehme, Reinhard. Vertex function in quantized field theories 

111, 1430 
—— (see Bremermann, H. J.)—109, 2178 

Ofer, S. (see Alburger, D. E.)—112, 1998 

Oguchi, Takehiko. Anisotropy energy in MnF; at low tem- 
peratures—111, 1063 

Ohnuma, Shoroku. Nucleon-nucleon interactions and _polari- 
zation of high-energy protons elastically scattered from 
C—111, 1173 

Okamoto, K. Intrinsic quadrupole moment and resonance 
width of photonuclear reactions—110, 143 

Okaya, Y. (see Hoshino, S.)—112, 405 

—— (see Pepinsky, R.)—110, 1309; 111, 430; 111, 1467; 111, 
1508 

O’Kelley, G. D. (see Lazar, N. H.)—110, 513 

Okkerse, Boudewjyn (see Gonser, Ulrich)—109, 663 

Okubo, Susumu. Decay of =* hyperon and its antiparticle— 
109, 984 

——, R. E. Marshak, E. C. G. Sudarshan, W. B. Teutsch, and 
S. Weinberg. Interaction current in strangeness-violating 
decays—112, 665 : 

Oleksa, Sophie. Neutron scattering cross section of U***—109, 
1645 


INDEX 


—— (see Elwyn, A. J.)—112, 1200 

—— (see Landon, H. H.)—112, 1192 

Olness, J. W., W. Haeberli, and H. W. Lewis. Levels of Cl** 
from S#2(p,p)S*? and S#2(p,p’y)S**—112, 1702 

, J. Vorona, and H. W. Lewis. Elastic and inelastic 
scattering of protons by N'*—112, 475 

Olsen, Haakon and L. C. Maximon. Electron and photon 
polarization in bremsstrahlung and pair production—110, 
589(L) 

Orbach, R. Linear antiferromagnetic chain with anisotropic 
coupling—112, 309 

Osborn, R. K. (see Rose, M. E.)—110, 1484(E) 

O'Sullivan, W. (see Keffer, F.)—110, 1484(E) 

Oswald, L. (see Agnew, L.)—110, 994(L) 

Otnes, K. (see Palevsky, Harry)—112, 11 

Overhauser, A. W. and H. Riichardt. Inversion symmetry 
of M and R centers—112, 722 . 

—— (see Dick, B. G., Jr.)—112, 90 

Owen, George E. (see Ames, Oakes)—109, 1639 

Oxley, C. L. Scattering of 25-87 Mev photons by protons—110, 
733 


Page, Lorne A. Annihilation method for measuring transverse 
polarization of energetic positrons——109, 2215(L) 
—, B.-G. Pettersson, and T. Lindqvist. Measurements on 
v/c-dependence of §-circularly polarized y correlation in 
Co® using magnetic-lens spectrometer—112, 893 

——— (see Obenshain, Felix E.)—112, 179 

Pais, A. Note on relations between baryon-meson coupling 
constants—110, 1480(L) 

—— Relative parity of charged and neutral K-particles—112, 
624 

—— Symmetries of strong interactions—110, 574 

—— and S. B. Treiman. Polarization effects in =~ capture— 
109, 1759 

Pal, Yash (see Boldt, Elihu)—112, 1746 

Palevsky, Harry, K. Otnes, and K. E. Larsson. Excitation of 
rotons in He II by cold neutrons—112, 11 
— (see Eisenhauer, C. M.)—109, 1046 

—— (see Fox, J. D.)—110, 1472(L) 

Palfrey, T. R. (see Tatro, C. A.)—112, 932 

Palmer, W. (see Magnuson, G. D.)—109, 1990 

Panofsky, W. K. H. and E. A. Allton. Form factor of photopion 
matrix element at resonance—110, 1155 

—, V. L. Fitch, R. W. Motley, and W. G. Chesnut. Measure- 
ment of total absorption coefficient of long-lived neutral 
K-particles—109, 1353 

Paolini, F. R. (see Bertozzi, W.)—110, 790(L) 

Paris, C. H. (see Endt, P. M.)—110, 89 

Parker, E. N. Cosmic-ray modulation by solar wind—110, 
1445 

~—— Dynamical instability in anisotropic ionized gas of low 
density—109, 1874 
~ Origin and dynamics of cosmic rays—109, 1328 

Reaction of laboratory magnetic fields against their 
current coils—109, 1440 
Suprathermal particles. III. Electrons—112, 1429 
-—— and D, A. Tidman. Suprathermal particles—111, 1206 


——- and D. A. Tidman. Suprathermal particles. II—112, 1048 


Parkinson, W. C. Ground state doublet of P*2—110, 485 

-——— (see Hensel, J. C.)—110, 128 

Parsons, N. R. (see McCracken, K. G.)—112, 1798 

Patterson, David A. Absorption spectrum of KCI:TI at low 
temperatures—112, 296 

—— (see Etzel, H. W.)—112, 1112 

Paul, David I. Nonequilibrium phonon distributions in metals 
—I111, 1086 

Payne, Herbert. Fermi-Thomas method for crystals—111, 418 

Pearlman, N. (see Keesom, P. H.)—112, 800 

Pearson, C. (see Butler, S. T.)—112, 1227 















2160 VOLUMES 109, 





Pearson, W. B. and I. M. Templeton. Superconducting 
transition of Pb—109, 1094 

Peierls, Ronald F. Phenomenological analysis of production of 
pion pairs—111, 1373 

Pekeris, C. L. Ground state of two-electron atoms—112, 1649 

Pelah, I. (see Eisenhauer, C. M.)—109, 1046 

Pen’kina, V. S. (see Gol’danskii, V. I.)—109, 1762 

Penman, S. (see Coffin, T.)—109, 973 

Penning, P. Coefficient for self-diffusion determined from rate 
of precipitation of Cu in Ge—110, 586(L) 

Pensak, L. High-voltage photovoltaic effect—109, 601 (L) 

Pepinsky, R., K. Vedam, S. Hoshino, and Y. Okaya. Ammonium 
hydrogen sulfate: new ferroelectric with low coercive field—- 
111, 1508 

——., K. Vedam, S. Hoshino, and Y. Okaya. Ferroelectricity 
in di-glycine nitrate, (NH2CH:COOH):-HNO;—111, 430 

» K. Vedam, and Y. Okaya. New room-temperature 
ferroelectric—110, 1309 

——, K. Vedam, Y. Okaya, and S. Hoshino. Room-tem- 
perature ferroelectricity in lithium hydrazinium sulfate, 
Li(N2Hs)SO,—111, 1467 

(see Hoshino, S.)—112, 405 

Percus, Jerome K. and George J. Yevick. Analysis of classical 
statistical mechanics by means of collective coordinates— 
110, 1 

Perfilov, N. A. (see Denisenko, G. F.)—109, 1779 

Peria, W. T. Optical absorption and photoconductivity in 
MgO crystals—112, 423 

Perkins, B. L. (see Grundl, J. A.)—109, 425 

Perkins, J. F. (see King, R. W.)—112, 963 

Perlman, M. L., J. P. Welker, and M. Wolfsberg. K-capture- 
positron ratios for first-forbidden transitions: Sb'**, Rb*, 
['%, As7—110, 381 

Perlmutter, A. (see Barcus, L. C.)—111, 167 

Peter, Martin. Penetration of electromagnetic fields through 
superconducting films—109, 1857 (L) 

Peters, B. (see Appa Rao, M. V. K.)—110, 751 

Peterson, J. M. (see Bratenahl, A.)—110, 927 

Peterson, L. (see Winckler, J. R.)—110, 1221 

Petree, B. (see Fuller, E. G.)—112, 554 

Petritz, Richard L. Theory of experiment for measuring 
mobility and density of carriers in space charge region of 
semiconductor surface—110, 1263 

—— (see Zemel, Jay N.)—110, 1263 

Petsch, Otto H. (see Moe, David E.)—110, 1358 

Pettersson, B.-G. (see Gerholm, T. R.)—110, 1119 

—— (see Page, L. A.)—112, 893 

Pettit, George D. (see Keller, Seymour P.)—111, 1533 

Pettus, William G. Polarization of electrons scattered by thin 
Au foils—109, 1458 

Phelps, A. V. Effect of imprisonment of resonance radiation 
on excitation experiments—110, 1362 

Philipp, Herbert R. Intrinsic optical absorption in single- 
crystal SiC—111, 440 

(see Taft, E. A.)—110, 876 

Phillips, G. C. (see Miller, Philip D.)—112, 2043; 112, 2048 

Phillips, James C. Energy-band interpolation scheme based on 
pseudopotential—112, 685 

—— (see Lax, Melvin)—110, 41 

Phillips, W. R. Radiative capture of a-particles to states of 
O'8 and F4&—110, 1408; 111, 1747(E) 

Piddington, J. H. Interplanetary magnetic field and its 
control of cosmic-ray variations—112, 589 

Pieper, G. F. and N. P. Heydenburg. Reaction mechanism in 
F!9(a,p)Ne* at 6 Mev—111, 264 

Pines, David. Superconductivity in periodic system—109, 280 

—— (see Bohr, A.)—110, 936 

—— (see Noziéres, Philippe)—109, 741; 109, 762; 109, 

1009(L) ; 109, 1062; 111, 442 











110, 





af, AND 112 


Pinkston, William T. and James G. Brennan. Single con- 
figuration analysis of Li*—109, 499 

Piper, W. W., D. T. F. Marple, and P. D. Johnson. Optical 
properties of hexagonal ZnS single crystals—110, 323 

Pipkin, Francis M. Radio-frequency orientation of Sb'?*— 
112, 935 

—— and J. W. Culvahouse. Rf orientation of As*—109, 1423 

—— (see Culvahouse, J. W.)—109, 319 

Pixley, R. E. (see Hester, R. E.)—111, 1604 

Placious, R. C. (see Motz, J. W.)—109, 235; 112, 1039 

Plano, R. (see Eisler, F.)—110, 226; 112, 979 

Plaskett, John S. (see Berko, Stephan)—112, 1877 

Pleasonton, Frances (see Snell, Arthur H.)—111, 1338 

Poindexter, Edward and A. A. Giardini. Elastic constants of 
SrTiO;—110, 1069 

Pollack, S. R. (see Harrison, S. E.)—110, 844 

Pollak, Michael. Piezoresistance in heavily doped n-type Ge— 
111, 798 

Pomeranchuk, I. Y. (see Abrikosov, A. A.)—111, 321 

Pomerantz, M. A., S. P. Agarwal, and V. R. Potnis. Direct 
observation of periodic variation of primary cosmic-ray 
intensity—109, 224(L) 

——— (see Shatas, R. A.)—109, 1953 

Porile, Norbert T. New Ge isotope, Ge®*—112, 1954 

——— and Nathan Sugarman. Recoil studies of high-energy 
fission of Bi and Ta—111, 1746(E) 

Porter, C. S. (see LeCraw, R. C.)—110, 1311 

Porter, Charles E. Nitrogen-nitrogen elastic scattering 
1722 

— (see Blumberg, Sydel)—110, 786(L) 

Porter, W. C., D. M. Van Patter, M. A. Rothman, and C. E. 
Mandeville. Levels in Cr®®, Cr®?, Cr®3, and Cr5—112, 468 
Porter, William S., Benjamin Roth, and John L. Johnson. 

Theory of reactions H*(d,n) He‘ and He*(d,p) He*—111, 1578 

Potnis, V. R. (see Pomerantz, M. A.)—109, 224(L) 

Powell, C. J., J. L. Robins, and J. B. Swan. Effects of con- 
tamination on characteristic loss spectrum of W—110, 
657 

Powell, W. (see Agnew, L.)—110, 994(L) 

Pradhan, Trilochan. Plasma oscillations in steady magnetic 
field—109, 2218(E) 

Prange, Richard E. Dispersion relations for Compton scatter- 
ing—110, 240 

——and Abraham Klein. Generalized reaction matrix ap- 
proach to theory of infinite medium of fermions—112, 1008 

—— (see Klein, Abraham)—112, 994 

Pratt, R. H. Time-reversal invariance and radiative yu decay 
—I11, 649 

Pratt, W. W. (see Cochran, R. G.)—109, 878 

Preston, R. S. and S. S. Hanna. Polarization of positrons from 
Ga, Ga®’, P?9, and Al?®—110, 1406 

—— (see Hanna, S. S.)—109, 716 

Primak, William. Fast-neutron-induced changes in quartz and 
vitreous silica—110, 1240 

—— Radiation-induced changes of dimensions, index of re- 
fraction, and dispersion of LiF—112, 1075 

Primakoff, H. (see Bernstein, J.)—111, 313 

Proctor, W. G. (see Abragam, A.)—-109, 1441 

Prodell, A. (see Eisler, F.)—112, 979 

Prokoffieva, E. I. (see Denisenko, G. F.)—109, 1779 

Prosser, F. W., Jr., and L. C. Biedenharn. Some properties of 
shift and penetration factors in nuclear reactions—109, 413 

Prowse, D. J. (see Helmy, E.)—112, 1793 

Pugh, E. W. and F. M. Ryan. Magnetic susceptibility of Cu-Ni 
and Ag-Pd alloys at low temperatures—111, 1038 

Pugh, Emerson M. (see Beitel, Frank P., Jr.)—112, 1516 

—— (see Foner, Simon)—109, 1129 

Pugh, Robert E. Furry’s theorem for very strong interactions 
—109, 989 


112, 











AUTHOR 


Pyle, Robert V. (see Anderson, Oscar A.)—109, 612(L); 
110, 1375 
—— (see Kaplan, Selig N.)—112, 968 


Quareni, G. (see Lannutti, Joseph E.)—109, 2121 

Quarrington, J. E. (see Macfarlane, G. G.)—111, 1245 

Quimby, S. L. (see Weisberg, Leonard R.)—110, 338 

Quinn, John J. and Richard A. Ferrell. Electron self-energy 
approach to correlation in degenerate electron gas—112, 812 

Quinn, W. E., J. M. Baker, J. T. LaTourrette, and N. F. 
Ramsey. Radio-frequency spectra of HD in strong mag- 
netic fields—112, 1929 


Rabinowitz, P. (see Dostrovsky, I.)——111, 1659 

Raboy, S. and V. E. Krohn. Gyromagnetic ratio of 3.5 X107°- 
sec state and other angular correlation measurements of 
Tc*—111, 579 

Rabson, T. A. (see Ranken, W. A.)—109, 917; 112, 239 

Ragzka, A. and R. Ragzka. Moller scattering of arbitrarily 
polarized electrons—110, 1469(L) 

Ragzka, R. (see Ragzka, A.)—110, 1469(L) 

Radicella, R. (see Bosch, H.)—111, 898 

Rae, E. R., B. Margolis, and E. S. Troubetzkoy. Compound 
nucleus processes for reaction U***+n—112, 492 

Rainwater, J. (see Baker, W. F.)—112, 1763; 112, 1773 

Ramsey, Norman F, Molecular beam resonances in oscillatory 
fields of nonuniform amplitudes and phases—109, 822 

Time reversal, charge conjugation, magnetic 

conjugation, and parity—109, 225(L) 
—— (see Quinn, W. E.)—112, 1929 

Ranken, W. A., T. W. Bonner, R. Castillo-Bahena, M. V. 
Harlow, Jr., and T. A. Rabson. y radiation from Al*’?+p 
and F'*+p—112, 239 
——, T. W. Bonner, and J. H. McCrary. Energy dependence 
of F!®+- reactions—109, 1646 
—~, T. W. Bonner, J. M. McCrary, and T. 
y radiation from N'4+d and C!8+d—109, 917 

Rappaport, P. (see Loferski, J. J.)—111, 432 

Rarita, William and Philip Schwed. Minimum theorem for 
interaction radius in two-body collisions—112, 271 

Rasmussen, John O. and Eldon R. Hansen. Numerical 
solutions of Cm*? a-decay wave equation—109, 1656 

-—— (see Chasman, R. R.)—112, 512 

—— (see Gallagher, C. J., Jr.)—112, 1730 
— (see Shirley, Virginia S.)—109, 2092 

——— (see Toth, Kenneth S.)—109, 121 

Rasmussen, V. K., F. R. Metzger, and C. P. Swann. Lifetimes 
of 4.43-Mev excited state of C!* and 4.46-Mev excited state 
of BU—110, 154 

~— (see Metzger, F. R.)—110, 906 

Rassey, A. J. Nucleonic binding states in nonspherical nuclei: 
asymptotic representation—109, 949 

Ravenhall, D. Geoffrey (see Igo, George)—109, 2133 

Rawitscher, George H. Scattering of polarized » mesons from 
extended nuclei—112, 1274 

Rayne, John A. Elastic constants of a-brasses. Room-tem- 
perature variation with solute concentration—112, 1125 

——— Heat capacity of Cu-Ge alloys below 4.2°K—110, 606 

Redin, R. D., R. G. Morris, and G. C. Danielson. Semi- 
conducting properties of Mg2Ge single crystals—109, 1916 

——— (see Morris, R. G.)—109, 1909 

Redlich, Martin G. Similarity between shell model and de- 
formed nucleus wave functions—110, 468 

Redmond, P. J. Elimination of ghosts in propagators—112, 
1404 

Reich, C. W. and M. S. Moore. Multilevel formula for fission 
process—111, 929 

Reif, F. (see Meyer, L.)—110, 279(L) 

Reiling, Gilbert H. and Eugene B. Hensley. Fundamental 
optical absorption in MgO—112, 1106 


pole 


A. Rabson. 


INDEX 2161 


Reines, Frederick, Clyde L. Cowan, Jr., and Herald W. Kruse. 
Conservation of number of nucleons—109, 609(L) 
Reiss, H. (see Kaiser, W.)—112, 1546 
Reitmann, D., H. Schneider, and I. J. van Heerden. Zr, Ln, 
Lin, and M internal conversion lines of the 411.8-kev 
transition in Hg!®*—110, 1093 
Reitz, J. R. (see Tomasch, W. J.)—111, 757 
Remler, E. A. (see Fischer, G. E.)—110, 286(L) 
Rempel, Robert C. Relaxation effects for coupled nuclear spins 
109, 831 
Reyes, P. (see Bosch, H.)—111, 898 
Reynolds, H. K. (see Barnett, C. F.)—109, 355 
Reynolds, H. L. (see Goldberg, E.)—112, 1981 
Reynolds, J. B., R. L. Christensen, D. R. Hamilton, W. M. 
Hooke, and H. H. Stroke. Spins of certain short-lived Cu 
and Ag isotopes—109, 465 
Rhodes, B. L., S. Legvold, and F. H. Spedding. Magnetic 
properties of Ho and Tm metals—109, 1547 
Rhodes, Jacob L. and W. E. Stephens. Photoprotons from 
N*5—110, 1415 
Rice, Stuart A. Dynamical theory of diffusion in crystals— 
112, 804 
Richards, H. T. (see Herring, D. F.)—112, 1210 
Richter, John L. and Eugene V. Ivash. Calculation of 
O*(d,p)O" angular distribution—111, 245 
Rickayzen, G. Meissner effect and gauge invariance—111, 817 
Riddell, Robert J., Jr. (see Cohen, Stanley)—110, 1471(L) 
Ringo, G. R. (see Burgy, M. T.)—110, 1214(L) 
Risser, J. R. (see Kashy, E.)—112, 547 
Roberts, A. (see Heer, E.)—111, 640; 111, 645 
Roberts, V. (see Macfarlane, G. G.)—111, 1245 
Robins, J. L. (see Powell, C. J.)—110, 657 
Robinson, C. S. (see Malmberg, J. H.)—109, 158 
Robinson, Kenneth W. Radiation effects in circular electron 
accelerators—111, 373 
Robinson, R. L. and L. M. Langer. 8 decay of Ru!%—109, 
1255 
— and L. M. Langer. Inner 8 spectra of Ag™ and Rb*—112, 
481 
—— (see Hamilton, J. H.)—112, 945 
Rockmore, Ronald M. and John G. Taylor. Internal pairs in 
capture of x~ by protons—112, 992 
Rodberg, Leonard S. Energy shifts in Feynman formalism— 
110, 277 
Rodriquez, Sergio. Magnetic field dependence of ultrasonic 
attenuation in metals at low temperatures—112, 80 
Theory of cyclotron resonance in metals—112, 1616 
Roganov, V. S. (see Baranov, P. S.)—109, 1801 
Rogers, K. C. (see Stein, P. C.)—110, 1209(L) 
Rose, H. J. (see Warburton, E. K.)—109, 1199 
Rose, M. E. and R. K. Osborn. Pseudoscalar interaction and 
8 spectrum of RaE—110, 1484(E) 
— (see Church, E. L.)—109, 1299 
— (see Green, T. A.)—110, 105 
Rose, P. H. (see Beghian, L. E.)—110, 1479(L) 
Rosen, L. (see Brolley, J. E., Jr.)—109, 1277 
Rosen, Nathan. Energy and momentum of cylindrical gravita- 
tional waves—110, 291 (L) 
Rosen, Philip. Ionization cross section of A-A collisions near 
threshold—109, 351 
Low-energy inelastic atomic collisions—109, 348 
Rosenberg, R. and Melvin Lax. Free-carrier absorption in n- 
type Ge—112, 843 
Rosenblum, B., A. H. Nethercot, Jr., and C. H. Townes. 
Isotopic mass ratios, magnetic moments, and sign of 
electric dipole moment in CO—109, 400 
Rosenbluth, M. N. and A. N. Kaufman. Plasma diffusion in 
magnetic field—109, 1 
Rosenson, Lawrence. Momentum spectrum of positrons from 
decay of w+ mesons—109, 958 














VOLUMES 


2162 109, 





Rosenstock, Herbert B. Vibrations of one-dimensional ionic 
lattice—111, 755 

Ross, John (see Mori, Hazime)—109, 1877; 112, 2139(E) 

Ross, Marc. Pion-hyperon scattering and K~-p reactions— 
112, 986 

and D. B. Lichtenberg. A-nucleon potential from hyper- 

fragment data—110, 737 

(see Lichtenberg, D. B.)—109, 2163 

Rotenberg, Manuel and Lawrence Wilets. Variational wave 
function for nuclear matter—110, 1126 

Roth, Benjamin (see Porter, William S.)—111, 1578 

Roth, Laura M., (see Zwerdling, Solomon)—109, 2207 (L) 

Roth, W. L. Magnetic structures of MnO, FeO, CoO, and NiO 
—110, 1333 

—— Multispin axis structures for antiferromagnets—111, 772 

Rothem, T. (see Lipkin, H. J.)—109, 223(L) 

Rothman, M. A. (see Porter, W. C.)—112, 468 

Rourke, F. M. (see White, F. A.)—109, 437 

Rowland, F. S. and R. L. Wolfgang. Production of He’ by high- 
energy protons—110, 175 

—— (see Markowitz, Samuel S.)—112, 1295 

Ruark, Arthur E. (see Fitz, H. C.)—111, 1406 

Rubin, Allen G. (see Cohen, Bernard L.)—111, 1568 

Rubinow, S. I. (see Sartori, L.)—112, 214 

Ruby, S. L., F. D. Schupp, and E. D. Wolley. Effect of mono- 
energetic fast neutrons on n-type Ge—111, 1493 

Riichardt, H. (see Overhauser, A. W.)—112, 722 

Ruderman, M. A. (see Gasiorowicz, S.)—110, 261 

Rudik, A. P. (see Berestetsky, V. B.)—111, 522 

Rupprecht, G. Measurement of Ge surface states by pulsed 
channel effect—111, 75 

Russek, Arnold. Collective motion in modified shell model— 
109, 487 

and M. Tom Thomas. Ionization produced by atomic 
collisions at kev energies—109, 2015 

Russell, Allan M. Magnetic moments due to rotation in Li®F 
and Li7F—111, 1558 

Rustad, B. M. (see Kistner, O. C.)—112, 1972 

Ryan, F. M. (see Pugh, E. W.)—111, 1038 

Rybka, T. W. and L. Katz. Photoneutron reactions in Li—110, 
1123 











Sachl, Viadimfr. Elastic scattering of electrons by He and H 
atoms in ground quantum states—110, 891 

Sachs, A. M., H. Winick, and B. A. Wooten. Interactions of 
38- and 61-Mev positive pions in deuterium—109, 1733 

——, H. Winick, and B. A. Wooten. Scattering of 37-Mev 
positive pions on H—109, 1750 

—— (see Coffin, T.)—109, 973 

Sachs, R. and P. G. Bergmann. Structure of particles in 
linearized gravitational theory—112, 674 

Sachs, R. G. (see Fry, W. F.)—109, 2212(L) 

Sagalyn, Paul L., Adrian C. Melissinos, and Francis Bitter. 
Separation and identification of overlapping hfs com- 
ponents: application to Hg resonance radiation—109, 375 

Sagar, A. Piezoresistance in n-type GaAs—112, 1533 

Sah, Chih-Tang and W. Shockley. Electron-hole recombina- 
tion statistics in semiconductors through flaws with many 
charge conditions—109, 1103 

Sailor, V. L. (see Marshak, H.)—109, 1219 

—— (see Shore, F. J.)—112, 191 

Sakurai, J. J. Kys decay: tests for time reversal and two- 
component theory—109, 980 

Salam, Abdus (see Matthews, P. T.)—110, 565; 110, 569; 
112, 283 

Salant, E. O. (see Hornbostel, J.)—112, 1311 

Salecker, H. and E. P. Wigner. Quantum limitations of 
measurement of space-time distances—109, 571 

Salkovitz, E. I, (see Schindler, A. I.)—111, 1746(E) 


110, 








Mais AND 142 








Salpeter, E. E. Some atomic effects of electronic dipole 
moment—112, 1642 

Salzman, George (see Schnitzer, Howard J.)—112, 1802 

Samios, N. (see Eisler, F.)—110, 226; 112, 979 

Sampson, M. B. (see McEllistrem, M. T.)—111, 1636 

Sandweiss, Jack (see Goldhaber, Gerson)—110, 1476(L) 

Saplakoglu, A., L. M. Bollinger, and R. E. Coté. Properties 
of s-wave and p-wave neutron resonances in Nb—109, 1258 

Saporoschenko, Mykola. Ions in nitrogen—111, 1550 

Sapp, R. C. (see Dempesy, C. W.)—110, 327; 110, 332 

Sargent, C. P. (see Bertozzi, W.)—110, 790(L) 

Sarles, L. R. and R. M. Cotts. Double nuclear magnetic 
resonance and dipole interaction in solids—111, 853 

Sartori, L. and S. I. Rubinow. Scattering of low-energy neu- 
trons by deuterons—112, 214 

Satchler, G. R. Angular distribution of nuclear reaction 
products—111, 1747(E) 

—— Nuclear potential and symmetry energy—109, 429 

Sato, Hiroshi. Remarks on volume magnetostriction and 
anisotropic forced magnetostriction—109, 802 

Savage, Albert (see Miller, Robert C.)—112, 755 

Sawada, K. (see Brueckner, K. A.)—112, 328 

Sawamoto, Kenichi (see Yamaka, Eiso)—112, 1861 

Sawicki, J. (see Czyz, W.)—110, 900 

Sawyer, R. F. Charge properties of K-meson and hyperon 
decay interaction—112, 2135 

Saxon, David S. (see Moe, Mildred)—111, 950 

Scales, William W. Specific heat of LiF and KI at low tem- 
peratures—112, 49 

Scanlon, Wayne W. Intrinsic optical absorption and radiative 
recombination lifetime in PbS—109, 47 

—— (see Allgaier, Robert S.)—111, 1029 

Scarf, Frederick L. Discrete states for singular potential 
problems—109, 2170 

New soluble energy band problem—112, 1137 

——- Scattering amplitudes for Thirring model—111, 1433 

——and H. Umezawa. Admissible solutions of covariant 
two-body problem—109, 1848 

Schafroth, M. R. Remarks on Meissner effect—111, 72 

Schamp, H. W., Jr. (see Mason, E. A.)—112, 445 

Scharenberg, R. P. (see Beghian, L. E.)—110, 1479(L) 

—— (see Goldring, G.)—110, 701 

Scharff-Goldhaber, G., D. E. Alburger, G. Harbottle, and 
M. McKeown. Studies of decay schemes in Os-Ir region. 
I. Isomers Os!" (10 min) and Os!®™ (5.7 hr)—111, 913; 
112, 2139(E) 

Schawlow, A. L. Penetration of magnetic fields through super- 
conducting films—109, 1856(L) 

—— and G. E. Devlin. Intermediate state of superconductors. 
II. Influence of crystal structure—110, 1011 

—— and C. H. Townes. Infrared and optical masers—112, 
1940 

Schein, Marcel (see Teucher, M. W.)—111, 1384 

Schiffer, J. P. and L. L. Lee, Jr. Proton strength functions 
from (p,m) reaction cross sections—109, 2098 

—, L. L. Lee, Jr., J. L. Yntema, and B. Zeidman. Single- 
particle interpretation of proton spectra from (d,p) re- 
actions—110, 1216(L) 

Schindewolf, U. Mass assignments of 23-sec Pd!°™ and 4.8- 
min Pd}; search for <3-sec Pd!**"—109, 1280 

—— (see Alexander, J. M.)—111, 228 

Schindler, A. I., R. J. Smith, and E. I. Salkovitz. Electrical 
resistivity of Ni-Pd alloy system between 300°K and 
730°K—111, 1746(E) 

Schneider, H. (see Reitmann, D.)—110, 1093 

Schneps, J. x*-mesonic decay of hyperfragment—112, 1335 

—— (see Chesick, Elizabeth B.)—112, 1810 

Schnitzer, Howard J. and George Salzman. Discrepancy 
between x ~-proton scattering and dispersion equation— 
112, 1802 











AUTHOR 


Schopper, H. (see Appel, H.)—109, 2211(L) 

Schrack, R. A. (see Leiss, J. E.)—109, 1326 

Schuch, A. F., E. R. Grilly, and R. L. Mills. Structure of a and 
B forms of solid He*—110, 775(L) 

Schultz, H. L. (see Draper, J. E.)—111, 906 

Schulz, G. J. Measurement of atomic and molecular excitation 
by trapped-electron method—112, 150 

Schumacher, Robert T. Dynamics of interacting spin system— 
112, 837 

Schuman, R. P. (see White, F. A.)—109, 437 

Schupp, F. D. (see Ruby, S. L.)—111, 1493 

Schwartz, C. L. (see Drell, S. D.)—112, 568 

Schwartz, M. (see Eisler, F.)—110, 226; 112, 979 

Schwarz, Ruth F. (see Brill, Patricia H.)—112, 330 

— (see Daniel, P. J.)—111, 1240 

Schwarzschild, A. (see Koller, N. Benczer)—109, 85 

Schwed, Philip (see Rarita, William)—112, 271 

Schweizer, Felix. Half-life of K*7—110, 1414 

Scofield, James H. (see Newton, Roger G.)—110, 785(L) 

Scott, Mary Jean. Polarization measurements in p-a elastic 
scattering—110, 1398 

Seaborg, Glenn T. (see Vandenbosch, Robert)—110, 507; 
111, 1358 

Segal, I. E. Direct formulation of causality requirements on 
S operator—109, 2191 

Segel, R. E. y-ray decay in Hg?%—111, 1620 

Segré, E. (see Agnew, L.)—110, 994(L) 

Seidel, G. and P. H. Keesom. Specific heat of Ga and Zn in 
normal and superconducting states—112, 1083 

—— (see Keesom, P. H.)—111, 422 

Seidlitz, L., E. Bleuler, and D. J. Tendam. Elastic and in- 
elastic scattering of 18-Mev a particles from Ne, A, and 
Xe—110, 682 

Sekiguchi, T. and R. C. Herndon. Thermal conductivity of 
electron gas in gaseous plasma—112, 1 

—— (see Goldstein, L.)—109, 625 

Sellen, J. M., G. Cocconi, V. T. Cocconi, and E. L. Hart. 
Cross sections for double and triple meson production in H 
by photons with energies up to 1 Bev—110, 779(L) 

Selove, W. and J. M. Teem. Measurements of interaction of 
95-Mev protons with He*—112, 1658 

Senitzky, B. and J. L. Moll. Breakdown in Si—110, 612 

Senitzky, I. R. Induced and spontaneous emission in coherent 
field—111, 3 : 

Serin, B. (see Lynton, E. A.)—112, 70 

Sessler, A. M. and H. M. Foley. Hfs of deuterium and nucleon- 
nucleon spin-orbit potentials—110, 995 (L) 

—— and R. L. Mills. Nucleon size contributions to hfs of H 
and He—110, 1453 

Seth, K. K., D. J. Hughes, R. L. Zimmerman, and R. C. 
Garth. Nuclear radii by scattering of low-energy neutrons— 
110, 692 

Shakin, Carl and Joseph Birman. “lectronic energy bands in 
ZnS: preliminary results—109, 818 

Shamov, V. P. (see Denisenko, G. F.)—109, 1779 

Shapiro, Anatole M. (see Henri, Victor P.)—110, 591 (L) 

Shapiro, J. (see Hull, M. H., Jr.)—109, 846 

Shapiro, S. (see Artman, J. O.)—109, 1392(L) 

Sharp, R. D. and W. W. Buechner. Angular distributions of 
elastically and inelastically scattered protons from In—112, 
897 

and W. W. Buechner. Coulomb excitation studies using 
inelastically scattered particles—109, 1698 

Shatas, R. A., J. F. Marshall, and M. A. Pomerantz. Post- 
bombardment conductivity in MgO crystals—109, 1953 

Shaw, R. W. (see Decker, D. L.)—112, 1888 

Sheffield, J. C. (see White, F. A.)—109, 437 

Shirley, Virginia S. and John O. Rasmussen. Electron-capture 
decay of Gd'*—109, 2092 

Shkoda-Ulyanov, V. A. (see Gol’danskii, V. 1.)—109, 1762 


INDEX 2163 


Shockley, William. Predicted intervalley scattering effects in 
Ge—110, 1207 (L) 

—— (see Sah, Chih-Tang)—109, 1103 

Shore, F. J. and V. L. Sailor. Slow neutron resonances in U?#*— 
112, 191 

Shtrikman, S. (see Aharoni, A.)—109, 1522 

Shugart, Howard A. (see Ewbank, W. B.)—110, 595(L) 

—— (see Marino, Lawrence L.)—111, 286 

—— (see Nierenberg, William A.)—112, 186 

Shull, F. B. and A. J. Elwyn. Proton angular distributions from 
Zn**,%,87,68(¢ ) reactions—112, 1667 

—— (see Elwyn, A. J.)—111, 925 

Shull, Harrison and Per-Olov Léwdin. Variation theorem for 
excited states—110, 1466(L) 

Shulman, R. G. and V. Jaccarino. Origin of nuclear magnetic 
resonance shifts in paramagnetic MnF;—109, 1084 

——, B. J. Wyluda, and H. J. Hrostowski. Nuclear magnetic 
resonance in semiconductors: exchange broadening in GaAs 
and InAs—109, 808 

Siegbahn, Kai (see Sokolowski, Evelyn)—110, 776(L) 

Siegert, A. J. F. and Ei Teramoto. Simplified derivation of 
binary collision expansion and its connection with scattering 
operator expansion—110, 1232 

Signell, P. S. and R. E. Marshak. Semiphenomenological two- 
nucleon potential—109, 1229 

Sihvonen, Y. T. (see Bleil, C. E.)—111, 1522 

Sikkeland, Torbjgrn, Stanley G. Thompson, and Albert 
Ghiorso, Reactions of U*** with C ions—112, 543 

Silsbee, Henry B. (see Ewbank, W. B.)—110, 595(L) 

—— (see Marino, Lawrence L.)—111, 286 

——— (see Nierenberg, William A.)—112, 186 

Silva, E. and J. Goldemberg. Inelastic scattering of photons in 
Y*—110, 1102 

—— (see Farinelli, U.)—112, 1994 

Silverberg, Rein (see Goldhaber, Gerson)—110, 1474(L) 

Silverman, S. M. Theorem for generalized oscillator strengths 
—111, 1114 

Silverstein, Edward A. (see Weinman, James A.)—111, 277 

Silvestrini, V. (see Eisler, F.)—112, 979 

Simmons, R. O. and R. W. Balluffi. X-ray study of deuteron- 
irradiated Cu near 10°K—109, 1142 

Simon, Albert (see Goldman, David T.)—111, 383 

Simpson, J. Arol (see Marton, L.)—110, 1057 

Simpson, J. H. and H. Y. Carr. Diffusion and nuclear spin 
relaxation in water—111, 1201 

Singwi, K. S. (see Khubchandani, P. G.)—110, 70 

Sirlin, A. Pion decay and possible nonlocal effects in theory of 
Fermi interactions—111, 337 

Sjoblom, R. (see Cox, S.)—112, 960 

—— (see Smith, A.)—111, 1633 

Sladek, R. J. Magnetoresistance oscillations in single-crystal 
and polycrystalline InAs—110, 817 

Slater, W. E. (see Levi Setti, R.)—111, 1395 

Slaughter, G. G., E. M. Harth, and M. M. Block. V-particle 
production by 1.9-Bev x~ mesons—109, 2111 

Slepian, Joseph. Hydromagnetic equations for two isotopes in 
completely ionized gas—112, 1441 

Slonczewski, J. C. Origin of magnetic anisotropy in Co- 
substituted magnetite—110, 1341 

and P, R. Weiss. Band structure of graphite—109, 272 

Smaller, B. (see Delbecq, C. J.)—111, 1235 

Smith, A., P. Fields, A. Friedman, and R. Sjoblom. Thermal- 
neutron-induced fission of Th®2*—111, 1633 

(see Cox, S.)—112, 960 

Smith, Charles S. (see Daniels, W. B.)—111, 713 

Smith, Frances M. (see Barkas, Walter H.)—112, 622 

Smith, G. W. and C. F. Squire. Pressure studies on nuclear 
magnetic resonance of solid hydrogen between 1.2° and 
14°K—111, 188 

Smith, J. H. (see Barton, M. Q.)—110, 1143 





VOLUMES 


2164 109, 


Smith, Lincoln G. Measurements of light masses with mass 

synchrometer—111, 1606 
(see Friedman, Lewis)—109, 2214(L) 

Smith, P. B. and P. M. Endt. Resonant absorption of y 

radiation from Al?"(p,7)Si** reactions—110, 397 
and P. M. Endt. Resonant absorption of y radiation from 
Si**(p,7)P*! reaction—110, 1442 

Smith, R. C. (see Mozley, R. F.)—111, 647 

Smith, R. J. (see Schindler, A. I.)—111, 1746(E) 

Smith, R. K. (see Knight, J. D.)—112, 259 

Smith, Stephen J. (see Branscomb, Lewis M.)—111, 504 

—— (see Burch, D. S.)—112, 171 

Smith, W. G. (see Hamilton, J. H.)—112, 945; 112, 2010 

—— (see Lazar, N. H.)—110, 513 

Smith, W. V. (see Keller, S. P.)—110, 850 

—— (see Sorokin, P. P.)—112, 1513 

Smoluchowski, R. (see Vaughan, W. H.)—110, 652 

—— (see Wiegand, D. A.)—110, 991(L) 

Smythe, Rodman, Robert M. Worlock, and Alvin V. Tol- 
lestrup. Recoil protons from meson photoproduction in H 
and D—109, 518 

Snell, Arthur H. and Frances Pleasonton. Charge spec- 
trometry for Xe!**-Cs!#3—111, 1338 

Snow, George A. Comparison of 2*p and =~ systems—110, 
1192 

Snow, William R. (see Fite, Wade L.)—112, 1161 

Snyder, D. D. and D. J. Montgomery. Electrical resistivity of 
separated Li isotopes—109, 222(L) 

— (see Bleil, C. E.)—111, 1522 

Snyder, J. N. (see Nilson, R.)—109, 850 

Sodha, M. S. and P. C. Eastman. Hall mobility of carriers in 
impure nondegenerate semiconductors—112, 44 

and P. C. Eastman. Variation of Hall mobility of carriers 
in nondegenerate semiconductors with electric field—110, 
1314 

and Y. P. Varshni. Transport phenomena in completely 
ionized gas considering electron-electron scattering—111, 
1203 

Sokolowski, Evelyn, Carl Nordling, and Kai Siegbahn. 
Chemical shift effect in inner electronic levels of Cu due to 
oxidation—110, 776(L) 

Solomon, I. Multiple echoes in solids—110, 61 

Sommerfield, Charles M. (see Karplus, Robert)—111, 1187 

Sonder, E. and D. K. Stevens. Magnetic properties of As- 
doped Si—110, 1027 

Sood, P. C. (see Green, A. E. S.)—111, 1147 

Sorensen, R. A. Electromagnetic effects in meson-nucleon 
scattering—112, 1813 

Sorokin, P. P., I. L. Gelles, and W. V. Smith. Multiple 
quantum transitions in paramagnetic resonance—112, 1513 

—— (see Bloembergen, N.)—110, 865 

Soule, D. E. Analysis of galvanomagnetic de Haas-van Alphen 
type oscillations in graphite—112, 708 

—— Magnetic field dependence of Hall effect and magneto- 
resistance in graphite single crystals—112, 698 

Southgate, P. D. Temperature dependence of internal friction 
in Ge—110, 855 

Spear, Walter E. Surface effects in electron-irradiated Ge at 
80°K—112, 362 

Spedding, F. H. (see Anderson, G. S.)—109, 243; 111, 1257 

—— (see Behrendt, D. R.)—109, 1544 

—— (see Rhodes, B. L.)—109, 1547 

—— (see Thoburn, W. C.)—110, 1298; 112, 56 

Spence, R. D. and R. D. Ewing. Evidence for antiferromagnet- 
ism in Cus(CO3)2(OH)2—112, 1544 

Spencer, E. G. (see LeCraw, R. C.)—110, 1311 

Spencer, H. E. Quantum efficiency of photoconductive PbS 
films—109, 1074 

Sperduto, A. and W. W. Buechner. (,p’) and (,a) reactions 
from K**—109, 462 


110, 


Mma, AND 1142 


——— (see Mazari, M.)—112, 1692 

Spicer, W. E. Photoemissive, photoconductive, and optical 
absorption studies of alkali-antimony compounds—112, 114 

Spitzer, Richard. Contribution of three-body forces to binding 
of hyperfragments—110, 1190 

——— and Henry P. Stapp. Polarization and angular correlation 
in production and decay of particles of spin 1/2 and spin 3/2 
—109, 540 

Spitzer, W. G. and H. Y. Fan. Effect of neutron irradiation on 
infrared absorption in Si—109, 1011 (L) 

Spruch, Larry. Bounds on scattering phase shifts. II- 
2149 

~—— and Martin Kelly. Bounds on scattering phase shifts. I 
—109, 2144 

——— (see Gold, Wallace)—110, 290(L) 

Squire, C. F. (see Briscoe, C. V.)—112, 1540 

—— (see Smith, G. W.)—111, 188 

Sreedhar, A. K. (see Brewer, D. F.)—110, 282(L) 

Srivastava, G. P. (see Krishnaji)—109, 1560 

Srivastava, Prem Prakash and George Sudarshan. Multiple 
production of pions in nuclear collisions—110, 765 

Stallwood, R. A., R. B. Sutton, T. H. Fields, J. G. Fox, and 
J. A. Kane. Neutral pions from p-p collisions—109, 1716 

—— (see Fields, T. H.)—109, 1704; 109, 1713 

Stangelo, R. (see Eisler, F.)—112, 979 

Stapp, Henry P. (see Spitzer, Richard)—109, 540 

Starner, J. W. (see Cranston, F. P., Jr.)—110, 1427 

Statz, H. and G. A. deMars. Electrical conduction via slow 
surface states on semiconductors—111, 169 

Staub, H. (see Stephens, W. E.)—109, 1196 

Steele, M. C. (see Glicksman, M.)—110, 1204(L) 

Stehle, P. Calculation of electron-electron scattering—110, 
1458 

Stein, P. C. and K. C. Rogers. Photoproduction of x® mesons 
from H at 500-900 Mev—110, 1209(L) 

Stein, William E. and Stanley L. Whetstone, Jr. Prompt- 
neutron emission from spontaneous-fission modes of Cf*5? 
—110, 476 

Steinberg, M. S. Magnetic effects in attenuation of transverse 
acoustic waves by conduction electron transport—110, 
772(L) 

——— Resonant absorption of sound in metals—110, 1467 (L) 

—— Ultrasonic attenuation and dispersion in metals at low 
temperatures—111, 425 

—— Viscosity of electron gas in metals—109, 1486 

Steinberger, J. (see Eisler, F.)—110, 226; 112, 979 

Steiner, H. (see Agnew, L.)—110, 994(L) 

Stelson, P. H. and F. K. McGowan. Coulomb excitation of 
medium-weight even-even nuclei—110, 489 

—— (see McGowan, F. K.)—109, 901 

Stephens, Cynthia (see Green, Louis C.)—112, 1187 

Stephens, W. E. and H. Staub. Search for pair production by 
protons—109, 1196 

—— (see Rhodes, Jacob L.)—110, 1415 

—— (see Wolff, Milo M.)—112, 890 

Stephenson, S. T. (see El-Hussaini, Jassim M.)—109, 51 

Stern, Edward A. Theory of anharmonic properties of solids— 
111, 786 

Stern, Frank (see Matossi, Frank)—111, 472 

Sternheimer, R. M. Effect of complex spin-orbit coupling on 
polarization of protons elastically scattered from nuclei— 
112, 1785 

—— and S. J. Lindenbaum. Pion production in pion-nucleon 
collisions—109, 1723 

—— (see Lindenbaum, S. J.)—110, 1174 

Stevens, C. M. (see Wing, J.)—111, 590 

Stevens, D. K. (see Sonder, E.)—110, 1027 

Stevenson, M. Lynn. 2° mass—111, 1707 

—— (see Alvarez, Luis W.)—112, 1267 


109, 





AUTHOR 


Stevenson, P. C., H. G. Hicks, W. E. Nervik, and D. R. 
Nethaway. Further radiochemical studies of high-energy 
fission products—111, 886 

Stewart, L. (see Brolley, J. E., Jr.)—109, 1277 

Stier, P. M. (see Barnett, C. F.)—109, 385 

Stoering, J. P. (see Bratenahl, A.)—110, 927 

Stork, D. H. (see Helmy, E.)—112, 1793 

Storm, M. (see Metropolis, N.)—110, 185; 110, 204 

Strandberg, M. W. P. Spin-lattice relaxation—110, 65 
—, C. F. Davis, B. W. Faughnan, R. L. Kyhl, and G. J. 
Wolga. Operation of solid-state quantum-mechanical 
amplifier—109, 1988 

~—— (see Davis, C. F.)—111, 1268 

Streib, J. F. (see Brock, R. L.)—109, 399 

Stroke, H. H. (see Reynolds, J. B.)—109, 465 

Strominger, D. (see Gallagher, C. J., Jr.)—110, 725; 111, 
1746(E) 

Struck, C. W. (see Ellis, S. G.)—109, 1860(L) 

Stump, Robert (see Byers, Don H.)—112, 77 

Sturrock, P. A. Kinematics of growing waves—112, 1488 

Sucher, J. Energy levels of two-electron atom to order a‘ ry: 
ionization energy of He—109, 1010(L) 

Sucov, Eugene (see Kallmann, Harmut)—109, 1473 

Sudarshan, E. C. G. and R. E. Marshak. Chirality invariance 
and universal Fermi interaction—109, 1860(L) 

— (see Okubo, S.)—112, 665 

—— (see Srivastava, Prem Prakash)—-110, 765 

Suddeth, J. A. (see Marton, L.)—110, 1057 

Sugarman, Nathan (see Porile, Norbert T.)—111, 1746(E) 

Sugawara, M. Kz, and K,; decay modes—112, 2128 

Sugioka, Etsu (see Ishiguro, Masakazu)—110, 1070 

Suh, Kiu S. A-nucleon interaction in hypernucleus ,Be*’—111, 
941 

Suhl, H. Effective nuclear spin interactions in ferromagnets 
—109, 606(L) 

Suita, Tokuo (see Inuishi, Yoshio)—109, 1509 

Summers-Gill, Robert G. Scattering at 12-Mev protons, 
24-Mev deuterons, and 48-Mev a particles by Be—109, 1591 

Sun, C. R. and Byron T. Wright. Radionuclide K*7—109, 109 

Sundaresan, M. K. (see Nigam, B. P.)—111, 284 

Sunderland, R. J. (see Nierenberg, William A.)—112, 186 

Sunyar, A. W. (see Goldhaber, M.)—109, 1015(L) 

Sutton, Paul M. Variation of elastic constants of crystalline 
Al with temperature between 63°K and 773°K—112, 
2139(E) 

Sutton, R. B. (see Fields, T. H.)—109, 1704; 109, 1713 

—— (see Stallwood, R. A.)—109, 1716 

Swamy, N. V. V. J. and A. E. S. Green. Coulomb exchange 
energy from shell-model wave functions—112, 1719 

Swan, J. B. (see Powell, C. J.)—110, 657 

Swann, C. P. (see Metzger, F. R.)—110, 906 

——— (see Rasmussen, V. K.)—110, 154 

Swann, W. F. G. Mass-energy relation in quantum theory— 
109, 998 

Swanson, Robert A. Depolarization of positive muons in 
condensed matter—112, 580 

Swartz, C. E. (see Cumming, J. B.)—111, 1386 

Swenson, C. A. Phase transition in solid Hg—111, 82 

—— (see Jennings, L. D.)—112, 31 

Swenson, D. A. (see Johnston, L. H.)—111, 212 

Swihart, J. (see Ekstein, H.)—109, 557 


Taft, E. A., H. R. Philipp, and L. Apker. Photoelectric emission 
from valence band in AgBr—110, 876 

Tai, Yuin-Kwei, George P. Millburn, Selig N. Kaplan, and 
Burton J. Moyer. Neutron yields from thick targets bom- 
barded by 18- and 32-Mev protons—109, 2086 

Talmi, I. (see Unna, I.)—112, 452 

Tamor, S. (see Auer, P. L.)—111, 1017 


INDEX 2165 


Tamura, Taro. Two-particle interactions in deformed nuclei— 
111, 859 

Tanaka, Katsumi. Application of dispersion relations to 
neutron-electron interaction—109, 578 

—— Application of dispersion relations to nucleon structure— 
110, 1185 

—— (see Ekstein, H.)—109, 557 

Tanikawa, Yasutaka and Satosi Watanabe. Chirality of 
tensors and parity-nonconserving interactions—110, 289(L) 

Tanttila, W. H. (see Jennings, D. A.)—109, 1059 

—— (see Kraus, O.)—109, 1052 

Tassie, L. J. and F. C. Barker. Application to electron scatter- 
ing of center-of-mass effects in nuclear shell model—111, 
940 

Tatcher, M. D. (see Fischer, G. E.)—110, 286(L) 

Tatro, C. A., T. R. Palfrey, R. M. Whaley, and R. O. Haxby. 
Differential cross sections for photodisintegration of 
deuteron at far forward and backward angles—112, 932 

Tatsumoto, Eiji. Magnetoresistance coefficients and their 
temperature dependence in Fe and Si steel—109, 658 

Tauber, G. E. Spin rotational constant of Hz—112, 866 

Tautfest, G. W. Absolute cross sections for reactions 
B" (y,2p)Li? and C!#(-y,3p)Li*—110, 708 

Search for delayed neutrons from photon bombardment 
of Li—111, 1162 

Taxman, N. Classical theory of transport phenomena in dilute 
polyatomic gases—110, 1235 

Taylor, C. J. (see Ashby, V. J.)—111, 616 

Taylor, J. C. 8 decay of pion—110, 1216(L) 

Taylor, John G. (see Bremermann, H. J.)—109, 2178 
— (see Rockmore, Ronald M.)—112, 992 

Taylor, R. E. (see Mozley, R. F.)—111, 647 

Teem, J. M. (see Selove, W.)—112, 1658 

Telegdi, V. L. (see Burgy, M. T.)—110, 1214(L) 

Temmer, G. M. and N. P. Heydenburg. Low-lying excited 
states of Na#*—111, 1303 

Templeton, I. M. (see Pearson, W. B.)—109, 1094 

Tendam, D. J. (see Gailar, O. H.)—112, 1989 
— (see Seidlitz, L.)—110, 682 

Teramoto, Ei (see Siegert, A. J. F.)—110, 1232 

Terhune, R. W. (see Makhov, G.)—109, 1399(L) 

Ter-Martirosyan, K. A. Equation for vertex part correspond- 
ing to fermion-fermion scattering—111, 948 
— (see Abrikosov, A. A.)—111, 321 
— (see Berestetsky, V. B.)—111, 522 

Terrell, J. and D. M. Holm. Excitation 
Fe™(n,p)Mn*—109, 2031 

—— (see Diven, B. C.)—109, 144 

Teucher, M. W., D. M. Haskin, and Marcel Schein. Pro- 
duction spectrum of mesons in high-energy nucleon- 
nucleon collisions—111, 1384 
— (see Lohrmann, E.)—112, 587 

Teutsch, W. B. (see Okubo, S.)—112, 665 

Tewordt, Ludwig. Distortion of lattice around interstitial, 
crowdion, and vacancy in Cu—109, 61 

Thaler, Roy M. (see Gammel, J. L.)—109, 2041 

— (see Igo, George)—109, 2133 

—— (see McManus, H.)—110, 590(L) 

Theimer, O. Entropy of vacancies in ionic crystals—112, 1857 

——— Equilibrium concentration of vacancy pairs in ionic 
crystals—109, 1095 

Thekaekara, M. and G. H. Dieke. Emission lines from pre- 
ionized levels in Kr and Xe—-109, 2029 

Thirring, Walter E. Theory of internal space—111, 986 

Thoburn, W. C., S. Legvold, and F. H. Spedding. Magnetic 
properties of Gd-La and Gd-Y alloys—110, 1298 

——., S. Legvold, and F. H. Spedding. Magnetic properties of 
Tb metal—112, 56 

Thomas, Billy S. and Wendell G. Holladay. Statistics of 
x mesons—110, 981 


function for 





2166 VOLUMES 109, 


Thomas, D. G. (see Collins, R. J.)—112, 388 

Thomas, L. H. General relativity and particle dynamics—112, 
2129 

—— (see Tycko, D. H.)—109, 369 

Thomas, M. Tom (see Russek, A.)—109, 2015 

Thomas, T. D. (see Vandenbosch, R.)—111, 1358 

Thompson, Stanley G. (see Sikkeland, Torbjérn)—112, 543 

Thorndike, E. H. (see Boley, F. I.)—110, 915 

Thornton, D. E. J., R. E. Meads, and C. H. Collie. Energy 
levels of Na** from Ne**(p,y)Na** reaction—109, 480 

Thorpe, Munson M. (see Wyman, Marvin E.)—112, 1264 

Thouless, D. J. Application of perturbation methods to theory 
of nuclear matter—112, 906 

Thurmond, C. D. (see Feher, G.)—109, 221(L) 

Tibell, Gunnar (see Hillman, Peter)—110, 1218(L) 

Tidman, D. A. Structure of shock wave in fully ionized 
hydrogen—111, 1439 

——— Suprathermal particle production by binary stars—112, 
1759 

—— (see Parker, E. N.)—111, 1206; 112, 1048 

Tiemann, Jerome J. Asymptotic expansion for high-energy 
potential scattering—109, 183 

— (see Igo, George)—109, 2133 

Tiller, Calvin O. and G. Wayne Clark. Coercive force vs 
thickness for thin films of Ni-Fe—110, 583(L) 

Tilley, D. R. (see Cheever, G. D.)—110, 922 

Tinkham, M. Penetration depth, susceptibility, and nuclear 
magnetic resonance in finely divided superconductors— 
110, 26 

—and R. E. Glover, III. Superconducting energy gap 
inferences from thin-film transmission data—110, 778(L) 

Tinlot, J. (see Bardon, M.)—110, 780(L) 

(see Heer, E.)—111, 640; 111, 645 

Tisza, Laszlo. Generalized phase rule and symmetry of super- 
fluid state—110, 587 (L) 

Tobin, Ralph A., J. McElhinney, and L. Cohen. Photoneutron 
thresholds for Fe, Ge, Rb, and Hf—110, 1388 

(see Bendel, Warren L.)—111, 1297 

Tokunaga, K. (see Verma, G. S.)—112, 1521 

Tollestrup, Alvin V. (see Smythe, Rodman)—109, 518 

Tomasch, W. J. Structure in thermoelectric power of dilute 
InPd alloys—109, 69 

and J. R. Reitz. Thermoelectric power of dilute In-Pb 
and In-T1 alloys—111, 757 

Tomboulian, D. H. (see Bedo, D. E.)—109, 35 

Tomkins, Frank S. (see Fred, Mark)—111, 1747(E) 

Toms, M. Elaine and John McElhinney. Photoproduction of 
a particles from several metallic elements—111, 561 

Torrey, H. C. (see Bennett, Lawrence H.)—109, 2218(E) 

Toth, Kenneth S. and John O. Rasmussen. Studies of rare 
earth a emitters—109, 121 

Townes, C. H. (see Giordmaine, J. A.)—109, 302 

—— (see Rosenblum, B.)—109, 400 

—— (see Schawlow, A. L.)—112, 1940 

Toxen, Arnold M. Thermal resistivity of point defects—110, 
585(L) 

Trammell, G. T., Henry Zeldes, and Ralph Livingston. Effect 
of environmental nuclei in electron spin resonance spectros- 
copy—110, 630 

Traub, J. and H. M. Foley. Variational calculations of 2 *S 
state of He—111, 1098 

Traughber, R. L. (see Moak, C. D.)—110, 1369 

Treanor, Charles E. (see Nicklas, James P.)—110, 370 

Treder, H. Space-time structure of static spherically sym- 
metric scalar field—112, 2127 

Trees, Richard E. Hfs formulas for LS coupling—111, 1746(E) 

—— Low even configurations in first spectrum of Re (Re 1)— 
112, 165 

Treiman, S. B. Recoil effects in K capture and 8 decay—110, 
448 


110, 


M49, AND t12 


—— (see Federbush, P.)—112, 642 

—— (see Goldberger, M. L.)—110, 1178; 110, 1478(L); 111, 
354 

—— (see Khuri, N. N.)—109, 198 

—— (see Pais, A.)—109, 1759 

Troubetzkoy, E. S. (see Rae, E. R.)—112, 492 

True, William W. and Kenneth W. Ford. Shell-model theory 
of Pb?%—109, 1675 

Truell, Rohn and Raymond Bayer. Evidence for dislocation 
breakaway in pure Al—110, 1206(L) 
—— (see Einspruch, Norman G.)—109, 652 

Tucker, Ronald F., Jr. Paramagnetic resonance study of 
Cu-doped AgCl—112, 725 

Turkevich, Anthony (see Metropolis, N.)—110, 185; 110, 204 

Turkot, F. (see Heinberg, M.)—110, 1211(L) 

Tuzzolino, Anthony J. Piezoresistance constants of n-type 
InAs—112, 30 

—— Piezoresistance constants of p-type InSb—109, 1980 

Tweet, A. G. Precipitation of Cu in Ge. II. Supersaturation 
effects—111, 57 

—— Precipitation of Cu in Ge. III. Quench effects in nearly 
perfect crystals—111, 67 

Tycko, D. H., L. H. Thomas, and K. M. King. Numerical 
calculation of the wave functions and energies of 14S and 
2°S states of He—109, 369 


Uberall, H. (see Fronsdal, C.)—111, 580 

Ufford, C. W. and H. B. Callen. Orbit-orbit interactions in 
atomic spectra—110, 1352 

—— (see Innes, F. R.)—111, 194 

Ulrich, J. P. (see Johnson, C. H.)—109, 1243 

Umezawa, Hiroomi (see Konuma, Michiji)—109, 1404 (L) 

—— (see Scarf, F. L.)—109, 1848 

Unik, J. P. (see Gallagher, C. J., Jr.)—110, 725; 111, 1746(E) 

Unna, I. and I. Talmi. Energies of ground and excited nuclear 
configurations in first py region—112, 452 

Urstein, T. (see Bosch, H.)—111, 898 


Vallarta, M. S., R. Gail, and J. Lifshitz. Geomagnetic co- 
ordinates and cosmic radiation—109, 1403(L) 

Vandenbosch, Robert and Glenn T. Seaborg. Considerations 
on probability of nuclear fission—110, 507 

——, T. D. Thomas, S. E. Vandenbosch, R. A. Glass, and 
G. T. Seaborg. Spallation-fission competition in heaviest 
elements ; He ion-induced reactions in U isotopes—111, 1358 

Vandenbosch, S. E. (see Vandenbosch, R.)—111, 1358 

van der Leun, C. and P. M. Endt. Investigation of four 
resonances in reaction Si?*(p,y)P®°—110, 96 

Vanderslice, J. T. (see Mason, E. A.)—112, 445 

van Heerden, I. J. (see Reitmann, D.)—110, 1093 

Van Heyningen, R. S. and Frederick C. Brown. Transient 
photoconductivity in AgCl at low temperatures—111, 462 

van Kampen, N. G. Thermal fluctuations in nonlinear system 
—110, 319 

Van Patter, D. M. (see Porter, W. C.)—112, 468 

van Rossum, Ludwig (see Kerth, Leroy T.)—109, 1784 

van Vliet, K. M. Derivation of fluctuation-dissipation theorem 
—109, 1021 

—— Irreversible thermodynamics and carrier density fluctua- 
tions in semiconductors—110, 50 

Varma, R. K. (see Murty, G. S.)—112, 1789 

Varshni, Y. P. (see Sodha, M. S.)—111, 1203 

Vaughan, W. H., W. J. Leivo, and R. Smoluchowski. Density 
and hardness changes produced by plastic deformation in 
KCI crystals—110, 652 

Vedam, K. (see Hoshino, S.)—112, 405 

—— (see Pepinsky, R.)—110, 1309; 111, 430; 111, 1467; 111, 
1508 

Vegors, Stanley H., Jr. (see Duffield, Robert B.)—112, 1958 

Verma, G. S. and K. Tokunaga. Antiferromagnetism of 
CuF;-2H:O—112, 1521 





AUTHOR 


Vervier, J. F. and A. Martegani. Total neutron cross sections 
near 14 Mev—109, 947 

Vette, J. I. Photoproduction of neutral pions at energies 500 
to 940 Mev—111, 622 

Vigier, Jean-Pierre (see Bohm, David)—109, 1882 

Vineyard, George H. Scattering of slow neutrons by liquid— 
110, 999 

Vise, J. B. (see Koller, N. Benczer)—109, 85 

Vogelsang, W. F. and J. N. McGruer. Angular distributions 
from deuteron-induced reactions in Na—109, 1663 

Vogt, Erich. Resonance theory of neutron cross sections of 
fissionable nuclei—112, 203 

Vook, Richard and Charles Wert. Expansion of Cu upon low- 
temperature deuteron irradiation—109, 1529 

Vorona, J. (see Olness, J. W.)—112, 475 


Wagner, M. D. (see Marton, L.)—110, 1057 
Wagner, P. E. (see Chester, P. F.)—110, 281(L) 
Waldron, R. D. (see Balkanski, M.)—112, 123 
Walker, R. L. (see Brody, H. M.)—110, 1213(L) 
—— (see Donoho, P. L.)—112, 981 
Walker, R. M. (see Corbett, J. W.)—110, 767(L) 
Wallmann, J. C. (see Abraham, M.)—112, 553 
Walmsley, R. H. and C. T. Lane. Angular momentum of liquid 
He—112, 1041 
Wang, Yenking (see Green, Louis C.)—112, 1187 
Wangsness, Roald K. Effective parameters in ferrimagnetic 
resonance—111, 813 
Waniek, R. W. (see Beghian, L. E.)—110, 1479(L) 
Wapstra, A. H. (see Boehm, F.)—109, 456 
Warburton, E. K. and H. J. Rose. y rays from C'*+d and 
excited states of C'*—109, 1199 
Ward, A. L. Effect of space charge in cold-cathode gas dis- 
charges—112, 1852 
Waring, R. K. (see Jarrett, H. S.)—111, 1223 
Warren, B. (see Knight, J. D.)—112, 259 
Wataghin, A. (see Lannutti, Joseph E.)—109, 2121 
Wataghin, V. (see Fubini, S.)—111, 329 
Watanabe, Hiroshi (see Marton, L.)—110, 1057 
Watanabe, Satosi (see Tanikawa, Yasutaka)—110, 289(L) 
Waters, Paul M. Kinetic ejection of electrons from W by Cs 
and Li ions—111, 1053 
—— Kinetic ejection of electrons from W by Cs ions—109, 
1466 
Waterstrat, R. M. (see Kasper, J. S.)—109, 1551 
Watkins, G. D. Sign of cubic field splitting for Mn** in ZnS— 
110, 986(L) 
Watson, Richard E. Analytic Hartree-Fock solutions for Om 
111, 1108 
— (see Nesbet, R. K.)—110, 1073 
Watson, W. K. R. (see Karzas, W. J.)—110, 253 
— (see Norton, R. E.)—110, 996(L) 
Watson, W. W. (see Moran, Thomas I.)—109, 1184; 111, 380 
Weber, Gustav. Energy spectrum of a particles from Li’?+d 
at Ez=1.0 Mev—110, 529 
Weger, M. and W. Low. Paramagnetic resonance spectrum of 
Gd in hydrated lanthanum trichloride—111, 1526 
Wehner, Gottfried K. Low-energy sputtering yield in Hg— 
112, 1120 
Wei, Chuan-Tseng, Chin-Huan Cheng, and Paul A. Beck. 
Specific heat of face-centered cubic Mn-Fe alloy at liquid 
He temperatures—112, 696 
Weil, J. L. and K. W. Jones. N'(d,n)O'® and N'*(d,n)O"* 
reactions—112, 1975 
—— and K. W. Jones. Total neutron cross sections of Mg, 
Al, Fe, Cu, Zn, Mo, and Pb from 4 to 8 Mev—110, 466 
———. (see Jones, K. W.)—112, 1252 
Weinberg, Steven. Charge symmetry of weak interactions— 
112, 1375 
—— Time-reversal invariance and 62° decay—110, 782(L) 
—— (see Okubo, S.)—112, 665 


INDEX 2167 


Weinman, James A. and Edward A. Silverstein. Elastic 
scattering of a particles by C'*—111, 277 

—— (see Windham, P. M.)—109, 1193 

Weisberg, Leonard R. and S. L. Quimby. Ordering and dis- 
ordering processes in CusAu. I—110, 338 

Weiss, M. S. (see Fuller, E. G.)—112, 554; 112, 560 

Weiss, P. R. and Elihu Abrahams. Correlation of electron 
amplitudes in impure metals—111, 722 

——— (see Slonczewski, J. C.)—109, 272 

Weitzner, H. Fundamental interactions and hyperfragments 
—110, 593(L) 

—— (see Brueckner, K. A.)—110, 431 

Welker, J. P. (see Perlman, M. L.)—110, 381 

Weneser, J. (see Church, E. L.)—109, 1299 

Wentzel, George. Meissner effect—111, 1488 

Wenzel, William A. (see Coombes, Charles A.)—112, 1303 

Wergeland, H. (see Hemmer, P. Chr.)—111, 689 

Werner, Frederick G. and John A. Wheeler. Super-heavy 
nuclei—109, 126 

Wert, Charles (see Vook, Richard)—109, 1529 

Wertheim, G. K. Electron-bombardment damage in Si—110, 
1272 

Neutron-bombardment damage in Si—111, 1500 
- Transient recombination of excess carriers in semi- 
conductors—109, 1086 

Wetherell, A. M. (see Brody, H. M.)—110, 1213(L) 

Whaley, R. M. (see Tatro, C. A.)—112, 932 

Wheatley, J. C. (see Estle, T. L.)—112, 1576 

Wheeler, John A. (see Werner, Frederick G.)—109, 126 

Whetstone, A. and J. Halpern. Angular distribution of 
photoprotons from deuterium from 9 to 23 Mev—109, 2072 

Whetstone, Stanley L., Jr. (see Stein, William E.)—110, 476 

White, David, Chien Chou, and H. L. Johnston. Heat capacity 
in normal and superconducting states and critical field of Ta 
—109, 797 

—— (see Chou, Chien)—109, 788 

White, F. A., F. M. Rourke, J. C. Sheffield, R. P. Schuman, 
and J. R. Huizenga. Absolute energy measurement of a 
particles from Po**°—109, 437 

White, G. K., S. B. Woods, and M. T. Elford. Thermal 
conductivity of Se at low temperatures—112, 111 

White, H. (see Agnew, L.)—110, 994(L) 

White, Harrison C. Atomic force constants of Cu from Feyn- 
man’s theorem—112, 1092 

White, J. A. (see Drake, C. W.)—112, 1627 

White, J. G. (see Ellis, S. G.)—109, 1860(L) 

White, R. Stephen (see Gilbert, Francis C.)—109, 1770 

Whitehead, C., W. R. McMurray, M. J. Aitken, N. Middle- 
mas, and C. H. Collie. Ejection of photoprotons from light 
elements by 45-110 Mev bremsstrahlung—110, 941 

Whitehead, W. D. (see Aull, L. B.)—110, 1113 

Whitten, R. C. and M. M. Block. x~-p interactions at 1.85 
Bev/c—111, 1676 

Wichmann, Eyvind H. (see Karplus, Robert)—111, 1187 

Wiedenbeck, M. L. (see Arns, R. G.)—111, 1631; 112, 229 

—— (see Funk, E. G., Jr.)—109, 922; 112, 1247 

——— (see Hickman, G. D.)—111, 539 

Wieder, H. H. Ferroelectric polarization reversal in Rochelle 
salt—110, 29 

Wiegand, C. (see Agnew, L.)—110, 994(L) 

Wiegand, D. A. and R. Smoluchowski. Evidence for inter- 
stitials in low-temperature x-ray irradiated LiF—110, 
991(L) 

Wigner, E. P. (see Salecker, H.)—109, 571 

Wikner, E. G. and T. P. Das. Antishielding of nuclear quadru- 
pole moments in heavy ions—109, 360 

Wilets, Lawrence (see Chase, D. M.)—110, 1080 

——— (see Rotenberg, Manuel)—110, 1126 

Wilkinson, D. H. Parity conservation in strong interactions: 
introduction and reaction He*(d,y)Li*—109, 1603 





VOLUMES 


2168 109, 


—— Parity conservation in strong interactions: reactions 
B" (p,p’)B™* 2.44 and F!9(p,a)O"*, :—109, 1610 

—— Parity conservation in strong interactions: reactions 
Li? (p,p’) Li? o.477—109, 1614 

Wilkinson, M. K. (see Koehler, W. C.)—110, 37 

—— (see Wollan, E. O.)—110, 638; 112, 1132 

Wilkinson, Roger G. (see Cressman, Paul J.)—109, 872 

Willard, H. B. (see Wills, J. E., Jr.)—109, 891 

Willardson, R. K. (see Beer, A. C.)—110, 1286 

Wille, R. G. and R. W. Fink. Two new promethium isotopes; 
cross sections of some Sm isotopes for 14.8-Mev neutrons— 
112, 1950 

Williams, H. Bartel (see Hatch, Albert J.)—112, 681 

Williams, John H. and Morton K. Brussel. Elastic scattering 
of 40-Mev protons by deuterons—110, 136 

Williams, R. E. (see Baker, W. F.)—112, 1763 

Williamson, Claude F., Emmett L. Hudspeth, I. L. Morgan, 
and R. G. Moore. Activation cross section for reaction 
Na**(n,p)Ne**—110, 139 

Wills, J. E., Jr., J. K. Bair, H. O. Cohn, and H. B. Willard. 
Scattering of fast neutrons from C!* and F!*—109, 891 

Wilson, Robert R. Possible new isobaric state of proton—110, 
1212(L) 

—— (see Heinberg, M.)—110, 1211(L) 

Winckler, J. R., L. Peterson, R. Arnoldy, and R. Hoffman. 
X-rays from visible aurorae at Minneapolis—110, 1221 

Windham, P. M., P. J. Joseph, and J. A. Weinman. Negative 
He ions—109, 1193 

Wing, J., C. M. Stevens, and J. R. Huizenga. Radioactivity 
of Pb?**—111, 590 

Winick, H. (see Sachs, A. M.)—109, 1733; 109, 1750 

Wisner, Robert J. (see Greeu, Louis C.)—112, 1187 

Wolff, Milo M. and William E. Stephens. y-ray absorption in 
C—112, 890 

Wolff, P. A. Theory of plasma resonance in solids—112, 66 

Wolfgang, R. L. (see Rowland, F. S.)—110, 175 

Wolfsberg, M. (see Perlman, M. L.)—110, 381 

Wolga, G. J. (see Strandberg, M. W. P.)—109, 1988 

Wolicki, E. A. (see Johnston, R. L.)—109, 884 

Wollan, E. O. Correlations suggesting d-shell configuration 
and magnetic exchange mechanism in Fe group metals— 
110, 1205(L) 

, H. R. Child, W. C. Koehler, and M. K. Wilkinson. 
Antiferromagnetic properties of Fe group trifluorides—112, 
1132 

——, W. C. Koehler, and M. K. Wilkinson. Neutron diffrac- 
tion study of magnetic properties of MnBrz—110, 638 
(see Koehler, W. C.)—110, 37 
Wolley, E. D. (see Ruby, S. L.)—111, 1493 
Wong, C. (see Anderson, J. D.)—110, 160; 111, 572 
—— (see Nakada, M. P.)—110, 594(L); 110, 1439 
Woodruff, Truman O. (see Kanzig, Werner)—109, 220(L) 
Woods, R. M., Jr. (see Cork, J. M.)—110, 526 
Woods, S. B. (see White, G. K.)—112, 111 
Woodward, W. M. (see Heinberg, M.)—110, 1211(L) 
Wooten, B. A. (see Sachs, A. M.)—109, 1733; 109, 1750 
Worcester, J. L. (see Hubbs, J. C.)—109, 390; 110, 534 
Worlock, Robert M. (see Smythe, Rodman)—109, 518 
Wright, Byron T. (see Sun, C. R.)—109, 109 
Wu, C. S. (see Koller, N. Benczer)—109, 85 
Wyld, H. W., Jr. (see Frauenfelder, H.)—110, 451 
Wyluda, B. J. (see Shulman, R. G.)—109, 808 
Wyman, Marvin E., Edward M. Fryer, and Munson M. 
Thorpe. (n,t) cross sections for B'®, B", and Be*—112, 1264 
Wyman, Max and Hans Zassenhaus. Zero curvature tensor 
in Einstein's unified field theory—110, 228 


Yagoda, Herman. Energy spectrum of + mesons produced by 
interaction of cosmic radiation with emulsion nuclei—112, 
2087 

Yamada, M. (see Morita, M.)—111, 237 


110, 


wg, AND 212 

Yamaka, Eiso and Kenichi Sawamoto. Electrical conductivity 
of NiO near Curie temperature—112, 1861 

Yamashita, Jiro. Conductivity of nonpolar crystals in strong 
electric field. II—111, 1529 

——- Oxygen band in MgO—111, 733 

—— and J. Kondo. Superexchange interaction—109, 730 

Yamazaki, Kazuo (see Lieb, Elliott H.)—111, 728 

Yang, C. N. (see Bernstein, J.)—111, 313 

—— (see Goldhaber, M.)—112, 1796 

—— (see Lee, T. D.)—109, 1755; 112, 1419 

Yearian, H. J. (see Derbyshire, W. D.)—112, 1603 

Yearian, M. R. and Robert Hofstadter. Magnetic form factor 
of neutron—110, 552 

—— and Robert Hofstadter. Magnetic form factor of neutron 
at 600 Mev—111, 934 

Yennie, D. R. (see Fried, H. M.)—112, 1391 

Yevick, George J. (see Percus, Jerome K.)—110, 1 

Yilmaz, Huseyin. New approach to general relativity 
1417 

Yntema, J. L. (see Schiffer, J. P.)—110, 1216(L) 

Yos, Jerrold M. Specificity of charge fluctuation forces. II— 
110, 800 

—— (see Jehle, Herbert)—110, 793 

Yoshinaka, Yéichir6 (see Koga, Issac)—109, 1467 

Yosida, Kei. Paramagnetic susceptibility in superconductors— 
110, 769(L) 

——— Theory of superconductivity—111, 1255 

Young, James E. Perturbation expansions in formal theory of 
scattering—109, 2141 

Young, Otis B. and Fred E. Harvey. Charge spectrum, mean 
free paths, and flux of heavy primary cosmic rays at top of 
atmosphere—109, 529 

Young, W. H. and N. H. March. Perturbation theory in wave 

” mechanics—109, 1854 

Ypsilantis, T. (see Agnew, L.)—110, 994(L) 

Yuan, Luke C. L. (see Lindenbaum, S. J.)—111, 1380 

Yuster, P. H. (see Delbecq, C. J.)—111, 1235 


111, 


Zachariasen, Fredrik (see Chew, Geoffrey F.)—110, 265 

—— (see Drell, S. D.)—111, 1727 

—— (see Karzas, W. J.)—110, 253 

Zachariasen, R. Decay of K mesons as test of universal Fermi 
interaction—110, 1481 (L) 

Zachariasen, W. H. (see Matthias, B. T.)—112, 89 

Zassenhaus, Hans (see Wyman, Max)—110, 228 

Zdanis, Richard (see Meissner, Hans)—109, 681 

Zeidman, B. and J. M. Fowler. Angular distributions from 
deuteron bombardment of Be and B—112, 2020 
—— (see Schiffer, J. P.)—110, 1216(L) 

Zeldes, Henry (see Trammell, G. T.)—110, 630 

Zemach, A. C. (see Mazo, R. M.)—109, 1564 

Zemansky, M. W. (see Berman, A.)—109, 70 

Zemel, Jay N. Surface transport theory—112, 762 

——— and Richard L. Petritz. Magneto-surface experiments on 
Ge—1263 

Zimmerman, R. L. (see Fox, J. D.)—110, 1472(L) 

—— (see Seth, K. K.)—110, 692 

Zipoy, D. M. 9.51-Mev level in N'*—110, 995(L) 

—— (see Freier, G. D.)—110, 446 

—— (see Heinberg, M.)—110, 1211(L) 

Zitter, R. N. Role of traps in photoelectromagnetic and photo- 
conductive effects—112, 852 

Zollweg, R. J. Optical absorption and photoemission of barium 
and strontium exides, sulfides, selenides, and tellurides— 
111, 113 

Zorn, G. T. (see Hornbostel, J.)—109, 165; 112, 1311 

Zumino, Bruno (see Liiders, Gerhart)—110, 1450 

Zwerdling, Solomon, Laura M. Roth, and Benjamin Lax. 
Direct transition exciton and fine structure of magneto- 
absorption spectrum in Ge—109, 2207(L) 





PHYSICAL REVIEW VOLUME 112, 


NUMBER 6 DECEMBER 15, 1958 


Analytic Subject Index to Volume 112 


References with (L) are to Letters to the Editor; references with (E) are to Errata. Items are listed under the following categories: 


Acoustics Helium, Liquid 

Astrophysics 

Atomic and Molecular Beams 

Atomic Mass and Abundance 

Atomic Structure and Spectra 

Biophysics 

Chemical Effects and Properties 

Constants, Standards, Units 

Cosmic Radiation 

Crystalline State 

Dielectrics and Dielectric Properties 

Diffraction 

Diffusion 

Elasticity and Plasticity 

Electrical Conductivity and Resistance 

Electrical Discharges 

Electrical Properties 

Electromagnetic Theory and Electro- 
dynamics 

Electrons and Positrons 

Elementary Particle Interactions 

Errata 

Field Theory 

Films, Properties 

Fluid Dynamics 

Gamma Rays 

Gases 

Geophysics 


Ionization 
Ions 


Liquids 
Luminescence 


Mechanics 


Microwaves 
Miscellaneous 


Noise 
Nuclear Fission 


Nuclear Reactions 
Particles and He’ 


Absorption of Radiation (see Optical Properties; Radiation) 
Acoustics 
Elastic constants of KI and KCl, M. H. Norwood and 
C. V. Briscoe—45 
Magnetic field dependence of ultrasonic attenuation in 
metals at low temperatures, Sergio Rodriquez—80 
Mechanical resonance dispersion in quartz at audio-fre- 
quencies, Edwin R. Fitzgerald—765 
Mechanical resonance dispersion in single crystals, Edwin 
R. Fitzgerald—1063 
Adsorption (see Gases) 
Aerodynamics (see Fluid Dynamics) 
Afterglow (see Electrical Discharges) 
Alloys (see Crystalline State) 
Annihilation (see Electrons and Positrons) 
Antiferroelectric Phenomena (see Dielectrics and Dielectric 
Properties) 
Antiferromagnetism (see Magnetic Propefties) 
Antineutrinos (see Neutrinos and Antineutrinos) 
Antineutrons (see Elementary Particle Interactions) 
Antiprotons (see Elementary Particle Interactions) 
Arcs (see Electrical Discharges) 
Astrophysics 
Acceleration of cosmic radiation, G. S. Murty and R. K. 
Varma—1789 
Interplanetary magnetic field and its control of cosmic-ray 
variations, J. H. Piddington—589 
Suprathermal particle production by binary stars, D. A. 
Tidman—1759 
Suprathermal particles. III. Electrons, E. N. Parker—1429 
Atmosphere (see Geophysics) 


Imperfections in Solids 


Ions and Electrons, Mobility 


Magnetic Properties 
Magnetic Resonance 
Mathematical Methods 


Mesons and Hyperons 
Methods and [Instruments 


Molecular Aggregates 
Molecular Structure and Spectra 
Neutrinos and Antineutrinos 


Nuclear Moments and Spin 
Nuclear Photoeffects 
Nuclear Reactions, General 


Nuclear Reactions Induced by Deu- 
terons and Tritons 


Nuclear Reactions Induced by Mesons 
and Hyperons 

Nuclear Reactions Induced by Neu- 
trons 

Nuclear Reactions Induced by Protons 

Nuclear Spectra 

Nuclear Structure Theory 

Optical Properties 

Quantum Electrodynamics 

Quantum Mechanics 

Radiation 

Radioactivity 

Range and Energy Loss 

Relativity and Gravitation 

Scattering, General 

Scattering of a Particles 

Scattering of Deuterons and Tritons 

Scattering of Electrons and Positrons 

Scattering of Mesons and Hyperons 

Scattering of Neutrons 

Scattering of Protons 

Semiconductors 

Spectra, General 

Statistical Mechanics 
dynamics 

Superconductivity 

Thermal Properties 

X-Rays 


and Thermo- 


Induced by a 


Atomic and Molecular Beams 
Hfs separations and magnetic moments of Cs!’, Cs!9, 
Cs’, and Cs'*, William A. Nierenberg, Howard A. 
Shugart, Henry B. Silsbee, and R. J. Sunderland—186 
Magnetic moment of He in its *S,; metastable state, C. W. 
Drake, V. W. Hughes, A. Lurio, and J. A. White—1627 
Radio-frequency spectra of HD in strong magnetic fields, 
W. E. Quinn, J. M. Baker, J. T. LaTourrette, and N. F 
Ramsey—1929 
Atomic Mass and Abundance 
Atomic Structure and Spectra 
Asymptotic solution of Thomas-Fermi equation for large 
atom radius, J. J. Gilvarry and N. H. March—140 
Correlation energies of some He- and Ne-like systems, 
Anders Fréman—870 
Detection of @-E energy shift in positronium formed from 
polarized positrons, Felix E. Obenshain and Lorne A. 
Page—179 
Effect on energy of increased flexibility in separable factor 
of Hylleraas-type atomic wave function from H~ to 
Ovi, Louis C. Green, Satoshi Matsushima, Cynthia 
Stephens, Eleanor K. Kolchin, Majorie M. Kohler, 
Yenking Wang, Barbara B. Baldwin, and Robert J. 
Wisner—1187 
Effects of electric dipole moment of electron on H energy 
levels, G. Feinberg—1637 
Frequency shift of zero-field hyperfine splitting of Cs! 
produced by various buffer gases, M. Arditi and T. R. 
Carver—449 
General impact theory of pressure broadening, Michel 
Baranger—855 
Ground state of two-electron atoms, C. L. Pekeris—1649 


2169 





2170 


Atomic Structure and Spectra (Continued) 

K series x-ray wavelengths in rare earth elements, E. L. 
Chupp, J. W. M. DuMond, F. J. Gordon, R. C. Jopson, 
and Hans Mark—1183 

Low even configurations in first spectrum of Re (Re1), 
Richard E. Trees—165 

Magnetic moment of He in its *S; metastable state, C. W. 
Drake, V. W. Hughes, A. Lurio, and J. A. White—1627 

Narrow hyperfine absorption lines for Cs‘ in various buffer 
gases, E. C. Beaty, P. L. Bender, and A. R. Chi—450 

New techniques in Lamb shift calculation, H. M. Fried 
and D. R. Yennie—1391 

Quenching of positronium lifetimes by molecular Ip, C. R. 
Hatcher and W. E. Millett—1924 

Some atomic effects of electronic dipole moment, E. E. 
Salpeter—1642 

Auger Effect (see Atomic Structure and Spectra; X-Rays) 
Aurora (see Astrophysics; Geophysics) 


Barkhausen Effect (see Magnetic Properties) 

Biophysics 

Boson Theory (see Field Theory) 

Bremsstrahlung (see Radiation) 

Broadening of Spectral Lines (see Atomic Structure and 
Spectra; Molecular Structure and Spectra; Spectra, 
General 


Capture Cross Sections (see Electrons and Positrons; Nuclear 
Reactions; Radiation) 
Cerenkov Effect (see Radiation) 
Chemical Effects and Properties 
Chemical Reactions (see Chemical Effects and Properties) 
Chemiluminescence (see Luminescence) 
Cold Emission (see Electrical Properties) 
Colloids (see Chemical Effects and Properties; Molecular 
Aggregates) 
Compton Effect (see Radiation) 
Conductivity, Electrical (see Electrical Conductivity and 
Resistance) 
Conductivity, Thermal (see Thermal Properties) 
Constants, Standards, Units 
Cosmic Radiation (see also Mesons and Hyperons) 
Acceleration of cosmic radiation, G. S. Murty and R. K. 
Varma—1789 
Electron number distribution in electron-photon showers, 
J. C. Butcher and H. Messel—2096 
Energy spectrum of x mesons produced by interaction of 
cosmic radiation with emulsion nuclei, Herman Yagoda— 
2087 
Flux of cosmic-ray particles with Z22 over Texas, A. 
Engler, M. F. Kaplon, and J. Klarmann—597 
Interplanetary magnetic field and its control of cosmic-ray 
variations, J. H. Piddington—589 
Production of He in Fe meteorites by action of cosmic rays, 
John H. Hoffman and Alfred O. Nier—2112 
Some measurements of atmospheric neutrons, John D. 
Gabbe—497 
Suprathermal particle production by binary stars, D. A. 
Tidman—1759 
Unusual cosmic-ray intensity fluctuations observed at 
southern stations during October 2ist-24th, 1957, K. G. 
McCracken and N. R. Parsons—1798 
Variations in cosmic-ray nucleonic intensity, J. A. Lock- 
wood—1750 
Cosmology (see Astrophysics; Relativity and Gravitation) 
Coulomb Excitation (see Nuclear Reactions; Nuclear Spectra) 
Critical Potentials (see Atomic Structure and Spectra; Molecu- 
lar Structure and Spectra) 
Cross Section (see Electrons and Positrons; Nuclear Reac- 
tions; Radiation; Scattering) 


VOLUME 


112 


Crystal Counters (see Methods and Instruments) 
Crystalline State (see also Electrical Properties; Imperfections 
in Solids; Magnetic Properties; Semiconductors; etc.) 
Analysis of galvanomagnetic de Haas-van Alphen type 
oscillations in graphite, D. E. Soule—708 
Analysis of multicarrier galvanomagnetic data for graphite, 
J. W. McClure—715 
Approximate wave functions for U center by point-ion- 
lattice method, Barry S. Gourary—337 
Atomic force constants of Cu from Feynman's theorem, 
Harrison C. White—1092 
Cohesive energy and wave functions for Rb, Joseph Calla- 
way and Daniel F. Morgan, Jr.—334 
Computation of principal components of asymmetric 4q 
tensor from paramagnetic resonance data, J. E. Geusic 
and L. Carlton Brown—64 
Correlation of annihilation radiation in oriented single 
metal crystals, Stephan Berko and John S. Plaskett—1877 
Dynamical theory of diffusion in crystals, Stuart A. Rice— 


Dynamics of interacting spin system, Robert T. Schu- 
macher—837 

Electron energy bands in Na, Joseph Callaway—322 

Electron paramagnetic resonance of Mn** in hexagonal 
ZnO and CdS single crystals, Paul B. Dorain—1058 

Electron self-energy approach to correlation in degenerate 
electron gas, John J. Quinn and Richard A. Ferrell—812 

Electron wave functions in metallic Cs, Joseph Callaway— 
1061 

Energy-band interpolation scheme based on pseudopoten- 
tial, James C. Phillips—685 

Energy bands in solids—quantum defect method, Harvey 
Brooks and Frank S. Ham—344 

Entropy of vacancies in ionic crystals, O. Theimer—1857 

Fourier coefficients of crystal potentials, Joseph Callaway 
and M. L. Glasser—73 

Fundamental absorption edge in CdS, David Dutton—785 

Hall effect, magnetoresistance, and size effects in Cu, Ted 
G. Berlincourt—381 

Influence of electron interactions on metallic properties, 
‘John G. Fletcher and David C. Larson-——2139(E) 

Influence of mass ratio on displacement cascades in diatomic 
solids, E. M. Baroody—1571 

Inversion symmetry of M and R centers, A. W. Overhauser 
and H. Riichardt—722 

Lorentzian gas and hot electrons, I. Adawi—1567 

Magnetic field dependence of Hall effect and magnetoresist- 
ance in graphite single crystals, D. E. Soule—698 

Magnetic field dependence of ultrasonic attenuation in 
metals at low temperatures, Sergio Rodriquez—80 

Magnetic structure and vacancy distribution in y-Fe:0; 
by neutron diffraction, G. A. Ferguson, Jr., and M. 
Hass—1130 

Magnetic structure of Fe,N, B. C. Frazer—751 

Magnetic susceptibility of electron gas at high density, 
K. A. Brueckner and K. Sawada—328 

Magnetocrystalline anisotropy constants of Fe at room 
temperature and below, C. D. Graham, Jr.—1117 

Mechanical resonance dispersion in quartz at audio-fre- 
quencies, Edwin R. Fitzgerald—765 

Mechanical resonance dispersion in single crystals, Edwin 
R. Fitzgerald—1063 

New soluble energy band problem, Frederick L. Scarf—113; 

Paramagnetic resonance study of Cu-doped AgCl, Ronald 
F. Tucker, Jr.—725 

Some low-temperature properties of R, M, and N centers 
in KCl and NaCl, W. Dale Compton and Clifford C. 
Klick—1620 

Spin-lattice relaxation time for I in KI, C. V. Briscoe 
and C, F. Squire—1540 





ANALYTIC SUBJECT 


Study of reactor-irradiated a-Al,O;, J. J. Antal and A. N. 
Goland—103 

Symmetry of magnetic structures: magnetic structure of 
chalcopyrite, G. Donnay, L. M. Corliss, J. D. H. Donnay, 
N. Elliott, and J. M. Hastings—1917 

Theory of contribution of excitons to complex dielectric 
constant of crystals, J. J. Hopfield—1555 

Theory of cyclotron resonance in metals, Sergio Rodriquez— 
1616 

Theory of dielectric constants of alkali halide crystals, B. G. 
Dick, Jr., and A. W. Overhauser—90 

Theory of plasma resonance, in solids, P. A. Wolff—66 

Theory of solid Ne, A, Kr, and Xe at 0°, Newton Ber- 
nardes—1534 

Thermal expansion of some crystals with diamond struc- 
ture, D. F. Gibbons—136 ;—2139(E) 

Thermoelectric power and electron scattering in metal 
alloys. II, C. A. Domenicali—1863 

Transport in metals: effect of nonequilibrium phonons, 
M. Bailyn—1587 

Two Hall effects of Fe-Co alloys, Frank P. Beitel, Jr., and 
Emerson M. Pugh—1516 

Vacancy pairs in ionic crystals, A. B. Lidiard—54 

Variation of elastic constants of crystalline Al with tempera- 
ture between 63°K and 773°K, Paul M. Sutton—2139 
(E) 

X-ray diffraction and magnetic measurements of Fe-Cr 
spinels, W. D. Derbyshire and H. J. Yearian—1603 


Diamagnetism (see Magnetic Properties) 
Dielectrics and Dielectric Properties 

Dielectric and thermal study of (NH,4)2SO, and (NH,)2BeF, 
transitions, §. Hoshino, K. Vedam, Y. Okaya, and R. 
Pepinsky—405 

Mechanical resonance dispersion in quartz at audio-fre- 
quencies, Edwin R. Fitzgerald—765 

Mechanical resonance dispersion in single crystals, Edwin 
R. Fitzgerald—1063 

Molecular theory of dielectric constant, Laurens Jansen— 
434 

Piezoresistance constants of n-type InAs, A. J. Tuzzolino— 
30 

Piezoresistance in n-type GaAs, A. Sagar—1533 

Theory of contribution of excitons to complex dielectric 
constant of crystals, J. J. Hopfield—1555 

Theory of dielectric constants of alkali halide crystals, 
B. G. Dick, Jr., and A. W. Overhauser—90 

Transition to ferroelectric state in BaTiO;, D. Meyerhofer— 
413 

Velocity of sidewise 180° domain wall motion in BaTiO; as 
function of applied electric field, Robert C. Miller and 
Albert Savage—755 

Diffraction (see also Scattering) 

Antiferromagnetic properties of Fe group trifluorides, E. O. 
Wollan, H. R. Child, W. C. Koehler, and M. K. Wilkin- 
son—1132 

Magnetic structure and vacancy distribution in y-Fe:O; 
by neutron diffraction, G. A. Ferguson, Jr., and M. 
Hass—1130 

Magnetic structure of Fe,N, B. C. Frazer—751 

X-ray diffraction and magnetic measurements of Fe-Cr 
spinels, W. D. Derbyshire and H. J. Yearian—1603 

Diffusion 

Dynamical theory of diffusion in crystals, Stuart A. Rice— 
804 

Plasma oscillations with diffusion in velocity space, A. 
Lenard and Ira B. Bernstein—1456 

Discharge of Electricity in Gases (see Electrical Discharges) 

Disintegration and Excitation of Nucleus (see Nuclear Reac- 
tions) 

Dynamics (see Mechanics) 


INDEX 2171 
Elasticity and Plasticity 
Atomic force constants of Cu from Feynman’s theorem, 
Harrison C. White—1092 
Elastic constants of a-brasses. Room-temperature variation 
with solute concentration, John A. Rayne—1125 
Elastic constants of KI and KCl, M. H. Norwood and C. 
V. Briscoe—45 
Mechanical resonance dispersion in quartz at audio-fre- 
quencies, Edwin R. Fitzgerald—765 
Mechanical resonance dispersion in single crystals, Edwin 
R. Fitzgerald—1063 
Piezoresistance in n-type GaAs, A. Sagar—1533 
Theory of solid Ne, A, Kr, and Xe at 0°K, Newton Ber- 
nardes—1534 
Variation of elastic constants of crystalline Al with tem- 
perature between 63°K and 773°K, Paul M. Sutton— 
2139(E) 
Electrical Breakdown (see Dielectrics and Dielectric Proper- 
ties; Electrical Discharges) 
Electrical Conductivity and Resistance (see also Electrical 
Properties; Semiconductors; Superconductors) 
Analysis of galvanomagnetic de Haas-van Alphen type 
oscillations in graphite, D. E. Soule—708 
Analysis of multicarrier galvanomagnetic data for graphite, 
J. W. McClure—715 
Electrical conductivity of NiO near Curie temperature, 
Eiso Yamaka and Kenichi Sawamoto—1861 
Hall effect, magnetoresistance, and size effects in Cu, Ted 
G. Berlincourt—381 
Internal photoeffect and exciton diffusion in Cd and Zn 
sulfides, M. Balkanski and R. D. Waldron—123 
Magnetic field dependence of Hall effect and magnetoresist- 
ance in graphite single crystals, D. E. Soule—698 
Magnetoresistance in n-type Ge at low temperatures, 
R. A. Laff and H. Y. Fan—317 
Magnetoresistance in PbS, PbSe, and PbTe at 295°, 77.4°, 
and 4.2°K, Robert S. Allgaier—828 
Optical absorption and photoconductivity in MgO crystals, 
W. T. Peria—423 
Photoconduction and surface effects with ZnO crystals, 
R. J. Collins and D. G. Thomas—388 
Photoemissive, photoconductive, and optical absorption 
studies of alkali-antimony compounds, W. E. Spicer—114 
Role of traps in photoelectromagnetic and photoconductive 
effects, R. N. Zitter—852 
Surface transport theory, Jay N. Zemel—762 
Theory of Hall effect in ferromagnetic substances, J. M. 
Luttinger—739 
Transport in metals: effect of nonequilibrium phonons, 
M. Bailyn—1587 
Two Hall effects of Fe-Co alloys, Frank P. Beitel, Jr., and 
Emerson M. Pugh—1516 
Electrical Discharges 
Beam-plasma interaction, D. W. Mahaffey, G. McCullagh, 
and K. G. Emeleus—1052 
Conductivity of plasmas to microwaves, Edward A. Desloge, 
Steven W. Matthysse, and Henry Margenau—1437 
Drift velocity of electrons in Hg vapor and Hg vapor-CO: 
mixtures, C. W. McCutchen—1848 
Effect of space charge in cold-cathode gas discharges, A. L. 
Ward—1852 
Hydromagnetic equations for two isotopes in completely 
ionized gas, Joseph Slepian—1441 
Kinematics of growing waves, P. A. Sturrock—1488 
Magnetically confined plasmas, A. C. Kolb—291 
Microwave propagation in hot magneto-plasmas, J. E. 
Drummond—1460 
Multipacting modes of high-frequency gaseous breakdown, 
Albert J. Hatch and H. Bartel Williams—681 





2172 VOLUME 


Electrical Discharges (Continued) 

Plasma oscillations with diffusion in velocity space, A. 
Lenard and Ira B. Bernstein—1456 

Suprathermal particles. II, E. N. Parker and D. A. Tidman 
—1048; III. Electrons, E. N. Parker—1429 

Thermal conductivity of electron gas in gaseous plasma, 
T. Sekiguchi and R. C. Herndon—1 

Transverse plasma waves and plasma vortices, O. Bune- 
man—1504 

Electrical Properties (see also Dielectrics and Dielectric 
Properties; Electrical Conductivity and Resistance; 
Semiconductors; Superconductors) 

Effect of magnetic field on thermionic emission from Mo, 
Joel Greenburg—1898 

Low-energy sputtering yield in Hg, Gottfried K. Wehner— 
1120 

Thermoelectric power and electron scattering in metal 
alloys. II, C. A. Domenicali—1863 

Electrodynamics (see Electromagnetic Theory and Electro- 
dynamics) 

Electroluminescence (see Luminescence) 

Electrolysis (see Chemical Effects and Properties) 

Electromagnetic Theory and Electrodynamics (see also 
Microwaves) 

Kinematics of growing waves, P. A. Sturrock—1488 

Electron Diffraction (see Diffraction; Scattering of Electrons 
and Positrons) 

Electron Optics (see Electromagnetic Theory and Electro- 
dynamics) 

Electronic Tubes (see Methods and Instruments) 

Electrons and Positrons (see also Electromagnetic Theory 
and Electrodynamics; Elementary Particle Interactions; 
Scattering of Electrons and Positrons) 

Correlation of annihilation radiation in oriented single 
metal crystals, Stephan Berko and John S. Plaskett—1877 

Detection of o-E energy shift in positronium formed from 
polarized positrons, Felix E. Obenshain and Lorne A. 
Page—179 

Effects of electric dipole moment of electron on H energy 
levels, G. Feinberg—1637 

Electron number distribution in electron-photon showers, 
J. C. Butcher and H. Messel—2096 

Quenching of positronium lifetimes by molecular I., C. R. 
Hatcher and W. E. Millet—1924 

Some atomic effects of electronic dipole moment, E. E. 
Salpeter—1642 

Temperature effect on positron annihilation in condensed 
matter, R. L. de Zafra and W. T. Joyner—19 

Wide-angle pair production and quantum electrodynamics 
at small distances, J. D. Bjorken, S. D. Drell, and S. C. 
Frautschi—1409 

Electrons, Mobility (see Ions and Electrons, Mobility) 

Electrons, Scattering of (see Scattering of Electrons and 
Positrons) 

Electrons, Secondary (see Electrical Properties) 

Electrons, Thermionic (see Electrical Properties) 

Electro-Optical Effects (see Optical Properties) 

Electrostriction (see Dielectrics and Dielectric Properties) 

Elementary Particle Interactions 

Antiproton-proton cross sections at 133, 197, 265, and 333 
Mev, Charles A. Coombes, Bruce Cork, William Gal- 
braith, Glen R. Lambertson, and William A. Wenzel— 
1303 

Charge properties of K-meson and hyperon decay inter- 
action, R. F. Sawyer—2135 

Charge symmetry of weak interactions, Steven Weinberg— 
1375 

Cross sections for associated production by protons, David 
Berley and George B. Collins—614 


112 


Decay modes of (8+) system, M. Goldhaber, T. D. Lee, 
and C. N. Yang—1796 

Determination of pion-nucleon scattering amplitude from 
dispersion relations and unitarity. General theory, 
S. Mandelstam—1344 

Discrepancy between x~-proton scattering and dispersion 
equation, Howard J. Schnitzer and George Salzman— 
1802 

Effects of electric dipole moment of electron on H energy 
levels, G. Feinberg—1637 

Electromagnetic effects in meson-nucleon scattering, R. A. 
Sorensen—1813 

Electromagnetic structure of nucleon, P. Federbush, M. L. 
Goldberger, and S. B. Treiman—642 

Electron-deuteron scattering by impulse approximation, 
A. Goldberg—618 

Electron scattering from deuteron and neutron-proton 
potential, John A. McIntyre and George R. Burleson— 
2077 

Example of production of *~ meson by K* meson, E. 
Helmy, J. H. Mulvey, D. J. Prowse, and D. H. Stork— 
1793 

Helicity of electron and positron in muon decay, Pierre C. 
Macq, Kenneth M. Crowe, and Roy P. Haddock—2061 

Interaction current in strangeness-violating decays, S. 
Okubo, R. E. Marshak, E. C. G. Sudarshan, W. B. 
Teutsch, and S. Weinberg—665 

Internal pairs in capture of *~ by protons, Ronald M. 
Rockmore and John G. Taylor—992 

Inverse 8 decay and two-component neutrino, R. W. King 
and J. F. Perkins—963 

K,; and Ky; decay modes, M. Sugawara—2128 

Leptonic decay modes of hyperons, F. Eisler, R. Plano, 
A. Prodell, N. Samios, M. Schwartz, J. Steinberger, 
M. Conversi, P. Franzini, I. Manelli, R. Stangelo, and 
V. Silvestrini—979 

Meson exchange effects in two-nucleon states, R. E. Cut- 
kosky—1027 

Negative K-meson reactions with protons: masses of 
charged = hyperons and negative K meson, Walter H. 
Barkas, John N. Dyer, Peter C. Giles, Harry H. Heck- 
man, Conrad J. Mason, Norris A. Nickols, and Frances 
M. Smith—622 

Neutral vector meson and nucleon form factors and mag- 
netic moments, Robert W. Huff—1021 

Nuclear spin-electron-neutrino correlation in forbidden 8 
decay, Adam M. Bincer—244 

Photoproduction of K* mesons in hydrogen, P. L:. Donoho 
and R. L. Walker—981 

Photoproduction of neutral pions from H in energy range 
700-1100 Mev, H. H. Bingham and A. B. Clegg—2053 

x*-mesonic decay of hyperfragment, J. Schneps—1335 

x*+-p interactions in energy range around 500 Mev, M. E. 
Blevins, M. M. Block, and J. Leitner—1287 

Pion-hyperon scattering and K~-p reactions, Marc Ross— 
986 

Production of strange particles and antiparticles in nuclear 
interactions of very high energy (E~10" ev), E. Lohr- 
mann and M. W. Teucher—587 

Proposal for determining pion-nucleon coupling constant 
from angular distribution for nucleon-nucleon scattering, 
Geoffrey F. Chew—1380 

Radiative corrections to muon and neutron decay, S. M. 
Berman—267 

Relative parity of charged and neutral K-particles, A. 
Pais—624 

Relativistic field theory of unstable particles, P. T. Mat- 
thews and Abdus Salam—283 

Some atomic effects of electronic dipole moment, E. E. 
Salpeter—1642 





ANALYTIC SUSIECT 


Test of nature of vector interaction in B-decay, Murray 
Gell-Mann—2139(E) 
Tests for spin in decay of particles of arbitrary spin, Loyal 
Durand, III, Leon F. Landovitz, and Jack Leitner—273 
Two-pair decay and spin of neutral pion, David W. Joseph— 
2107 
Yields of K* and K~ mesons produced by 1.7- to 3-Bev 
protons, J. Hornbostel, E. O. Salant, and G. T. Zorn— 
1311 
Elements (see Atomic Mass and Abundance) 
Energy Loss of Particles (see Range and Energy Loss) 
Energy States of Atoms (see Atomic Structure and Spectra) 
Energy States of Molecules (see Molecular Structure and 
Spectra) 
Energy States of Nucleus (see Nuclear Reactions; Nuclear 
Spectra; Nuclear Structure Theory) 
Equations of State (see Chemical Effects and Properties) 
Errata 
Excitation of spin waves in ferromagnet by uniform rf 
field, C. Kittel—2139(E) 
Influence of electron interactions on metallic properties, 
John G. Fletcher and David C. Larson—2139(E) 
Radiations of Os’ and Os™, V. S. Dubey, S. S. Malik, 
C. E. Mandeville, and Ambuj Mukerji—2139(E) 
Studies of decay schemes in Os-Ir region. I. Isomers Os!" 
(10 min) and Os!*™ (5.7 hr), G. Scharff-Goldhaber, D. E. 
Alburger, G. Harbottle, and M. McKeown—2139(E) 
Test of nature of vector interaction in B-decay, Murray 
Gell-Mann—2139(E) 
Thermal expansion of some crystals with diamond structure, 
D. F. Gibbons—2139(E) 
Transport equation in quantum gases, Hazime Mori and 
John Ross—2139(E) 
Variation of elastic constants of crystalline Al with tempera- 
ture between 63°K and 773°K, Paul M. Sutton—2139(E) 


Errors of Measurement (see Methods and Instruments) 
Evaporation (see Liquids) : 
Excitation of Atoms (see Atomic Structure and Spectra) 
Excitation of Molecules (see Molecular Structure and Spectra) 


Excitation of Nucleus (see Nuclear Reactions; Nuclear 
Spectra; Nuclear Structure Theory) 


Explosion Phenomena (see Fluid Dynamics) 


Faraday Effect (see Optical Properties) 

Ferroelectric Phenomena (see Dielectrics and Dielectric 
Properties) 

Ferromagnetism (see Magnetic Properties) 

Field Emission (see Electrical Properties) 

Field Theory (see also Quantum Electrodynamics) 

Charge properties of K meson and hyperon decay inter- 
action, R. F. Sawyer—2135 

Charge symmetry of weak interactions, Steven Weinberg— 
1375 : 

Determination of pion-nucleon scattering amplitude from 
dispersion relations and unitarity. General theory, S. 
Mandelstam—1344 

Discrepancy between ~-proton scattering and dispersion 
equation, Howard J. Schnitzer and George Salzman— 
1802 

Dispersion relation for nonrelativistic potential scattering, 
Benjamin W. Lee—2122 

Electromagnetic effects in meson-nucleon scattering, R. A. 
Sorensen—1813 

Electromagnetic structure of nucleon, P. Federbush, M. L. 
Goldberger, and S. B. Treiman—642 

Elimination of ghosts in propagators, P. J. Redmond—1404 

Generalized reaction matrix approach to theory of infinite 
medium of fermions, Richard Prange and Abraham 
Klein—1008 


INDEX 2173 


Green’s functions for particles of arbitrary spin, Joseph 
David Harris—2124 
Meson exchange effects in two-nucleon states, R. E. Cut- 
kosky—1027 
Neutral vector meson and nucleon form factors and mag- 
netic moments, Robert W. Huff—1021 
Perturbation theory for infinite medium of 
Abraham Klein and Richard Prange—994 
Proposal for determining pion-nucleon coupling constant 
from angular distribution for nucleon-nucleon scattering, 
Geoffrey F. Chew—1380 
Quantum field theories with composite particles and asymp- 
totic conditions, R. Haag—669 
Relativistic field theory of unstable particles, P. T. Mat- 
thews and Abdus Salam—283 
Superpotentials for generally covariant-field theory, James 
L. Anderson—1826 
Test of nature of vector interaction in 6-decay, Murray 
Gell-Mann—2139(E) 
Tests for spin in decay of particles of arbitrary spin, Loyal 
Durand, III, Leon F. Landovitz, and Jack Leitner—273 
Theory of radiative damping in stationary states, C. A 
Mead—1843 
Films, Properties 
Fundamental optical absorption in MgO, 
Reiling and Eugene B. Hensley—1106 
Fine Structure (see Atomic Structure and Spectra) 
Fission of Nucleus (see Nuclear Fission) 
Fluctuation Phenomena (see Noise) 
Fluid Dynamics 
Hydromagnetic equations for two isotopes in completely 
ionized gas, Joseph Slepian—1441' 
Magnetically confined plasmas, A. C. Kolb—291 
Plasma oscillations with diffusion in velocity space, A. 
Lenard and Ira B. Bernstein—1456 
Quantum theory of surface energy and tension, R. Brout 
and M. Nauenberg—1451 
Statistical-mechanical theory of transport in fluids, Hazime 
Mori—1829 
Transverse plasma waves and plasma vortices, O. Bune- 
man—1504 
Fluorescence (see Luminescence) 
Friction (see Mechanics) 


fermions, 


Gilbert H. 


Galvanomagnetic Effect (see Magnetic Properties) 
Gamma Rays (see also Nuclear Reactions; Nuclear Spectra; 
Radiation; Range and Energy Loss) 
Elastic scattering of 1.6-Mev y rays from H, Li, C, and 
Al nuclei, Luis W. Alvarez, Frank S. Crawford, Jr., and 
M. Lynn Stevenson—1267 
Precision determination of y rays following (p,p’y) and 
(p,ny) reactions, E. L. Chupp, J. W. M. DuMond, F. J. 
Gordon, R. C. Jopson, and Hans Mark—532 
Gases 
Hydromagnetic equations for two isotopes in completely 
ionized gas, Joseph Slepian—1441 
Magnetic susceptibility of electron gas at high density, 
K. A. Brueckner and K. Sawada—328 
Molecular theory of dielectric constant, Laurens Jansen— 
434 
Thermal conductivity of electron gas in gaseous plasma, 
T. Sekiguchi and R. C. Herndon—1 
Transport equation in quantum gases, Hazime Mori and 
John Ross—2139(E) 
Geophysics 
Suprathermal particles. III. Electrons, E. N. Parker—1429 
Glasses (see Molecular Aggregates) 
Gravitation (see Relativity and Gravitation) 
Gyromagnetization (see Magnetic Properties) 





2174 VOLUME 112 


Hall Effect (see Electrical Conductivity and Resistance; Ionization Potentials of Molecules (see Molecular Structure 
Semiconductors) and Spectra) 

Heat Capacity (see Thermal Properties) Ionosphere (see Geophysics) 

Heat Conduction (see Thermal Properties) Ions (see also Electrical Discharges) 


Heat of Dissociation and Formation (see Molecular Structure 
and Spectra) 
Heat of Fusion (see Thermal Properties) 
Heat of Vaporization (see Thermal Properties) 
Helium, Liquid 
Angular momentum of liquid He, R. H. Walmsley and 
C. T. Lane—1041 
Excitation of rotons in He II by cold neutrons, Harry 
Palevsky, K. Otnes, and K. E. Larsson—11 


Quantum theory of surface energy and tension, R. Brout : 


and M. Nauenberg—1451 
Thermal excitations in liquid He®, Louis Goldstein—1465 
Volume anomaly of liquid He’ arising from its nuclear spin 
system, Louis Goldstein—1483 

High-Voltage Tubes and Machines (see Methods and Instru- 
ments) 

Hydrodynamics (see Fluid Dynamics) 

Hyperfine Structure (see Atomic Structure and Spectra; 
Molecular Structure and Spectra; Nuclear Moments 
and Spin) 

Hyperons (see Mesons and Hyperons) 


Imperfections in Solids (see also Crystalline State; Electrical 
Conductivity and Resistance; Luminescence; Semi- 
conductors) 

a-particle irradiation of Ge at 4.2°K, G. W. Gobeli—732 

Approximate wave functions of U center by point-ion- 
lattice method, Barry S. Gourary—337 

Dynamical theory of diffusion in crystals, Stuart A. Rice- 
804 

Entropy of vacancies in ionic crystals, O. Theimer—1857 

Internal photoeffect and exciton diffusion in Cd and Zn 
sulfides, M. Balkanski and R. D. Waldron—123 

Inversion symmetry of M and R centers, A. W. Overhauser 
and H. Riichardt—722 

Magnetic structure and vacancy distribution in y-Fe2O; by 
neutron diffraction, F. A. Ferguson, Jr., and M. Hass 
1130 

Optical absorption and photoconductivity in MgO crystals, 
W. T. Peria—423 

Paramagnetic resonance study of Cu-doped AgCl, Ronald 
F. Tucker, Jr.—725 

Radiation-induced changes of dimensions, index of refrac- 
tion, and dispersion of LiF, William Primak—1075 

Re-examination of paramagnetic resonance of Np”, 
M. Abraham, C. D. Jeffries, R. W. Kedzie, and J. C. 
Wallmann—553 

Role of traps in photoelectromagnetic and photoconductive 
effects, R. N. Zitter—852 

Some low-temperature properties of R, M, and N centers 
in KCl and NaCl, W. Dale Compton and Clifford C. 
Klick—1620 

Study of reactor-irradiated a-Al,O;, J. J. Antal and A. N. 
Goland—103 

Surface effects in electron-irradiated Ge at 80°K, Walter 
E. Spear—362 

Vacancy pairs in ionic crystals, A. B. Lidiard—54 

Inelastic Scattering (see Nuclear Reactions; Scattering) 

Instruments (see Methods and Instruments) 

Internal Conversion (see Nuclear Spectra) 

Ionization (see also Electrical Discharges; Range and Energy 
Loss) 

Collisions of electrons with H atoms. I. Ionization, Wade 
L. Fite and R. T. Brackmann—1141 
Ionization Potentials of Atoms (see Atomic Structure and 


Spectra) 


Charge exchange in proton-H-atom collisions, Wade L. 
Fite, R. Theodore Brackmann, and William R. Snow— 
1161 

Dissociation of Hz molecule ion by electron impact, Eugene 
V. Ivash—155 , 

Low-energy sputtering yield in Hg, Gottfried K. Wehner— 
1120 

Photodetachment of O.-, D. S. Burch, S. J. Smith, and 
L. M. Branscomb—171 

Suprathermal particles. II, E. N. Parker and D. A. Tid- 
man—1048 

Theory of threshold energy dependence of photodetachment 
of diatomic molecular negative ions, Sydney Geltman— 
176 

Ions and Electrons, Mobility (see also Semiconductors) 

Analysis of multicarrier galvanomagnetic data for graphite, 
J. W. McClure—715 

Hall mobility of carriers in impure nondegenerate semi- 
conductors, M. S. Sodha and P. C. Eastman—44 

Interaction energy and mobility of Li* ions in He, E. A. 
Mason, H. W. Schamp, Jr., and J. T. Vanderslice—445 

Lorentzian gas and hot electrons, I. Adawi—1567 

Magnetic field dependence of Hall effect and magnetore- 
sistance in graphite single crystals, D. E. Soule—698 

Isobars (see Atomic Mass and Abundance) 

Isomers, Molecular (see Molecular Structure and Spectra) 
Isomers, Nuclear (see Nuclear Spectra) 

Isotopes (see Atomic Mass and Abundance; Radioactivity) 


Kerr Effect (see Optical Properties) 


Kinetic Theory of Gases (see Gases) 


Liquid Helium (see Helium, Liquid) 
Liquids 
Luminescence 


Magnetic Fields (see Electromagnetic Theory and Electro- 
dynamics) 
Magnetic Properties 

Analysis of galvanomagnetic de Haas-van Alphen type 
oscillations in graphite, D. E. Soule—708 

Antiferromagnetic properties of Fe group trifluorides, E. O. 
Wollan, H. R. Child, W. C. Koehler, and M. K. Wilkin- 
son—1132 

Antiferromagnetism of CuF,-2H,O, G. S. Verma and K. 
Tokunaga—1521 

Evidence for antiferromagnetism in Cu;(CO;)2(OH)s, R. D. 
Spence and R. D. Ewing—1544 

Excitation of spin waves in ferromagnet by uniform rf 
field, C. Kittel—2139(E) 

Linear antiferromagnetic chain with anisotropic coupling, 
R. Orbach—309 

Low-temperature transition of magnetic anisotropy in 
Ni-Fe ferrite, Norman Menyuk and Kirby Dwight—397 

Magnetic anisotropy constant of yttrium iron garnet at 0°K, 
B. R. Cooper—395 

Magnetic properties of Tb metal, W. C. Thoburn, S. 
Legvold, and F. H. Spedding—56 

Magnetic structure and vacancy distribution in y-Fe.O; by 
neutron diffraction, G. A. Ferguson, Jr., and M. Hass— 
1130 

Magnetic structure of Fe,N, B. C. Frazer—751 

Magnetic susceptibility of electron gas at high density, 
K. A. Brueckner and K. Sawada—328 

Magnetization curves of superconductive Sn alloys, E. A. 
Lynton and B. Serin—70 





ANALY PIC SUBJECT INDEX 


Magnetization studies and possible magnetic structure of 
BaO-6Fe.0;, Warren E. Henry—326 

Magnetocrystalline anisotropy constants of Fe at room 
temperature and below, C. D. Graham, Jr.—1117 

Magnetostatic modes in ferrimagnetic spheres, J. F. Dillon, 
Jr.—59 

Superconductivity and ferromagnetism in isomorphous 
compounds, B. T. Matthias, E. Corenzwit, and W. H. 
Zachariasen—89 

Symmetry of magnetic structures: magnetic structure of 
chalcopyrite, G. Donnay, L. M. Corliss, J. D. H. Donnay, 
N. Elliott, and J. M. Hastings—1917 

Theory of Hall effect in ferromagnetic substances, J. M. 
Luttinger—739 

Two Hall effects of Fe-Co alloys, Frank P. Beitel, Jr., and 
Emerson M. Pugh—1516 

X-ray diffraction and magnetic measurements of Fe-Cr 
spinels, W. D. Derbyshire and H. J. Yearian—1603 

Magnetic Resonance (see also Nuclear Moments and Spin) 

Computation of principal components of asymmetric 4g 
tensor from paramagnetic resonance data, J. E. Geusic 
and L. Carlton Brown—64 

Dynamics of interacting spin system, Robert T. Schu- 
macher—837 

Electron paramagnetic resonance of Mn** in hexagonal 
ZnO and CdS single crystals, Paul B. Dorain—1058 

Electron spin resonance of atomic and molecular free 
radicals trapped at liquid He temperature, C. K. Jen, 
S. N. Foner, E. L. Cochran, and V. A. Bowers—1169 

Excitation of spin waves in ferromagnet by uniform rf field, 
C. Kittel—2139(E) 

Frequency shift of zero-field hyperfine splitting of Cs'** 
produced by various buffer gases, M. Arditi and T. R. 
Carver—449 

Hfs separations and magnetic moments of Cs!%7, Cs!®, 
Cs°, and Cs, William A. Nierenberg, Howard A. 
Shugart, Henry B. Silsbee, and R. J. Sunderland—186 

Infrared and optical masers, A. L. Schawlow and C. H. 
Townes—1940 

Magnetic moment of He in its 4S; metastable state, C. W. 
Drake, V. W. Hughes, A. Lurio, and J. A. White—1627 

Magnetic resonance line shapes at onset of saturation, 
D. F. Holcomb—1599 

Magnetostatic modes in ferrimagnetic spheres, J. F. 
Dillon, Jr.—59 

Multiple quantum transitions in paramagnetic resonance, 
P. P. Sorokin, I. L. Gelles, and W. V. Smith—1513 

Narrow hyperfine absorption lines for Cs™ in various buffer 
gases, E. C. Beaty, P. L. Bender, and A. R. Chi—450 

Nuclear magnetic resonance in cerous magnesium nitrate 
at temperatures below 1°K, T. L. Estle, H. R. Hart, Jr., 
and J. C. Wheatley—1576 

Paramagnetic resonance study of Cu-doped AgCl, Ronald 
F. Tucker, Jr.—725 

Radio-frequency orientation of Sb’, Francis M. Pipkin 
935 

Radio-frequency spectra of HD in strong magnetic fields, 
W. E. Quinn, J. M. Baker, J. T. LaTourrette, and N. F. 
Ramsey—1929 

Re-examination of paramagnetic resonance of Np*®, 
M. Abraham, C. D. Jeffries, R. W. Kedzie, and J. C. 
Wallmann—553 

Spin-lattice relaxation time for I in KI, C. V. Briscoe and 
C. F. Squire—1540 

Spin rotational constant of He, G. E. Tauber—866 

Steady-state free precession in nuclear magnetic resonance, 
H. Y. Carr—1694 

Theory of cyclotron resonance in metals, Sergio Rodriguez— 
1616 

Theory of plasma resonance in solids, P. A. Wolff—66 


Magnetohydrodynamics (see Fluid Dynamics) 

Magneto-Optical Effects (see Optical Properties) 

Magnetoresistance (see Electrical Conductivity and Resist- 
ance; Semiconductors) 

Magnetostriction (see Magnetic Properties) 

Mass Defects (see Atomic Mass and Abundance) 

Mass Spectroscopy (see Atomic Mass and Abundance; 
Methods and Instruments) 

Mathematical Methods 

Application of perturbation methods to theory of nuclear 
matter, D. J. Thouless—906 

Measurements (see Methods and Instruments) 

Mechanics 

General relativity and particle dynamics, L. H. Thomas— 
2129 

Mechanics, Quantum-—Atomic Structure and Spectra (see 
Atomic Structure and Spectra) 

Mechanics, Quantum—General (see Quantum Mechanics) 

Mechanics, Quantum—Molecular Structure and Spectra 
(see Molecular Structure and Spectra) 

Mechanics, Quantum—-Nuclear (see Nuclear Structure 
Theory) 

Mechanics, Quantum—of Solid Bodies (see Crystalline State) 

Mechanics, Statistical (see Statistical Mechanics and Thermo- 
dynamics) 

Meson Field Theory (see Field Theory) 

Mesons and Hyperons (see also Cosmic Radiation; Elemen- 
tary Particle Interactions; Nuclear Reactions Induced 
by Mesons and Hyperons; Scattering of Mesons and 
Hyperons) 

Charge properties of K meson and hyperon decay inter- 
action, R. F. Sawyer—2135 

Cross sections for associated production by protons, David 
Berley and George B. Collins—614 

Decay modes of (@+6) system, M. Goldhaber, T. D. Lee, 
and C. N. Yang—1796 

Depolarization of positive muons in condensed matter, 
Robert A. Swanson—580 


Energy spectrum of + mesons produced by interaction of 
cosmic radiation with emulsion nuclei, Herman Yagoda— 
2087 


Example of production of ~ meson by K* meson, E. Helmy, 
J. H. Mulvey, D. J. Prowse, and D. H. Stork—1793 

Experimental results on radiative 4-4 decay, C. Castagnoli 
and M. Muchnik—1779 

Helicity of electron and positron in muon decay, Pierre 
C. Macq, Kenneth M. Crowe, and Roy P. Haddock— 
2061 

Hyperfragments produced by K® mesons from Kt charge 
exchange, M. Baldo-Ceolin, H. Huzita, S. Natali, U. 
Camerini, and W. F. Fry—2118 

Interaction current in strangeness-violating decays, S. 
Okubo, R. E. Marshak, E. C. G. Sudarshan, W. B. 
Teutsch, and S. Weinberg—665 

Internal pairs in capture of «~ by protons, Ronald M 
Rockmore and John G. Taylor—992 

K,; and K,; decay modes, M. Sugawara—2128 

Leptonic decay modes of hyperons, F. Eisler, R. Plano, 
A. Prodell, N. Samios, M. Schwartz, J. Steinberger, 
M. Conversi, P. Franzini, I. Manelli, R. Stangelo, and 
V. Silvestrini—979 

Negative K-meson reactions with protons: masses of 
charged = hyperons and negative K meson, Walter H. 
Barkas, John N. Dyer, Peter C. Giles, Harry H. Heck- 
man, Conrad J. Mason, Norris A. Nickols, and Frances 
M. Smith—622 

Neutral decay modes of @;° and A®, Elihu Boldt, Herbert 
S. Bridge, David O. Caldwell, and Yash Pal—1746 





2176 


Mesons and Hyperons (Continued) 

Neutron emission following y-meson capture in Ag and 
Pb, Selig N. Kaplan, Burton J. Moyer, and Robert V. 
Pyle—968 

Parity nonconservation in decay of free and bound A 
particles, R. H. Dalitz—605 

Photoproduction of K* mesons in hydrogen, P. L. Donoho 
and R. L. Walker—981 

Photoproduction of neutral pions from H in energy range 
700-1100 Mev, H. H. Bingham and A. B. Clegg—2053 

x*-mesonic decay of hyperfragment, J. Schneps—1335 

Production of Auger electrons by negative K meson and 
x mesons, Elizabeth B. Chesick and J. Schneps—1810 

Production of strange particles and antiparticles in nuclear 
interactions of very high energy (E~10" ev), E. Lohr- 
mann and M. W. Teucher—587 

Radiative corrections to muon and neutron decay, S. M. 
Berman—267 

Relative parity of charged and neutral K-particles, A. 
Pais—624 

Tests for spin in decay of particles of arbitrary spin, Loyal 
Durand, III, Leon F. Landovitz, and Jack Leitner—273 

Two-pair decay and spin of neutral pion, David W. Joseph— 
2107 

Yields of K+ and K~ mesons produced by 1.7- to 3-Bev 
protons, J. Hornbostel, E. O. Salant, and G. T. Zorn— 
1311 

Metals (see Crystalline State) 

Metastable Atoms (see Atomic Structure and Spectra) 
Metastable Molecules (see Molecular Structure and Spectra) 
Meteorology (see Geophysics) 

Methods and Instruments 

Infrared and optical masers, A. L. Schawlow and C. H. 

Townes—1940 

Microwaves (see also Atomic Structure and Spectra; Magnetic 
Resonance; Molecular Structure and Spectra; Nuclear 
Moments and Spin) 

Conductivity of plasmas to microwaves, Edward A. 
Desloge, Steven W. Matthysse, and Henry Margenau— 
1437 

Microwave propagation in hot magneto-plasmas, J. E. 
Drummond—1460 

Theory of cyclotron resonance in metals, Sergio Rodriguez— 
1616 

Miscellaneous 

Mobility of Ions and Electrons (see Ions and Electrons, 
Mobility) 

Molecular Aggregates 

Molecular Beams (see Atomic and Molecular Beams) 

Molecular Structure and Spectra 

Dissociation of Hz molecule ion by electron impact, Eugene 
V. Ivash—155 

Measurement of atomic and molecular excitation by a 
trapped-electron method, C. J. Schulz—150 

Photodetachment of O.-, D. S. Burch, S. J. Smith, and 
L. M. Branscomb—171 

Radio-frequency spectra of HD in strong magnetic fields, 
W. E. Quinn, J. M. Baker, J. T. LaTourrette, and N. F. 
Ramsey—1929 

Spin rotational constant of H2, G. E. Tauber—866 

Theory of threshold energy dependence of photodetachment 
of diatomic molecular negative ions, Sydney Geltman— 
176 

Moments, Nuclear (see Nuclear Moments and Spin) 

Moments of Molecules (see Molecular Structure and Spectra) 

Muonium (see Atomic Structure and Spectra; Mesons and 
Hyperons) 


VOLUME 


riz 


Neutrinos and Antineutrinos (see also Nuclear Spectra; 
Radioactivity) 
Inverse 8 decay and two-component neutrino, R. W. King 
and J. F. Perkins—963 
Nuclear spin-electron-neutrino correlation in forbidden B 
decay, Adam M. Bincer—244 
Neutron Diffraction (see Diffraction; Scattering of Neutrons) 
Neutrons (see Elementary Particle Interactions) 
Noise 
Nuclear Fission 
Angular distributions in fission induced by a particles, 
deuterons, and protons, C. T. Coffin and I. Halpern—536 
Delayed neutrons from spontaneous fission of Cf**?, S. Cox, 
P. Fields, A. Friedman, R. Sjoblom, and A. Smith—960 
Nuclear Forces (see Elementary Particle Interactions; Field 
Theory; Nuclear Structure Theory) 
Nuclear Induction (see Magnetic Resonance; 
Moments and Spin) 
Nuclear Isomers (see Nuclear Spectra; Radioactivity) 
Nuclear Moments and Spin 
Hfs separations and magnetic moments of Cs!®”, Cs!#%, Cs}8°, 
and Cs", William A. Nierenberg, Howard A. Shugart, 
Henry B. Silsbee, and R. J. Sunderland—186 
Radio-frequency orientation of Sb’, Francis M. Pipkin— 
935 
Re-examination of paramagnetic resonance of Np™, M. 
Abraham, C. D. Jeffries, R. W. Kedzie, and J. C. Wall- 
mann—553 
Nuclear Photoeffects 
Differential cross sections for photodisintegration of deu- 
teron at far forward and backward angles, C. A. Tatro, 
T. R. Palfrey, R. M. Whaley, and R. O. Haxby—932 
y-ray absorption in carbon, Milo M. Wolff and William E. 
Stephens—890 
Photoexcitation of Pb?™, U. Farinelli, F. 
Malvano, S. Menardi, and E. Silva—1994 
Photoneutron yields in rare-earth region, E. G. Fuller, B. 
Petree, and M. S. Weiss—554 
Photoproduction of K+ mesons in hydrogen, P. L. Donoho 
and R. L. Walker—981 
Photoproduction of neutral pions from H in energy range 
700-1100 Mev, H. H. Bingham and A. B. Clegg—2053 
Splitting of giant resonance for deformed nuclei, E. G. 
Fuller and M. S. Weiss—560 
Nuclear Reactions, General (see also Elementary Particle 
Interactions; Scattering) 
Be’ nuclei as evaporated particles in high-energy reactions, 
J. Hudis and J. M. Miller—1322 
Inelastic scattering from light nuclei—a-particle model for 
Be®, J. S. Blair and E. M. Henley—2029 
Reactions of U** with C ions, Torbjgrn Sikkeland, Stanley 
G. Thompson, and Albert Ghiorso—543 
Semiclassical treatment of direct nuclear reactions, S. T. 
Butler, N. Austern, and C. Pearson—1227 
Nuclear Reactions Induced by a Particles and He’ (see also 
Scattering of a Particles) 
Energy levels in F'* from N'*(a,a)N“ and N'*(a,p)O" 
reactions, E. Kashy, P. D. Miller, and J. R. Risser—547 
N'(a,a)N' and N'*(a,p)O" differential cross sections, 
D. F. Herring, Ren Chiba, B. R. Gasten, and H. T. 
Richards—1210 
Search for electric monopole pairs from 7.6-Mev state of 
C®, T. H. Kruse and R. D. Bent—931 
Nuclear Reactions Induced by Deuterons and Tritons (see also 
Scattering of Deuterons and Tritons) 
Angular distributions from deuteron bombardment of Be 
and B, B. Zeidman and J. M. Fowler—2020 
Boron plus deuteron reactions, R. W. Kavanagh and C. A. 
Barnes—503 


Nuclear 


Ferrero, R. 





ANALYTIC SUBJECT INDEX 2177 


Excited states of Cu® and Cu, R. P. de Figueiredo, M. 
Mazari, and W. W. Buechner—873 
Excited states of V°! and Cr®8, M. Mazari, W. W. Buechner, 
and A. Sperduto—1692 : 
First excited state of B"™ and spin-flip stripping, J. E 
Bowcock—923 
y-ray threshold method and O'8(d,ny)F® reaction, J. W. 
Butler and H. D. Holmgren—461 
N(d,n)O and N'5(d,n)O'® reactions, J. L. Weil and K. 
W. Jones—1975 
Polarization of protons from C#(d,p)C™ reaction with 
deuterons of 1060 kev, Mira K. Jurié and Silva D. Cirilov 
—1224 
Proton angular distributions from Zn®*-5*.97.68(d,p) reac- 
tions, F. B. Shull and A. J. Elwyn—1667 
Nuclear Reactions Induced by Mesons and Hyperons (see 
also Elementary Particle Interactions; Mesons and 
Hyperons; Scattering of Mesons and Hyperons) 
Neutron emission following u-meson capture in Ag and Pb, 
Selig N. Kaplan, Burton J. Moyer, and Robert V. Pyle— 
968 
Nuclear Reactions Induced by Neutrons (see also Elemen- 
tary Particle Interactions; Scattering of Neutrons) 
Compound nucleus processes for reaction U*%+n, E. R. 
Rae, B. Margolis, and E. S. Troubetzkoy—492 
Li®(n,t)He* cross section for 12.5- to 18.3-Mev neutrons, 
Bernard D. Kern and William E. Kreger—926 
Neutron activation cross section at 25 kev, Rex Booth, 
William P. Ball, and Malcolm H. MacGregor—226 
Neutron nonelastic cross-section measurements on carbon, 
M. H. MacGregor and Rex Booth—486 
Neutron scattering at 2.2 Mev by time of flight, H. H 
Landon, A. J. Elwyn, G. N. Glasoe, and S. Oleksa—1192 
(n,t) cross sections for B®, B“, and Be’, Marvin E. Wyman, 
Edward M. Fryer, and Munson M. Thorpe—1264 
Resonance theory of neutron cross sections of fissionable 
nuclei, Erich Vogt—203 
Slow neutron resonances in U**, F. J. Shore and V. L. 
Sailor—191 
Two new promethium isotopes; cross sections of some Sm 
isotopes for 14.8-Mev neutrons, R. G. Wille and R. W. 
Fink—1950 
U8 (n,2n)U2" cross section from 6 to 10 Mev, J. D. Knight, 
R. K. Smith, and B. Warren—259 
Nuclear Reactions Induced by Protons (see also Elementary 
Particle Interactions; Scattering of Protons) 
Angular distributions of elastically and inelastically scat- 
tered protons from In, R. D. Sharp and W. W. Buechner 
— 897 
Be’ nuclei as evaporated particles in high-energy reactions, 
J. Hudis and J. M. Miller—1322 
Elastic and inelastic scattering of protons by N'4, J. W. 
Olness, J. Vorona, and H. W. Lewis—475 
Excited states of V*! and Cr, M. Mazari, W. W. Buechner, 
and A. Sperduto—1692 
Experimental range of protons in Al, Hans Bichsel—1089 
Formation of Be’ in interactions of various nuclei with 
high-energy protons, E. Baker, G. Friedlander, and 
J. Hudis—1319 
y radiation from Al”? + p and F"+-p, W. A. Ranken, T. W. 
Bonner, R. Castillo-Bahena, M. V. Harlow, Jr., and 
T. A. Rabson—239 
Levels in Cr®®, Cr®?, Cr8, Cr4, W. C. Porter, D. M. Van 
Patter, M. A. Rothman, and C. E. Mandeville—468 
Levels of Cl* from S*(p,p)S* and S*(p,p’y)S®, J. W. 
Olness, W. Haeberli, and H. W. Lewis—1702 
Measurements of interaction of 95-Mev protons with He‘, 
W. Selove and J. M. Teem—1658 
N!5(p,n)O' reaction study, K. W. Jones, L. J. Lidofsky, 
and J. L. Weil—1252 


(p,a) reactions induced by 23-Mev protons, Clyde B. 
Fulmer and Bernard L. Cohen—1672 

(p,pn) reactions at proton energies from 0.3 to 3.0 Bev, 
Samuel S. Markowitz, F. S. Rowland, and G. Friedlander 
—1295 

Precision determination of y rays following (p,p’y) and 
(p,ny) reactions, E. L. Chupp, J. W. M. DuMond, F. J. 
Gordon, R. C. Jopson, and Hans Mark—532 

Search for 0~-—0* pair transition in O'*, K. E. Eklund and 
R. D. Bent—488 

Study of some (p,) reactions by neutron time of flight, 
A. J. Elwyn, H. H. Landon, Sophie Oleksa, and G. N. 
Glasoe—1200 

Yields of K* and K~ mesons produced by 1.7- to 3-Bev 
protons, J. Hornbostel, E. O. Salant, and G. T. Zorn— 
1311 
Nuclear Scattering (see Scattering) 
Nuclear Spectra (see also Nuclear Reactions; Radioactivity) 
Ag" decay, E. G. Funk, Jr., and M. L. Wiedenbeck—1247 
Al** decay scheme, James M. Ferguson—1238 
a decay of deformed even-even nuclei, R. R. Chasman and 
J. O. Rasmussen—512 

8-y correlation and time reversal invariance, Icko Iben, 
Jr.—1240 

Ca® decay, O. C. Kistner and B. M. Rustad—1972 

Cu® decay, J. W. Butler and C. R. Gossett—1257 

Directional correlation of y rays in Ge”, R. G. Arns and 
M. L. Wiedenbeck—229 

Energy levels of F!8, D. F. Herring—1217 

Excited states of Cu®* and Cu®, R. P. de Figueiredo, M. 
Mazari, and W. W. Buechner—873 

Excited states of V*! and Cr*3, M. Mazari, W. W. Buechner, 
and A. Sperduto—1692 

Five new isomers with half-lives between 107-* and 107 
second, Robert B. Duffield and Stanley H. Vegors, Jr.— 
1958 

4+ excited state in Os'*’, P. S. Fisher and R. A. Naumann— 
1717 

y radiation from Al?’+p and F¥+ 9, W. A. Ranken, T. W. 
Bonner, R. Castillo-Bahena, M. V. Harlow, Jr., and T. A. 
Rabson—239 

Gd'® decay, S. S. Malik, N. Nath, and C. E. Mandeville— 
262 

High-resolution electron spectroscopic study of 60-hr 
electron-capturing isomer Re!®*, C. J. Gallagher, Jr., 
and J. O. Rasmussen—1730 

Inner 8 spectra of Ag"! and Rb**, R. L. Robinson and L. M. 
Langer—481 

Internal conversion electrons from Coulomb excitation of 
Ta'*!, E. M. Bernstein—2026 

Isomers in Tb'®8 and Ho'®, N. B. Gove, R. W. Henry, L. T. 
Dillman, and R. A. Becker—489 

Levels in Cr8®, Cr®2, Cr®3, and Cr®4, W. C. Porter, D. M. 
Van Patter, M. A. Rothman, and C. E. Mandeville—468 

Lifetimes of first excited states of F” and B", R. E. Holland, 
Frank J. Lynch, and S. S. Hanna—903 

Measurements on longitudinal polarization of 8 rays from 
ps, Y, Pri44, Au’, and Bi?!? (RaE), J. S. Geiger, G. T. 
Ewan, R. L. Graham, and D. R. MacKenzie—1684 

Measurements on v/c-dependence of 8-circularly polarized 
y correlation in Co® using magnetic-lens spectrometer, 
L. A. Page, B.-G. Pettersson, and T. Lindqvist—893 

New Ge isotope, Ge®, Norbert T. Porile—1954 

N*(p,n)O reaction study, K. W. Jones, L. J. Lidofsky, 
and J. L. Weil—1252 

Nuclear spin-electron-neutrino correlation in forbidden 8 
decay, Adam M. Bincer—244 

Positron spectra of Eu’ and Eu!", D. E. Alburger, S. 
Ofer, and M. Goldhaber—1998 





2178 


Nuclear Spectra (Continued) 

Precision determination of nuclear energy levels in heavy 
elements, E. L. Chupp, J. W. M. DuMond, F. J. Gordon, 
R. C. Jopson, and Hans Mark—518 

Radiations of Os" and Os, V. S. Dubey, S. S. Malik, 
C. E. Mandeville, and Ambuj Mukerji—2139(E) 

Recoil effect in 8 decay and K capture, Claude C. Bouchiat 
—877 

Search for electric monopole pairs from 3.82-Mev state of 
Ca*s, K. E. Eklund and R. D. Bent—966 

Search for electric monopole pairs from 7.6-Mev state of 
C, T. H. Kruse and R. D. Bent—931 

Search for 0--+0* pair transition in O'%, K. E. Eklund and 
R. D. Bent—488 

Shape of Pr’ 8 spectrum, J. H. Hamilton, L. M. Langer, 
R. L. Robinson, and W. G. Smith—945 

Small deviations observed in 8 spectra: In"*, Y®, and P®, 
O. E. Johnson, R. G. Johnson, and L. M. Langer—2004; 
Na*, J. H. Hamilton, L. M. Langer, and W. G. Smith— 
2010 

Studies of decay schemes in Os-Ir region. I. Isomers Os!™ 
(10 min) and Os!®"(5.7 hr), G. Scharff-Goldhaber, D. E. 
Alburger, G. Harbottle, and M. McKeown—2139(E) 

Test of nature of vector interaction in B-decay, Murray 
Gell- Mann—2139(E) 

Two new promethium isotopes; cross sections of some Sm 
isotopes for 14.8-Mev neutrons, R. G. Wille and R. W. 
Fink—1950 

Vector interaction in 8 decay, Jeremy Bernstein and Robert 
R. Lewis—232 

Xe!’ radiations, R. N. Forrest and H. T. Easterday—950 

Nuclear Structure Theory (see also Nuclear Reactions; 
Nuclear Spectra) 

a decay of deformed even-even nuclei, R. R. Chasman and 
J. O. Rasmussen—512 

Application of perturbation methods to theory of nuclear 
matter, D. J. Thouless—906 

Coulomb exchange energy from shell-model wave functions, 
N. V. V. J. Swamy and A. E. S. Green—1719 

Energies of ground and excited nuclear configurations in 
first pi/2 region, I. Unna and I. Talmi—452 

First excited state of B" and spin-flip stripping, J. E. 
Bowcock—923 

Generalized reaction matrix approach to theory of infinite 
medium of fermions, Richard Prange and Abraham 
Klein—1008 

Inelastic scattering from light nuclei—a-particle model for 
Be’, J. S. Blair and E. M. Henley—2029 

Perturbation theory for infinite medium 
Abraham Klein and Richard Prange—994 

Structure of nuclear mass surface, George A. Baker—954 


of fermions, 


Optical Instruments (see Methods and Instruments) 
Optical Properties (see also Luminescence) 
Absorption spectrum of KCI:Tl at low temperatures, 
David A. Patterson—296 
Fundamental absorption edge in CdS, David Dutton—785 
Fundamental optical absorption in MgO, Gilbert H. Reiling 
Eugene B. Hensley—1106 
Infrared absorption by conduction electrons in Ge. Effects 
due to intravalley lattice-scattering, H. J. G. Meyer— 
298 
Infrared and optical masers, A. L. Schawlow and C. H. 
Townes—1940 
Internal photoeffect and exciton diffusion in Cd and Zn 
sulfides, M. Balkanski and R. D. Waldron—123 
Inversion symmetry of M and R centers, A. W. Over- 
hauser and H. Riichardt—722 


VOLUME 


112 


Optical absorption and photoconductivity in MgO crystals, 
W. T. Peria—423 

Optical properties of alkali halides containing hydroxyl 
ions, H. W. Etzel and D. A. Patterson—1112 

Photoemissive, photoconductive, and optical absorption 
studies of alkali-antimony compounds, W. E. Spicer—114 

Radiation-induced changes of dimensions, index of refrac- 
tion, and dispersion of LiF, William Primak—1075 

Radiative recombination in Ge, Patricia H. Brill and Ruth 
F. Schwarz—330 

Some low-temperature properties of R, M, and N centers 
in KCl and NaCl, W. Dale Compton and Clifford C. 
Klick—1620 


Pair Production (see Electrons and Positrons) 

Parity (see Elementary Particle Interactions; Field Theory; 
Nuclear Spectra) 

Phosphors and Phosphorescence (see Luminescence; Semi- 
conductors) 

Photoconductivity (see Electrical Conductivity and Resistance) 

Photodisintegration (see Nuclear Photoeffects) 

Photoelasticity (see Elasticity and Plasticity) 

Photoelectric Effect (see Electrical Properties) 

Photography and Photographic Emulsions (see Methods and 
Instruments; Optical Properties) 

Photometry (see Methods and Instruments; Optical Proper- 
ties) 

Photons (see Radiation) 

Photovoltaic Effect (see Electrical Properties; Semiconduc- 
tors) 

Piezoelectric Effect (see Dielectrics and Dielectric Properties) 

Plasma (see Crystalline State; Electrical Conductivity and 
Resistance; Electrical Discharges; Fluid Dynamics; 
Statistical Mechanics and Thermodynamics) 

Plasticity (see Elasticity and Plasticity) 

Polarization, Electrical (see Dielectrics and Dielectric Proper- 
ties) 

Polymers (see Molecular Aggregates) 

Positronium (see Atomic Structure and Spectra; Electrons 
and Positrons) 

Positrons (see Electrons and Positrons) 

Probability (see Mathematical Methods) 

Protons (see Elementary Particle Interactions) 


Quantum Electrodynamics (see also Field Theory) 
Consistency of quantum electrodynamics, Kenneth A. 
Johnson—1367 
Effects of electric dipole moment of electron on H energy 
levels, G. Feinberg—1637 
Gauge-invariant quantum electrodynamics, Irwin Gold- 
berg—1361 
High-energy bremsstrahlung in electron-proton collisions, 
R. A. Berg and C. N. Lindner—2072 
New techniques in Lamb shift calculation, H. M. Fried 
and D. R. Yennie—1391 
Radiative corrections to muon and neutron decay, S. M. 
Berman—267 
Some atomic effects of electronic dipole moment, E. E. 
Salpeter—1642 
Wide-angle pair production and quantum electrodynamics 
at small distances, J. D. Bjorken, S. D. Drell, and S. C. 
Frautschi—1409 
Quantum Mechanics 
Ground state of two-electron atoms, C. L. Pekeris—1649 
Theory of radiative damping in stationary states, C. A. 
Mead—1843 
Quenching of Radiation (see Radiation) 


Radar (see Methods and Instruments; Radiation) 





ANALY Tic SUSjJECT 


Radiation (see also Gamma Rays; Range and Energy Loss; 
X-Rays) 

Elastic scattering of 1.6-Mev y rays from H, Li, C, and Al 
nuclei, Luis W. Alvarez, Frank S. Crawford, Jr., and 
M. Lynn Stevenson—1267 

Evaluation of bremsstrahlung cross sections at high- 
frequency limit, U. Fano, H. W. Koch, and J. W. Motz— 
1679 

High-energy bremsstrahlung in electron-proton collisions, 
R. A. Berg and C. N. Lindner—2072 

Polarization near high-frequency limit of 500-kev brems- 
strahlung, J. W. Motz and R. C. Placious—1039 

Theory of radiative damping in stationary states, C. A. 
Mead—1843 


Radio Waves (see Radiation) 
Radioactivity (see also Nuclear Spectra) 
Low-temperature influence on Tc®™ lifetime, Don H. Byers 
and Robert Stump—77 
New Ge isotope, Ge**, Norbert T. Porile—1954 
Recoil effect in 8 decay and K capture, Claude C. Bouchiat 
—877 
Two new promethium isotopes; cross sections of some Sm 
isotopes for 14.8-Mev neutrons, R. G. Wille and R. W. 
Fink—1950 
Raman Spectra (see Molecular Structure and Spectra) 
Range and Energy Loss (see also Scattering) 
Collision cross section and energy loss of slow electrons in 
Hz, G. Bekefi and Sanborn C. Brown—159 
Energy loss per ion pair for protons in various gases, H. V. 
Larson—1927 
Experimental range of protons in Al, Hans Bichsel—1089 
Temperature dependence of characteristic energy loss of 
electrons in Al, Lewis B. Leder and L. Marton—341 
Tight-binding corrections of stopping powers, Werner 
Brandt—1624 
Recombination (see Molecular Structure and Spectra) 
Rectifiers (see Electrical Conductivity and Resistance; 
Semiconductors) 
Relativity and Gravitation 
Conservation laws in general relativity as generators of 
coordinate transformations, Peter G. Bergmann—287 
General relativity and particle dynamics, L. H. Thomas— 
2129 
Klein-Gordon and Dirac equations in general relativity, 
Joseph Callaway—290 
Relativity in stationary spherical or elliptic space, John 
Kronsbein—1385 
Space-time structure of static 
scalar field, H. Treder—2127 
Structure of particles in linearized gravitational theory, 
R. Sachs and P. G. Bergmann—674 
Superpotentials for generally covariant field theory, James 
L. Anderson—1826 
Resistance, Electrical (see Electrical Conductivity and Re- 
sistance) 
Resonance Radiation (see Radiation) 


spherically symmetric 


Scattering, General (see also Diffraction; Elementary Particle 
Interactions; Nuclear Reactions; Range and Energy 
Loss) 

Dispersion relation for nonrelativistic potential scattering, 
Benjamin W. Lee—2122 

Elastic scattering of C" from Au, E. Goldberg and H. L. 
Reynolds—1981 

Inelastic scattering from light nuclei—a-particle model 
for Be’, J. S. Blair and E. M. Henley—2029 

Influence of mass ratio on displacement cascades in diatomic 
solids, E. M. Baroody—1571 


INDEX 2179 


Minimum theorem for interaction radius in two-body 
collisions, William Rarita and Philip Schwed—271 

Nitrogen-nitrogen elastic scattering, Charles E. Porter— 
1722 

Proposal for determining pion-nucleon coupling constant 
from angular distribution for nucleon-nucleon scattering, 
Geoffrey F. Chew—1380 

Variational methods for 
Kolsrud—1436 

Scattering of a Particles (see also Nuclear Reactions Induced 
by @ Particles and He’) 

Energy levels of F'8, D. F. Herring—1217 

N'4(a,a)N™ and N'4(a,p)O" differential cross sections, 
D. F. Herring, Ren Chiba, B. R. Gasten, and H. T. 
Richards—1210 

Scattering of 18.7-Mev a@ particles from Al, Cu, and Ag, 
O. H. Gailar, E. Bleuler, and D. J. Tendam—1989 

Scattering of He* from He‘ and states in Be’, Philip D. 
Miller and G. C. Phillips—2048 

Scattering of Atoms and Molecules (see Atomic and Molecular 
Beams) 

Scattering of Deuterons and Tritons (see also Nuclear Reac- 
tions Induced by Deuterons and Tritons) 

Scattering of Electrons and Positrons (see also Electrons and 
Positrons) 

Collision cross section and energy loss of slow electrons in 
He, G. Bekefi and Sanborn C. Brown—159 

Collisions of electrons with H atoms. I. Ionization, Wade L. 
Fite and R. T. Brackman—1141; II. Excitation of 
Lyman-a radiation, Wade L. Fite and R. T. Brackmann— 
1151; III. Elastic scattering, R. T. Brackmann, Wade L. 
Fite, and Roy H. Neynaber—1157 

Dissociation of Hz molecule ion by electron impact, Eugene 
V. Ivash—155 

Electron-deuteron scattering by impulse approximation, 
A. Goldberg—618 

Electron scattering from deuteron and neutron-proton 
potential, John A. McIntyre and George R. Burleson— 
2077 

High-energy bremsstrahlung in electron-proton collisions, 
R. A. Berg and C. N. Lindner—2072 

High-energy electron scattering from Li®, George R. Bur- 
leson and R. Hofstadter—1282 

Measurement of atomic and molecular excitation by trapped- 
electron method, G. J. Schulz—150 

Sum rules for inelastic electron scattering, S. D. Drell and 
C. L. Schwartz—568 

Scattering of Mesons and Hyperons (see also Mesons and 
Hyperons; Nuclear Reactions Induced by Mesons and 
Hyperons) 

Discrepancy between x~-proton scattering and dispersion 
equation, Howard J. Schnitzer and George Salzman— 
1802 

Dispersion relations for pion-proton scattering, D. A. 
Geffen—1370 

Electromagnetic effects in 
R. A. Sorensen—1813 

x+-p interactions in energy range around 500 Mev, M. E. 
Blevins, M. M. Block, and J. Leitner—1287 

Pion-hyperon scattering and K~-p reactions, Marc Ross— 
986 

Quasi-elastic scattering of pions by nuclei, T. K. Fowler— 
1325 

Scattering of 80-Mev ~ mesons by complex nuclei, W. F. 
Baker, J. Rainwater, and R. E. Williams—1763 

Scattering of polarized » mesons from extended nuclei, 
George H. Rawitscher—1274 

Scattering of 31.5-Mev positive pions from carbon, P. P. 
Kane—1337 


scattering problems, Marius 


meson-nucleon — scattering, 





2180 


Scattering of Mesons and Hyperons (Continued) 

Theoretical calculations of scattering of s~ mesons by 
complex nuclei, W. F. Baker, H. Byfield, and J. Rain- 
water—1773 

Scattering of Neutrons (see also Nuclear Reactions Induced 
by Neutrons) 

Compound nucleus processes for reaction U*-+n, E. R. 
Rae, B. Margolis, and E. S. Troubetzkoy—492 

Neutron nonelastic cross-section measurements on carbon, 
M. H. MacGregor and Rex Booth—486 

Neutron scattering at 2.2 Mev by time of flight, H. H. 
Landon, A. J. Elwyn, G. N. Glasoe, and S. Oleksa—1192 

Scattering of low-energy neutrons by deuterons, L. Sartori 
and S. I. Rubinow—214 

Scattering of Protons (see also Nuclear Reactions Induced by 
Protons) 
Angular distributions of elastically and inelastically scat- 
tered protons from In, R. D. Sharp and W. W. Buechner 
—897 
Antiproton-proton cross sections at 133, 197, 265, and 333 
Mev, Charles A. Coombes, Bruce Cork, William Gal- 
braith, Glen R. Lambertson, and William A. Wenzel— 
1303 
Charge exchange in proton-H-atom collisions, Wade L. 
Fite, R. Theodore Brackmann, and William R. Snow— 
1161 
Effect of complex spin-orbit coupling on polarization of 
pretons elastically scattered from nuclei, R. M. Stern- 
heimer—1785 
Elastic and inelastic scattering of protons by N, J. W. 
Olness, J. Vorona, and H. W. Lewis—475 
Energy loss per ion pair for protons in various gases, H. V. 
Larson—1927 
Measurements of interaction of 95-Mev protons with He‘, 
W. Selove and J. M. Teem—1658 
Multiple scattering of protons, Hans Bichsel—182 
Scattering of protons from He and level parameters in Li‘, 
Philip D. Miller and G. C. Phillips—2043 
Tight-binding corrections of stopping powers, Werner 
Brandt—1624 
Scattering of Radiation 

X-Rays) 
Scintillation Counters (see Methods and Instruments) 
Secondary Emission (see Electrical Properties) 
Semiconductors 

Decay of excess carriers in semiconductors, K. C. Nomur2 
and J. S. Blakemore—1607 

Free-carrier absorption in n-type Ge, R. Rosenberg and 
Melvin Lax—843 

Hall mobility of carriers in impure nondegenerate semi- 
conductors, M. S. Sodha and P. C. Eastman—44 

High-vacuum studies of surface recombination velocity 
for Ge, H. H. Madden and H. E. Farnsworth—793 

Infrared absorption by conduction electrons in Ge, H. J. G. 
Meyer—298 

Low-temperature heat capacity of pure and reduced rutile, 
P. H. Keesom and N. Pearlman—800 

Magnetoresistance in n-type Ge at low temperatures, 
R. A. Laff and H. Y. Fan—317 

Magnetoresistance in PbS, PbSe, and PbTe at 295°, 77.4°, 
and 4.2°K, Robert S. Allgaier—828 

Mechanism of formation of donor states in heat-treated Si, 
W. Kaiser, H. L. Frisch, and H. Reiss—1546 

Photoconduction and surface effects with ZnO crystals, 
R. J. Collins and D. G. Thomas—388 

Piezoresistance in n-type GaAs, A. Sagar—1533 

Radiative recombination in Ge, Patricia H. Brill and Ruth 
F. Schwarz—330 

Role of traps in photoelectromagnetic and photoconduc- 
tive effects, R. N. Zitter—852 


(see Gamma Rays; Radiation; 


VOLUME 


112 


Semiconductor surface potential and surface states from 
field-induced changes in surface recombination, George 
C. Dousmanis—369 
Surface effects in electron-irradiated Ge at 80°K, Walter 
E. Spear—362 
Surface transport theory, Jay N. Zemel—762 
Shock Waves (see Fluid Dynamics) 
Solid State (see Crystalline State) 
Solutions (see Liquids) 
Sound (see Acoustics) 
Spallation (see Nuclear Reactions) 
Spark Discharge (see Electrical Discharges) 
Specific Heat (see Thermal Properties) 
Spectra, Atomic (see Atomic Structure and Spectra) 
Spectra, General 
Electron spin resonance of atomic and molecular free 
radicals trapped at liquid He temperature, C. K. Jen, 
S. N. Foner, E. L. Cochran, and V. A. Bowers—1169 
Frequency shift of zero-field hyperfine splitting of Cs'* 
produced by various buffer gases, M. Arditi and T. R. 
Carver—449 
General impact theory of pressure broadening, Michel 
Baranger—855 
Narrow hyperfine absorption lines for Cs™ in various 
buffer gases, E. C. Beaty, P. L. Bender, and A. R. Chi—- 
450 
Spectra, Molecular (see Molecular Structure and Spectra) 
Spectra, Nuclear (see Nuclear Spectra) 
Spectroscopy Technique (see Methods and Instruments) 
Spinor Fields (see Field Theory) 
Standards (see Constants, Standards, Units) 
Stark Effect (see Atomic Structure and Spectra) 
Statistical Mechanics and Thermodynamics 
Approach of one-dimensional systems to 
Joseph Ford—1445 
Approach to equilibrium, Ben A. Green, Jr.—1053 
Generalized reaction matrix approach to theory of infinite 
medium of fermions, Richard Prange and Abraham 
Klein—1008 
Low-temperature behavior of dilute Bose system of hard 
spheres. I. Equilibrium properties, T. D. Lee and C. N. 
Yang—1419 
Perturbation theory for infinite medium 
Abraham Klein and Richard Prange—994 
Quantum theory of surface energy and tension, R. Brout 
and M. Nauenberg—1451 
Statistical-mechanical theory of transport in fluids, Hazime 
Mori—1829 
Statistical mechanics of coupled bosons in Heisenberg 
representation, Robert H. Kraichnan—1054 
Statistical mechanics of coupled particles in Schrédinger 
representation, Robert H. Kraichnan—1056 
Transport equation in quantum gases, Hazime Mori and 
John Ross—2139(E) 
Statistical Methods (see Mathematical Methods) 
Strange Particles (see Elementary Particle Interactions; 
Mesons and Hyperons) 
Superconductivity 
Critical-field measurements on superconducting Pb isotopes, 
D. L. Decker, D. E. Mapother, and R. W. Shaw—1888 
Effects of pressure on superconducting transition tempera- 
tures of Sn, In, Ta, Tl, and Hg, L. D. Jennings and C. A. 
Swenson—31 
Isotope effect on superconducting transition in Pb, R. R. 
Hake, D. E. Mapother, and D. L. Decker—1522 
Low-temperature influence on Tc” lifetime, Don H. 
Byers and Robert Stump—77 
Magnetization curves of superconductive Sn alloys, E. A. 
Lynton and B. Serin—70 


equilibrium, 


of fermions, 





ANALYTIC 


Random-phase approximation in theory of superconduc- 
tivity, P. W. Anderson—1900 

Specific heat of Ga and Zn in normal and superconducting 
states, G. Seidel and P. H. Keesom—1083 

Superconductivity and ferromagnetism in isomorphous 
compounds, B. T. Matthias, E. Corenzwit, and W. H. 
Zachariasen—89 

Supersonics (see Fluid Dynamics) 


Thermal Conductivity (see Thermal Properties) 
Thermal Diffusion (see Diffusion) 
Thermal Expansion (see Thermal Properties) 
Thermal Properties 
“Dielectric and thermal study of (NH,4)2SO, and (NH,)2BeF, 
transitions, S. Hoshino, K. Vedam, Y. Okaya, and R. 
Pepinsky—405 
Low-temperature heat capacity of pure and reduced rutile, 
P. H. Keesom and N. Pearlman—800 
Specific heat of face-centered cubic Mn-Fe alloy at liquid 
He temperatures, Chuan-Tseng Wei, Chin-Huan Cheng, 
and Paul A. Beck—696 
Specific heat of Ga and Zn in normal and superconducting 
states, G. Seidel and P. H. Keesom—1083 
Specific heat of LiF and KI at low temperatures, William 
W. Scales—49 
Theory of solid Ne, A, Kr, and Xe at 0°K, Newton Ber- 
nardes—1534 
Thermal conductivity of electron gas in gaseous plasma, 
T. Sekiguchi and R. C. Herndon—1 


SUBJECT 


INDEX 2181 


Thermal conductivity of Se at low temperatures, G. K. 
White, S. B. Woods, and M. T. Elford—111 
Thermal expansion of some crystals with diamond struc- 
ture, D. F. Gibbons—136; 2139(E) 
Thermal Radiation (see Radiation) 
Thermionic Emission (see Electrical Properties) 
Thermodynamics (see Statistical Mechanics and Thermo- 
dynamics) 
Thermoelectric Effect (see 
conductors) 
Thermoluminescence (see Luminescence) 
Thermomagnetic Effect (see Magnetic Properties) 
Total Cross Sections (see Electrons and Positrons; Nuclear 
Reactions) 
Transmutation (see Nuclear Reactions) 


Electrical Properties; Semi- 


Uncertainty Principle (see Quantum Mechanics) 
Units (see Constants, Standards, Units) 


Vacuum Tubes (see Methods and Instruments) 
Van der Waals Forces (see Molecular Structure and Spectra) 
Viscosity (see Liquids) 


Wave Mechanics (see Quantum Mechanics) 
Work Function (see Electrical Properties) 


X-Rays 
K series x-ray wavelengths in rare earth elements, E. L. 
Chupp, J. W. M. DuMond, F. J. Gordon, R. C. Jopson, 
and Hans Mark—1183 

















a ae “ae 





